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Abstrait. Wc study torsion in thc homology of arithmctic groups and givc 
évidence that it plays a rôle in the Langlands program. We prove, among 
other rcsults, a numerical form of a Jacquet-Langlands correspondence in the 
torsion setting. 
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CHAPTER 1 



Introduction 



1.1. Introduction 

The main goal of this manuscript is to substantiate the claim that torsion in the 
homology of arithmetic groups plays a significant rôle in the arithmetic Langlands 
program. 

The Langlands program conjecturally relates homology of arithmetic groups to 
Galois représentations; an emerging extension of this program predicts that this 
relationship exists not only for the characteristic zéro homology but also for the 
torsion. One conséquence of thèse conjectures is that the intégral homology of 
arithmetic groups for différent inner forms of the same group will be related in a 
non-obvious way, and this conjectural correspondence can be studied even without 
discussing Galois représentations. 

An interesting class of arithmetic groups is provided by arithmetic Fuchsian 
subgroups r PGL2(C) = SL2(C)/{±/}, in particular, PGL2(^f) and its con- 
gruence subgroups, where F is an imaginary quadratic field. For such groups, it has 
been observed (both numerically and theoretically) that iîi(r, Z) = F^*^ has a large 
torsion subgroup [B] |72| . This paper studies and vérifies several prédictions about 
the homology of thèse groups (and their corresponding hyperbolic 3-manifolds) . 

In particular, we establish a number of results showing that torsion behaves 
according to the prédictions of the Langlands program: 

(1) Relationships between i/i,tors(r) and iîi,tors(r')' f^ii' certain incommen- 
surable groups F, F' ("Jacquet-Langlands correspondence," Chapter 7). 

(2) Relationships between 7îi,tors(r) and iîi,tors(r), where F is a congruence 
subgroup of F ("level raising," see Chapter 4). 

(3) iïi(F,Fp) ^ when the Galois cohomology group {G&\(F / F) , ^jl'^) 
admits everywhere unramified classes, and F is contained in a congruence 



subgroup Fo(p) of PGL2(i^f) (see Theorem |4.5.4[ and ^8^. 
We also study several other phenomena related to torsion: 

4. Regulators for arithmetic manifolds (Chapter 5), whose behavior influ- 
ences the behavior of torsion in many of our numerical examples; 

5. Phenomena related to restricting an even Galois représentation over Q to 
an imaginary quadratic field (Chapter 8) 

6. A large collection of numerical examples (Chapter 9); 

Our main tool to analyze (1) is analytic torsion. To better understand (1), and 
also to study (2) and (3), we will use other techniques, for example: the congruence 
subgroup property, Waldspurger's formulas, and Tate's theorem on Similarly 
the analysis of (4)-(6) uses various ad hoc tools. 



1 



2 



1. INTRODUCTION 



Although thc final scopc is much broadcr, this book grew out of an attcmpt to 



understand phenomenon (1). In the next subsection § 1.1.1 we will introduce the 
paper by describing a theorem of type (1), and how its generalizations are related 
to (2) and (3). 

An apology for length is in order. As mentioned, this book began solely as an 
investigation of a possible Jacquet-Langlands correspondence for torsion classes. 
However, along the way, we took many détours to explore related phenomena, some 
of which was inspired by the data computed for the first author by Nathan Dunfield. 
In view of the almost complète lack of rigorous understanding of torsion for (non- 
Hermitian) locally symmetric spaces, we have included many of thèse results, even 
when what we can prove is rather modest. Moreover, the results of this book involve 
several areas of mathematics, and we have therefore tried to be some what self- 
contained, often including proofs of known results, as well as précise formulations 
of folklore conjectures. 

1.1.1. Let F/Q be an imaginary quadratic field of odd class numbei[^ and n 
an idéal of F; let p, q be prime ideals oî that do not divide n. Let ro(n) be the 

subgroup of PGL2(i^i?) corresponding to matrices ( ^ ) where n|c. 



d ^ 

Let D be the unique quaternion algebra over F ramified at p, q, a maximal 
order in D. Let Fq be the image of 6^16^ in PGL2(C); it is a co-compact 
lattice. There is a canonical conjugacy class of surjections Fg PGL2(^F/n), and 
thus one may define the analogue FQ(n) of the subgroup ro(n) in this context as 
the preimage in Fq of the upper triangular subgroup of PGL2(^i;-/n). It can be 
alternately described as n/'^F' where 6u.\\ is an Eichler order of level n. 

Let lo(n) be the finite volume, hyperbolic 3-manifold H'^/Fo(n). Note that 
yo(ri) is non-compact. Let i^Q'(n) be the quotient of H'^ by FQ(n); it is a compact 
hyperbolic 3-manifold. 

We refer to [53 for background and further détails on thèse types of construc- 
tion, especially Chapter 6 for orders in quaternion algebras. 

The homology group of both Yo{n) and YQ{n) is equipped with a natural action 



of the Hecke algebra (see § 3.4.3 for définitions). A theorem of Jacquet-Langlands 



implies that there is a Hecke-equivariant injection 

(1.1.1.1) dimiîi(Fo'(n),C) -^dimFi(yo(npq),C). 



The proof of ( 1 . 1 . 1 . 1 1 is based on the fact that the length spectra of the two 
manifolds are closely related. 

When considering intégral homology, it will be convenient to replace the group 
Hi{Y,Z) by a slightly différent group (the dual-essential homology, see 



définition 7.6.1 and § 6.4.9 1. The différence between the two groups is easy to under- 
stand and roughly accounted for by classes which arise from congruence quotients 
of the corresponding arithmetic group (cf. ^3.7[) . 



We présent several results which are examples of what can be proven by our 
methods: 



^The assumption on the class number is made in this section (and this section only) purely 
for exposition — it implies that the relevant adelic quotient has only one connected component, 
so that the manifold Yo{n) considered below is indeed the "correct" object to consider. 
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Theorem a. (Proved in § \7.1\ ) Suppose that dimiïi(Fo(t^pq), C) = 0. Then 
the order of the finite group Hi^' {Yq{x\) , Z) divides the order of the finite group 
Hi (yo(npq), Z)'"'^"°^, except possibly at orbifold primes {which are at most 3). 

The superscript pq — new means "new at p and q": we take the quotient of the 
homology group by classes puUed-back from levels np and nq. 

The proof uses the (usual) Jacquet-Langlands correspondence, the Cheeger- 
MûUer theorem |22J, 159] and the congruence subgroup property for S'-arithmetic 
SL2. In order to apply the Cheeger-MûUer theorem to non-compact hyperbohc 
manifolds, we are forced to address a certain number of technical issues, although 
we are able to take a shortcut especially adapted to our situation. 

Remark 1.1.2. Our results apply under substantially weaker hypothèses; the 
strong vanishing assumption is for simplicity only. 

However, even this rather strong vanishing hypothesis is frequently satisfied. 
Note, for example, that the cusps of lo(iTi) do not contribute to its complex co- 



homology (Lemma 6.4.41: their cross-section is a quotient of a torus by négation. 



Similarly, SL2(^f) very often has base-change homology, but this often does not 



extend to FGL2{(?f), cf. Remark 4.5.2 second point. 

The constraint on 2 and 3 also arises from orbifold issues: for 3 this is not a 
serions constraint and could presumably be removed with more careful analysis. 
However, we avoid the prime 2 at varions other points in the text for a number of 
other technical reasons. 

Remark 1.1.3. There is (conditional on the congruence subgroup property for 
certain division algebras) a corresponding resuit in a situation where ^^3,^0 both 
arise from quaternion algebras. In that case, one can very quickly see, using the 
Cheeger-MûUer theorem and the classical Jacquet-Langlands correspondence, that 
there should be some relationship between between the sizes of torsion homology of 
Yç, and Y^. The reader may wish to examine this very short and simple argument 



(see Chapter 7, up to the first paragraph of the proof of Theorem 7.4.1 1. 

Nonetheless, this book focuses on the case where one of Yq and Fq is split, 
thus forcing us to handle, as mentioned above, a host of analytic complications. 
One reason is that, in order to sensibly "interpret" Theorem |7.4.1| ~ e.g., in order 
to massage it into an arithmetically suggestive form like Theorem A or (below) 
Theorem B, one needs the congruence subgroup property for the 5-units - and, as 
mentioned, this is not known for a quaternion algebra. But also we find and study 
many interesting phenomenon, both analytic and arithmetic, peculiar to the split 
case (e.g., the study of Eisenstein déformations in Chapter 9, or the relationship to 



if-theory provided by Theorem 4.5.1 1 



It is natural to ask for a more précise version of Theorem A, replacing divisibility 
by an equality. As we shall see, this is Jalse - and false for an interesting reason 
related to the nontriviality of K2{G'f)- For example we show: 



Theorem A^. (Proved in § 1.1 ■ see also following sections.) Notation and 
assumptions as in Theorem A, suppose that n is the trivial idéal. Then the ratio of 
orders 

|gr(yo(pq),Z)P^-"'^"| 

iiîrrai),z)i 

is divisible by the order of K2{ff), up to primes dividing 6gcd(A^p — 1,-/Vq — 1). 
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Although our computational évidence is somewhat limitcd, wc have no reason 
to suppose that the divisibility in this theorem is not actually an equality. We refer 
to Theorem |4. 5 . 1 1 fo r a related resuit, § |8.2| for a discussion of the "Galois side" of 
the story, and § |9.7] for a numerical example. To further understand the relationship 
of /C-theory and the torsion Langlands program seems a very interesting task. 



If iïi(yQ'(n), C) 7^ 0, then we wish to compare two infinité groups. In this 
context, a host of new complications, including issues related to the level raising 
phenomena (i.e. (2) described on page[î]), arise. In this case, instead of controUing 
the ratios of the torsion subgroups between the split and non split side, we relate 
this ratio to a ratio of periods arising from automorphic forms tt and their Jacquet- 
Langlands correspondent tt"^^. This period ratio is related to work of Prasanna for 



GL(2)/Q (see 5.5.11 



In this context, a sample of what we prove is: 



Theorem B. (Proved in § 7.7.) Suppose that l is a prime ^ {2,3} such that: 

(1) i/i(ro(nq),ZO = 0, 

(2) iîi(Fo(np), Z/) and Hi(YQ{nipq),Zi) are l -torsion free, 

(3) Hi(Y^ln),Cli) = — equivalently: Hi{Yf^{n),C) = 0. 

Then l divides (yQ'(n),Z) if and only if l divides A, where {N{p) — 1)A is 
the déterminant of — {N{q) + 1)^ acting on Hi{Yi){xVp),Cl), and Tq dénotes the 
q-Hecke operator. 

Thus the naive analog of Theorem A - simply asking for a divisibility between 
the sizes of torsion parts - is false here: We have extra torsion on the compact 
YQ{n), at primes dividing A. By "extra," we mean that there is no corresponding 
torsion for YoCtipl)- How should we interpret this extra torsion, i.e. how to interpret 
the number A in terms of modular forms on the split manifold Yq7 

Suppose for simplicity that £ does not divide (p) — 1 . Then £ divides A exactly 
when T^^ — (A^(q) + 1)^ has a nontrivial kernel on iîi(yo(rip)jF£). In view of this, an 
interprétation of A is given by the foUowing "level raising theorem." We state in a 
somewhat imprécise form for the moment. (To compare with the previous theorem, 
replace m by np). 



Theorem C. (Proved in § \6.5\ see also Suppose [c] e Hi(Yo{m),Fi) 

is a non-Eisenstein (see Définition 3.8.1) Hecke eigenclass, in the kernel of — 



(N(q) + 1)2. 

Then there exists [c] G i/i(yo(mq), F;) with the same generalized Hecke eigen- 
values as c at primes not dividing q, and not in the image of the pullback degeneracy 
map H,{Yo{m))^ ^ H,{Yo{mq)). 



To understand thèse Theorems (and their relationship) better, let us examine 
the situation over Q and explain analogues of Theorems B and C in that setting. 

Let N be an integer and p,q primes, and dénote by ro(A^), ro(A''p) etc. the 
corresponding congruence subgroups of SL2(Z); dénote by rg(A'^) the units in the 
level A'^ Eichler order inside the quaternion algebra over Q ramified at p, q. Define 
A analogously, replacing Hi{YQ{n\)), C) by the homology Hi{Tq{Np), C) and T^ by 
the usual Hecke operator Tg. 
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Then, if / dividcs A, there exists a Hecke eigenclass / e Hi{To{Np), F;) which 
is annihilated by — {q+ 1)^. Under this assumption there exists: 

(b) a Hecke eigenform /* e Hi(T*q{N),Fi) 

(c) a "new at q" Hecke eigenform / g Hi{TQ{Npq),Fi) 
both with the same (mod-Z) Hecke eigenvalues as /. 

Indeed, (c) foUows from Ribet's level-raising theorem, and (b) then foUows using 
(c) and Jacquet-Langlands. In terms of représentation theory this phenomena can 
be described thus: / gives rise to a principal séries représentation tt of GL2(Qq) 
on an Fj-vector space. The condition that — {N{q) + 1)^ kills / forces this 
représentation to be reducible: it contains a twist of the Steinberg représentation. 

Our Theorems B and C can be seen as analogues of (b) and (c) respectively. In 
ail cases one produces homology at primes l dividing A on a quaternion algebra or 
at higher level. There are significant différences: most notably, in case (b) the class 
g lifts to characteristic zéro whereas in case (B) it is a pure torsion class. More 
distressing is that Theorem B, as well as Theorem A and ail our related results, 
gives no information about Hecke eigenvalues. 



1.2. An Example 

We présent now a single example to give the reader some numerical sensé of the 
phenomenon being studied; we shall discuss the relationship between the homology 
of two spécifie hyperbolic 3-manifolds. Our example here is not an example of the 
situation described in § |1.1.1| ~ here, both manifolds are compact - but it does fit 
in the more gênerai framework we consider in Chapter 7. (Also, Chapter 9 studies 



in détail many numerical examples in the setting of § 1.1.1 ) 

Let F = Q{9) where 0^ — 9 + 1 = 0. If fc is a rational integer and there exists a 
unique prime idéal of norm k in the ring of integers oî F, we dénote that idéal 
hy pk- Similarly, if there is a unique idéal of norm k, we dénote that idéal by nfc. 

For any idéal n of Ô'p that is relatively prime to ps (resp. py), we define compact 
arithmetic hyperbolic 3-manifolds W^o(ï^) (respectively Mo(n)) as the quotients of 

by the norm one éléments of the level n Eichler order in the quaternion algebras 
over F ramified at the real place and ps (resp. pr). We give a more géométrie 
discussion of Wo(l) and Mo(l) in § 1.2.1| for example Wo(l) is related to the 
Weeks manifold. 

Specialized to this example, the results and conjectures of this book suggest: 
The first homology groups of Wo(p7 • n) and Mo(p5 • n) are closely 
related — although not isomorphic. 

For example, we compare the intégral homology of the manifolds Wo(p7 ' 1^5049) 
and Mo(p5 • 1X5949). In order to présent the results more succinctly, we compute 
with coefficients in Zg :— Z[^], where S is divisible by ail prime numbers < 40. 

-H"i(Wo(p7 • 1x5049)) 

= (z/43)'' e (z/61)^ e (z/127) e (z/139)^ e (z/isi) e (Zs)*' e (z/67)^ 

Hi{Mo{p5 ■ n5049)) 

= (z/43)'' e (z/61)^ e (Z/127) e (z/139)' e (z/isi) e (Zs)'" 



The surprising similarity between thèse two groups turns out to be a gênerai 
phenomenon, and this is the main concern of the présent paper. 
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The reader familiar with the Jacquet-Langlands theorem for GL(2)/Q may 
note a pleasant feature of our situation: The resemblance between the two groups 
above is manifest without any computations with Hecke operators: one sees torsion 
éléments of the same prime order in both groups. Over Q, the Jacquet-Langlands 
correspondence implies (among other things) a relationship between the cohomol- 
ogy of modular curves and Shimura curves at the level of Hecke modules; but if one 
forgets the Hecke structure it asserts nothing more than an isomorphism between 
two free finite rank abelian groups. 

1.2.1. Géométrie description of Wo(l) and Mo{l). Although it is not 

strictly necessary for our purposes, we discuss some of the geometry of the manifolds 
from the prior example: 

Let W be the Weeks manifold. It is a closed arithmetic hyperbolic manifold of 
volume 

Vol(VF) = 3 ■ 23 v^ - Cf(2) ^ 0.9427073628869 . . . 

An 

where F = Q{0) and 9^ — 9+1 — 0. The Weeks manifold is the smallest vol- 
ume arithmetic manifold [23 1 , as well as the smallest volume orientable hyperbolic 
manifold ^39^. It may be obtained by (5,-2) and (5,-1) Dehn surgery on the 
Whitehead link. 

Let M be the arithmetic manifold rn017(— 3, 2) from the Hodgson- Weeks cen- 
sus. M can be obtained by (7, —2) and (7, —2) Dehn surgery on the Whitehead 
link (see [39], p.27). 




Figure 1 . The manifolds W and M as surgeries on the Whitehead 
link complément 



The manifolds M and W are not commensurable. Nonetheless, they are closely 
related: the invariant trace field of both M and W is F; moreover, 

vol(M) =2 vol(M^), CS(M) = 2 CS(VK) + mod ^ • Z, 

where CS dénotes the Chern-Simons invariant which dépends (up to sign) on a 
choice of orientation of the manifold. 

The manifolds Wo(l), Mo(l) of the prior example can be described thus: 

Wo(l): The manifold W has symmetry group D12, the dihedral group of order 12. 
The Weeks manifold therefore admits a unique quotient W^o(l) of degree 
three. 

Mq{1): The manifold M has symmetry group D^, and admits a unique orbifold 
quotient Mq{1) corresponding to the kernel of the projection — > (Z/2)^. 
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As for thc manifold VFo(p7 • 115049), it is a covering of Wo(l) with fiber given 
by Pi(,^j^/p7 • n5049) and monodromy group S'L2{^f/Pi ■ n5049)- For Afo(p5 ■ "5049) 
the same holds with p7 • 115049 replaced by p5 • 115049. 



1.3. A guide to reading this book 

We now describe the contents of this book (this is not, however, a complète 
table of contents, simply a guide to sonie of the important subsections). 

We hope that at least parts of this book will be accessible to three audiences 
— those interested in hyperbolic geometry, those interested in arithmetic Lang- 
lands, and those interested in analytic torsion. One place to start (besides the 
introduction) is Chapter |9] which contains some detailed examples. 

(1) Chapter[î]is the introduction. 
§ |1.1.1 Some sample theorems. 
§ 1.2 An Example: two Dehn surgeries on the Whitehead link. 
§ 1.3 A guide to the paper, which you are now reading. 



(2) Chapter [2] gives a gênerai discussion of the context of the paper - in 
particular, extending the Langlands program to torsion classes, and how 
results such as Theorem A would fit into that extension. 

§ 2.1 Background on automorphic forms and "reciprocity over Z." 

§ 2.2 Conjectures about reciprocity related to torsion classes for CL 2; in 

particular, we formulate an iî T conjecture that guides many of 

our computations and conjectures. 

(3) Chapter 3 gives notation: 

§ |3.1| Summary of the most important notation; the reader could read this 
and refer to the other parts of this Chapter only as needed. 

§ |3.4| Notation concerning modular forms, and related notions such as 
Eisenstein classes and congruence homology. 

(4) Chapter [4] Raising the Level: newforms and oldforms compares spaces of 
modular forms at différent levels. 

§ |4.1| Ihara's lemma over imaginary quadratic fields. Similar results have 

also been proven by Klosin. 
§ 4.2 This section gives certain "dual" results to Ihara's lemma. 

We prove level raising, an analogue of a resuit of Ribet over Q. 
We study more carefuUy how level raising is related to cohomology 
of S-arithmetic groups. 

In particular we are able to produce torsion classes related to K2- 
This latter resuit matches with a Galois-theoretic analysis undertaken 
in § [8:21 

(5) Chapter Isj Analytic torsion and regulators, discusses analytic torsion and 
the closely connected notion of regulator. The regulator measures the 
volume of the first homology group, with respect to the metric defined 
by harmonie forms; it has a substantial influence on the behavior of the 
torsion homology. 

§ 5.1 An exposition of the Cheeger-Miiller theorem in the présent context. 
§ 5.2 The regulator and its relation to periods and Faltings heights. The 

main content is an old theorem of Waldspurger. 
§ |5.3| Proof of Theorem |5.2.3| from the previous section. 



4_2 
4_3 

4.5 
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6.3 



§ |5.4| Comparison of regulator at différent levels: the change of regulator 

is related to level raising. 
§ |5.5| Comparisons of regulators between a Jacquet-Langlands pair; our 

conjecture is that this is governed by level-lowering congruences, and 

we give heuristic reasons for this. 

(6) Chapter |6] The split case, analyzes varions features of the noncompact 
case. In particular, it gives détails required to extend the Cheeger-MûUer 
theorem in the non-compact case. 

Notation and basic properties of the manifolds under considération. 
Définitions of analytic and Reidemeister torsion in the spht case. 
The difficulty is that, for a non-compact Riemannian manifold M, 
cohomology classes need not be representable by square integrahle 
harmonie forms. 

§ |6.6| A review of the theory of Eisenstein séries, or that part of it which is 
necessary. This contains, in particular, the définition of the regulator 
in the non-compact case, which is used at several prior points in the 
paper. 

^6.7| Bounds on Eisenstein torsion, and the Eisenstein part of the regula- 
tor, in terms of L- values. 
§ |6.8| This contains the core part of the analysis, and contains gives the 
proofs. The key point is the analysis of small eigenvalues of the Lapla- 
cian on the "truncation" of a non-compact hyperbolic 3-manifold. 
This analysis nicely matches with the trace formula on the non- 
compact manifold. 

(7) Chapter [t] Jacquet-Langlands, studies "Jacquet-Langlands pairs" of hy- 
perbolic 3-manifolds and in particular proves Theorem A, Theorem A\ 
and Theorem B quoted in § |1.1.1 



|7.2| Recollections on the classical Jacquet-Langlands correspondence. 
§7.3 Some background on the notion of newform. 

§ |7.4 We state and prove the theorem on comparison of homology in a very 
crude form. 

§ |7.5| We show that that certain volume factors occurring in the comparison 
theorem correspond exactly to congruence homology. 

§ |7.6| We introduce the notion of essential homology and dual-essential ho- 
mology: two variants of homology which (in différent ways) "eut ont" 
congruence homology. 

§ |7.7| We begin to couvert the prior Theorems into actual comparison theo- 
rems between orders of newforms. We consider in this section simple 
cases in which we can control as many of the auxiliary phenomena 
(level lowering, level raising, if-theoretic classes) as possible. 
In particular, we prove Theorems A , A\ and B quoted earlier in the 
introduction. 

§ |7.8| and § |7.9| We attempt to generalize the results of § |7.7| as far as possible. This 
uses the spectral séquence of Chapter |4] the strength of our results 
is unfortunately rather limited because of our poor knowledge about 
homology of S'-arithmetic groups. The results here are summarized 
in 97.101 we advise the reader to look at 37.10|first. 
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(8) Chapter[8] Eisenstein déformations, and even Galois représentations: We 
présent some circumstantial évidence for the conjectures présentée! in 
Chapter 2. 

§ |8.1| We analyze the efFect of an orientation-reversing involution on homol- 
ogy; in conibination with the alternating pairing on torsion homology, 
it (roughly) sphts the torsion homology into two dual pièces. We call 
this phenonienona "doubhng." 
§ |8.2| We analyze the déformation ring of a residually reducible représen- 
tation and show that this matches with the doubling phenomenon. 
We discuss the notion of phantom classes of level q , and how classes 
from K2 give rise to Eisenstein homology at level qr for any auxiliary 
prime r, but not necessarily at level q. 

We restrict an even residual Galois représentation over Q to an imag- 
inary quadratic field. We show that the resulting déformation ring 
again shows a behavior matching with doubling. 
We discuss finiteness theorems for even Galois représentations over Q 
that would foUow from modularity over imaginary quadratic fields, 
and discuss a (as yet unsuccesful) attempt to locate a even Galois 
représentation of tame level 1 with big image. 

(9) Chapter |9] Examples, présents several numerical examples studying tor- 
sion cohomology and the Jacquet -Langlands correspondence - mostly in 
the case of the field Q(-v/— 2). In particular: 

§ 9.1 The manifolds under considération. 
9.2| The simplest examples of JL correspondence, where there are no 
forms in characteristic zéro. 

Examples where there are only oldforms in characteristic zéro. 
Thèse are the most complicated examples, where there exist new- 
forms in characteristic zéro; they exhibit a combination of level low- 
ering and level raising that afl^ects torsion. 

Examples with Eisenstein classes, illustrating some of the results 
of§|431 



§[ 



§183 



9.3 
9.4 



§|9l 



§ |9.6| We compute the primes q with A^(q) < 617 where we expect (and 

do) find phantom classes of residue characteristic p = 3 and 5. 
§ |9.7| A numerical example of Theorem 4.5.1 relating K2{^f) to cohomol- 
ogy, in the case F = Q(\/— 491). 
§ |9.8| Tables of data illustrating the correspondence, as computed for us by 
Nathan Dunfield. 

(10) Chapter 10 Concluding remarks discusses some potential generalizations 
of our results and conjectures (§ |10.1 1 as well as some interesting questions 

(§[ïô3t- 



CHAPTER 2 



Some Background and Motivation 



In this chapter, we assume familiarity with the basic vocabulary of the Lang- 
lands program. 

Our goal is to formulate precisely conjectures relating homology to Galois rep- 
résentations — at least, in the context of inner forms of GL2 over number fields — 
with emphasis on writing them in a generahty that appHes to torsion homology. 

We then explain why thèse conjectures suggest that a numerical Jacquet- 
Langlands correspondence, relating the size of torsion homology groups between 
two arithmetic manifolds, should hold (Lemma 2.2.10). 



2.1. Reciprocity over Z 

2.1.1. Arithmetic Quotients. We recall here briefly the construction of 
arithmetic quotients of symmetric space, and the connection to automorphic rep- 
résentations. 

Let G be a connected linear reductive algebraic group over Q, and write G^o — 
G(R). Let Ahe a. maximal Q-split torus in the center of G, and let C G 00 
dénote the connected component of the R-points of A. Furthermore, let K^o dénote 
a maximal compact of Goo with connected component K^. 

The quotient Goo/ Kao carries a Gœ-invariant Riemannian metric, with respect 
to which it is a Riemannian symmetric space. For our purposes it will be slightly 
better to work with the (possibly disconnected) quotient 

S ■= G^/ AP^K^, 

because Gœ always acts on S in an orientation-preserving fashion, and S does 
not have a factor of zéro curvature. (Later in the document we will work almost 
exclusively in a case where this coïncides with G 00 / Koc , any way) . 
For example: 

• If Goo = GL2(R), then S is the union of the upper- and lower- half plane, 

i.e. S — C H with invariant metric — tTt^- 

Im(z)^ 

• If Goo = SO(n, 1)(R), then S is isometric to hyperbolic n-space H". 

• If Goo = GL2(C), then S = H^. 

The symmetric space H'^ occurs in both contexts because of the exceptional 
isomorphism 5(2(0) ~ so(3, 1)(R). 

Now let A be the adele ring of Q, and Af the finite adeles. For any compact 
open subgroup K of G{Af), we may define an "arithmetic manifold" (or rather 
"arithmetic orbifold") Y{K) as foUows: 

YiK) GiFUS x G(A^.))/^ = G(F)\G(A)M|^<i^. 
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The orbifold Y(K) may or may not be compact, and may be disconnected; in 
ail cases, it has finite volume with respect to the measure defined by the metric 
structure. 

Since the components of S are contractible, the connected components of Y{K) 
will be K{tt, l)-spaces, and the cohomology of each component of Y{K) is canoni- 
cally isomorphic to the group cohomology of the fundamental group. 

2.1.2. Cohomology of arithmetic quotients and reciprocity. Assume 
for now that Y{K) is compact. Matsushima's formula [10 states that the coho- 
mology H^{Y{K), C) décomposes as a direct sum of the (g, iîr)-cohomology: 

W{Y{K), C) = m{^)H\Q, K; n^). 

Here the right hand side sum is taken over automorphic représentations tt = tToo^tt^^ 
for G(A) — Goo X G{Af), and m{TT) is the dimension of the i^-fixed subspace in tt/. 
The effective content of this équation is that "cohomology can be represented by 
harmonie forms." 

Appropriate variations of thèse results apply equally with coefficient Systems; in 
the non-compact case the work of Franke [36j provides a (somewhat more involved) 
substitute. 

2.1.3. Reciprocity in characteristic zéro. Let us suppose tt is a représenta- 
tion that "contributes to cohomology," that is to say, m(7r) ^ and H^{q, K; tToc) ^ 
for suitable K. Assume moreover that G is simply connected. Let G dénote the 
dual group of G, considered as a reductive algebraic group over Q, and let be 
the semi-direct product of G with Gal(Q/Q), the action of Gal(Q/Q) being the 
standard one (see e.g. |13} §2.1]). Then one conjectures (see, for example. Con- 
jecture 3.2.1 of [13 for a more throrough and précise treatment) the existence (for 
each p) of a continuons irreducible Galois représentation 

p = rec(7r) :Gal(Q/Q)^^G(Qp), 

such that 

(1) For every prime ( p, the représentation p\Gi is associated to tt^ via the 
local Langlands correspondence; 

(2) p is unramified outside finitely many primes; 

(3) If c is a complex conjugation, then p(c) is odd (see [Gj Proposition 6.1] 
for précise définition; if G is split, it means that the trace of p(c) in the 
adjoint représentation should be minimal among ail involutions) . 

(4) p\Gfp is de Rham for any place v\p, with prescribed Hodge-Tate weights: 
they correspond to the conjugacy class of cocharacter Gm —>■ G that are 
dual to the half-sum of positive roots for G. 

For a more précise formulation (including what is meant by "de Rham" for targets 
besides GL„) the reader should consult |13j . 

2.1.4. Cohomological reciprocity over Z. Starting with observations at 
least as far back as Grunewald |42j in 1972 (continuing with further work of 
Grunewald, Helling and Mennicke |41j . Ash [3], Figueiredo [33j . and many oth- 
ers), it has become apparent that something much more gênerai should be true. 
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Let us suppose now that G is split simply connectée!, with coniplex dual group 
G(C). Recall that for almost every prime (. the "Hecke algebra" acts by corre- 
spondences on Y{K); moreover |40j 

M (g) Z[£-^] ^ Rep(G(C)) (g) Z[r 1]. 

Accordingly, if a is any représentation of G(C), let Tcr{i) be the corresponding 
élément oî ^ T\l-\ For example, if G = SL2, then G(C) = PGL2(C); the 
élément TacI associated to the adjoint représentation of G(C) is the Hecke operator 
usually denoted Tni , of degree £^ + ^ + 1 . 

We may then rephrase the classical reciprocity conjecture in the less précise 
form: 

• To every Hecke eigenclass a G H'' {Y (K) , C^p) , there exists a matching 
Galois représentation pa : Gal(Q/Q) — > G(Qp), so conditions (2) — (4) 
above hold, and for every a and almost every i, 

T„{l)a — trace(cr o ^^(Frobf)). 

Conversely, every Galois représentation satisfying conditions (2), (3), (4) 

arises thus (for some i). 
One difficulty with this conjecture is that it only (conjecturally) explains Galois 
représentations in characteristic zéro. Thus it is of interest to replace the coeffi- 
cients Qp of cohomology iï*(F(_fi'), Qp) with torsion coefficients. For cleanness of 
formulation it is simplest to replace Qp above by Fp, or, more generally, a finite 
Artinian local VF(Fp)-algebra A. The foUowing is the "torsion" counterpart to the 
conjecture above: 

• Let A be a finite length local VF(Fp)-algebra. To every Hecke eigenclass a 
in the group H^{Y{K),A), there exists a matching Galois représentation 
Pa with image in G{A) such that conditions (2), (4) above hold, and, for 
every a and almost every i, 

T„{l)a — trace(cr o ^^(Frobf)). 

Conversely, every Galois représentation satisfying conditions (2) , (4) arises 
thus (for some i). 

Note that we have deemed requirement (3) to be empty. By the uni versai 
coefficient theorem, the cohomology with coefficients in A (for any A) is determined 
by the cohomology with Z-coefficients, and this motivâtes a study of the intégral 
cohomology groups H'{Y{K),X). We therefore refer to thèse conjectures together 
as "reciprocity over Z." Since H*{Y{K), Z) may possess torsion, reciprocity over Z 
is not a conséquence of the first conjecture alone. 

The majority of the numerical évidence for this conjecture — particularly in 
the cases where it involves mod-p torsion classes and A is a finite field — is due to 
A. Ash and his coUaborators; see [3]. 

Since the cohomology groups of Y(K) are finitely generated, any eigenclass 
a G H^{Y{K),Qp) will actually come from W{Y{K),L) for some finite exten- 
sion L/Qp (a similar remark applies to eigenclasses in VF(Fp)-algebras). How- 
ever, the conjectures are more naturally stated over Qp than over L, since even if 
a G W{Y{K), L), and even if there is a natural choice of dual group G over Q, it 
may be the case that Pa may only be conjugated to lie in G{L') for some nontrivial 
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extension L' / L. One can already see this for représentations of finite groups, for 
example, two dimensional représentations of the quaternion group have traces in 
Qp for ail p, but can not be conjugated into GL2(Qp) unless p = l mod 4. 

There is some flexibility as to whether we work with intégral homology or inté- 
gral cohomology. It will also be useful at some points to work with Q/Z-coefïicients. 
The universal coefficient theorem relates thèse groups, and there are varions ways 
in which to phrase the conjectures. For example, ii Y = Y{K) happens to be a 
compact 3-manifold, the torsion classes that don't arise from characteristic zéro 
classes live in Hi{Y, Z), H'^{Y, Z), H^{Y, Q/Z) and H2{Y, Q/Z). For the purposes 
of this book, it will be most convenient (aesthetically) to work with Hi{Y, Z), and 
hence we phrase our conjectures in terms of homology. 

One may also ask which degree the homology classes of interest live in. This is 
a complicated question; the paper |17j suggest that the Hecke algebra completed at 
a maximal idéal corresponding to a représentation with large image acts faithfuUy 
in degree i(dim(Goo/-?foo) - rank(Goo) + rank(i<roo))- 

2.1.5. Discussion. One may well ask if it is worth the effort to study reci- 
procity integrally when many of the naturally occuring Galois représentations of 
interest (those attached to motives, for example) arise in characteristic zéro. On 
an even more elementary level, one might ask whether reciprocity over Z is sig- 
nificantly différent from reciprocity over Q. Let us explain why the answer to the 
second question is "yes", and explain why this provides several justifications for 
studying torsion classes. 

The main différence between torsion classes and characteristic zéro classes oc- 
curs when Goo does not admit discrète séries (although the study of torsion in 
the cohomology of Shimura varieties is also very interesting!). Whenever Gœ does 
not admit discrète séries, the set of automorphic Galois représentations will not be 
Zariski dense in the déformation space of ail (odd) p-adic Galois représentations 
into ^G. When G = GL(2) over an imaginary quadratic field F, this foUows from 
Theorem 7.1 of |21j . and Ramakrishna's arguments are presumably sufïiciently gên- 
erai to establish a similar theorem in the gênerai setting where Gœ does not have 
discrète séries. Thus, if one believes that the collection of ail Galois représentations 
is an object of interest, the représentations obtained either geometrically (via the 
cohomology of a variety) or automorphically (via a classical automorphic form) do 
not suffice to study them. 

An interesting example is obtained by taking an even Galois représentation 
p : Gal(Q/Q) — > GL2(Fp). While there is no known "modular" object over Q that 
is associated to p, the restriction p|Gf to the Galois group of an imaginary quadratic 
field F should be, by "reciprocity over Z", associated to an intégral cohomology 
class for a suitable Blanchi group (cf. Chapter 9); and there is no reason to expect 
that this class lifts to characteristic zéro. (One knows in many cases that there are 
no géométrie lifts of p over Q — see |15j ) . 

On the other hand, suppose that one is only interested in géométrie Galois 
représentations. One obstruction to proving modularity results for such repré- 
sentations is apparent failure of the Taylor-Wiles method when Goo does not have 
discrète séries. A récent approach to circumventing thèse obstructions can be found 
in the work of the first author and David Geraghty |20| . One of the main theorems 
of |20j is to prove minimal modularity lifting theorems for imaginary quadratic 
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fields contingent on thc existence of certain Galois représentations. It is crucial in 
the approach of ibid. that one work with the ail the cohomology classes over Z, 
not merely those which lift to characteristic zéro. In light of this, it is important 
to study the nature of torsion classes even if the goal is ultimately only to study 
motives. 

Having decided that the (intégral) cohomology of arithmetic groups should play 
an important rôle in the study of reciprocity and Galois représentations, it is natural 
to ask what the rôle of Langlands principle of functoriality will be. Reciprocity 
compels us to believe the existence of (some form of) functoriality on the level of 
the cohomology of arithmetic groups. One of the central goals of this book is to 
give some évidence towards arithmetic functoriality in a context in which it is not 
a conséquence of a classical functoriality for automorphic forms. 



2.2. Inner forms of GL(2): conjectures 

We now formulate more précise conjectures in the case when G is an inner 
form of PGL(2) or GL(2) over a number field F. In most of this book we shall be 



working with PGL(2) rather than GL(2), but at certain points (e.g. § 8.4 1 it will 
be convenient to have the conjectures formulated for GL(2). 

In particular, we formulate conjectures concerning R — T, multiplicity one, 
and Jacquet-Langlands. We will not strive for any semb lance of generality: we 
concentrate on two cases corresponding to the trivial local System, and we shall 
only consider the semistable case, for ease of notation as much as anything else. 
The originality of thèse conjectures (if any) consists of conjecturally identifying the 
action of the entire Hecke algebra T of endomorphisms on cohomology in terms of 
Galois représentations, not merely T(g)Q (foUowing Langlands, Clozel, and others), 
nor the finite field quotients T/m (generazing Serre 's conjecture — for the spécifie 
case of imaginary quadratic fields, this is considered in work of Figueiredo |33j . 
Torrey |79j . and also discussed in unpublished notes of Clozel j24L 125] ). 

2.2.1. Universal Déformation Rings. Let F be a number field and let E 
dénote a finite set of primes in ffp 

Let A; be a finite field of characteristic p, and let 

be a continuons absolutely irreducible odd Galois représentation (we also consider 



reducible représentations in § 8.2 1. Recall that oddness in this context means that 
p(c„) has déterminant —1 for any complex conjugation corresponding to a real 
place V of F; no condition is imposed at the complex places. 

Let e : Gf — 5> Zp dénote the cyclotomic character, and for any place v, let 
Iv C Gy dénote inertia and décomposition subgroups oï Gp, respectively. 

Let us suppose for ail v\p the foUowing is satisfied: 

(1) det(p) = ecj), where (j>\Gy is trivial for v\p. If G = PGL2 we require ip = 1. 

(2) For v\p and v ^T,, either: 

(a) p|g„ is finite fiât, 

(b) p|g„ is ordinary, but not finite fiât. 

/ ^ \ 

(3) For î; e E, p|g„ ~ ^ , J , where X is an unramified character of Gy. 



_0 Xy 

(4) For V ^ 'S Ll {v\p} , p\Gy is unramified. 
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Associated to p, we can, in thc usual way (see |29|, I55|, I86j ) define a déformation 
problem that associâtes to any local Artinian ring {A, m, k) déformations p oî p 
such that: 

(1) det(p) = e ■ (p, where (j) is the TeichmuUer lift of (p. 

(2) For v\p and v ^T,, either: 

(a) p\Gv is finite flat, 

(b) p\Gy is ordinary, and p\Gy is not finite flat. 

/ £y * \ 

(3) For u G S, p\Gv ( q ^ ) ' where x is the TeichmuUer lift of x- 

(4) If u is a real place of F, then p|G„ is odd. (This is only a nontrivial 
condition if char(fc) = 2). 

(5) If w ^ E U p\Gv is unramified. 

We obtain in this way a universal déformation ring iî^. One may détermine the 
naïve "expected dimension" of thèse algebras (more precisely, their relative dimen- 
sion over Zp) using the global Euler characteristic formula. This expected dimension 
is — 7'2, where ^2 is the number of complex places of ûp. Equivalently, one expects 
that thèse rings are finite over Zp, and finite if F has at least one complex place. 
This computation can not be taken too seriously, however, as it is inconsistent with 
the existence of elliptic curves over any field F. 

2.2.2. Cohomology. Let G/F be an inner form of GL(2) corresponding to 
a quaternion algebra ramified at some set of primes S d SU{u|oo}. Let Ks = 
Yiv ^s.t) dénote an open compact subgroup of G(A/) such that: 

(1) If u e E but w ^ S-, K^^„ = |g G GL2(^„) \ 9 = (j^ mod tt, 

(2) lî V G S, then Kj:^^ consists of the image of Bl^ inside G{Fy), where 
is a maximal order of the underlying quaternion algebra. 

(3) Iîv(/Y., then K^^^ = iG{ûy). 

Moreover, if q is a finite place in E that is not in S (so that situation 1 above 
occurs), let -R's/q be defined as Ky: except that i^s/q is maximal at q. 

Let Y{Ky) be the locally symmetric space associated with G. If G is an inner 
form of PGL2, we are identifying ifs with its image in PGL2(A/); each component 
of Y is then uniformized by a product of hyperbolic 2- and 3-spaces. If G is an inner 
form of GL2, then Y{K^) is a torus bundle over the corresponding PGL2-arithmetic 
manifold. 

Let q be the number of archimedean places for which G x p Fy is split. 
DEFINITION 2.2.3. Let : Hq{Y{Ky^/^),Zf Hg{Y{K^),Z) be the transfer 



map (see § 5.^.7). Then the space of new-at-q forms of level K-^ is defined to be 



the group Hg{Y{KY),Z)^^ncw ■= coker(î'^). 

We note that there are other candidate définitions for the space of newforms 
"over Z"; the définition above appears to work best in our applications. 

There is an obvions extension of this définition to the space of forms that are 
new at any set of primes in E \ 5. Let us refer to the space of newforms as the 
quotient Hq{Y{KY.), Z)"°™ by the image of the transfer map for ail q in S \ S*. 

\iY{KY) and ^(ifs/q) are the corresponding arithmetic quotients, then the in- 
tégral homology and cohomology groups H, {Y, Z) and H' (Y, Z) admit an action by 
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Hecke endomorphisms (see § 3.4.3 for the définition of the ring of Hecke operators). 



We may now define the corresponding Hecke algebras. 

Définition 2.2.4. Let Ts — respectively the new Hecke algebra Tff^ — de- 
note the subring o/End Hq(Y(Y,), Z) (respectively ^nd Hq{Y(K^), Z)"°^) generated 
hy Hecke endomorphisms. 

It is easy to see that T|-™ is a quotient of T^. Of course, if S = S", then 

Tncw rri 

We say that a maximal idéal m of Tj; is Eisenstein if the image of Tq in the 
field Ts/tn is given by the sum of two Hecke characters evaluated at q, for ail but 



finitely many q (see Définition 3.8.1 for a more précise discussion of the varions 
possible définitions of what it means to be Eisenstein). 

Conjecture 2.2.5 {R = T). Letm. be a maximal idéal ofT^'^ , with k = T^/m 
a field of characteristic p, and suppose that m not Eisenstein. Then: 

(1) There exists a Galois représentation 

p,n : G F ^ GUiT'EZ) 
satisfying the usual compatibility between Hecke eigenvalues of the char- 
acteristic polynomial of Frobenius. 

(2) The induced map Rs — > T|f^ is an isomorphism. 

Remark 2.2.6. In a récent preprint, the first author and Geraghty have proved 
a minimal modularity lifting theorem for imaginary quadratic fields F under the 
assumption that there exists a map from R^ to (see |20j ). This provides strong 
évidence for this conjecture. Moreover, in the minimal case, one also deduces (under 
the conjectural existence of Galois représentations) that the Hecke algebra is free as 



an iîs-module, and is multiplicity one whenever it is infinité (see Conjecture 2.2.9 1 



2.2.7. Jacquet Langlands correspondence. Let F/Q be a field with one 
complex place, let G/F and G' /F be inner forms of PGL(2) /F that are ramified at 
the set of finite primes S and S' respectively and ramified at ail real infinité places 
of F. Let Y{K^) be the arithmetic manifold constructed as in § 2.2.2 and dénote 
by Y'{K^) the analogous construction for G'. We refer to a pair of such manifolds 
as a Jacquet-Langlands pair. 

It foUows from the Jacquet-Langlands correspondence that there is a Hecke- 
equivariant isomorphism 

i/i(y(ifs), C)"''- Hi{Y'{Ks), C)"''-. 
One is tempted to conjecture the foUowing 

|iïi(y(i^s),z)-"| |iîi(y'(ifs),z)'--|, 

and, even more ambitiously, a corresponding isomorphism of Hecke modules. We 
shall see, however, that this is not the case. 

Consider, first, an example in the context of the upper half-plane: Let N ^ Z 
be prime, N = 1 mod p, and consider the group ro(A^) C PSL2(Z). Then there is 
a map ro(iV) ^ ro(iV)/ri(A^) Z/pZ, giving rise to a class in H^(To{N),Z/pZ). 
On the other hand, we see that this class capitulâtes when we pull back to a 
congruence cover (compare the annihilation of the Shimura subgroup under the 
map of Jacobians Jo(-/V) ~^ Ji{N)). 
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Similar situations arisc in thc contcxt of the Y{K^). We dénote the cohomology 
that arises in this way congruence, because it vanishes upon restriction to a congru- 



ence subgroup. See 3.7 for a précise définition. A simple argument (Lemma 3.7.1.2) 
shows that ail congruence classes are necessarily Eisenstein. 

For 3-manifolds, it may be the case that congruence homology does not lift to 
characteristic zéro. Let us return to the examples of the first section. We observe 
that the Weeks manifold W satisfies Hi{W, Z) — Z/5 Z/5, whereas M satisfies 
Hi{M, Z) = Z/7® Z/7. In the case of the Weeks manifold, the fundamental group 
injects (and has Zariski dense image) into the unique index 6 subgroup of the norm 
one units of thc unique quaternion algebra over Q5. In turn, this subgroup is easily 
seen to admit a surjection onto Z/5 Z/5, which "explains" thc homology of W, 
that is, ail the homology of W is congruence. A similar phenomenon (over Q7) 
explains ail the homology of M . Since thèse classes are invisible in the adelic limit 
(i.e., they become trivial upon increasing the level), it is not at ail clear how they 
interact with the classical theory of automorphic forms. 

We define the essential homology, denoted , by excising congruence homol- 



ogy (see Définition 7.6.11 Although this définition is perhaps is ad hoc, our first 
impression was that the foUowing equality should hold: 

|iîf(y(i^s),z)'^™| =■ |7îf (y'(i^s),z)"™|. 

However, even this conjecture is too strong — we shall see that "corrections" to this 
equality may occur arising from if-theoretic classes. (In particular, see Theorem 
from the introduction, and § |9.7[ which gives an explicit example where thèse two 
spaces are finite and have différent orders. One should also compare Lemma [9. 4. 4| 
which gives another example where thèse two spaces are finite and have différent 
orders, and § |8.3| for some theoretical musings on thèse issues. We leave open the 
possibility that this equality might always hold when D and D' are both non-split, 
equivalently, Y and Y' are both compact, although there is no reason to suppose 
it should be true in that case either.) In the examples in which thèse groups have 
différent orders, the dispari ty arises from certain unusual Eisenstein classes. Thus, 
one may salvage a plausible conjecture by localizing the situation at a maximal 
idéal of the Hecke algebra. 

Conjecture 2.2.8. If m is not Eisenstein, there is an equality 

\H,{Y{K^),zm = |iîi(y'(ifs),Z)--|. 

Let us try to explain why a conjecture such as |2.2.8 might be expected. Let 



p : Gp ^ GL2(fc) be an absolutely irreducible Galois représentation giving rise to a 



universal déformation ring R^, as in § 2.2.1 Let Y{Ky) be the arithmetic manifold 
constructed as in § 2.2.2 and dénote by Y'{K^) the analogous construction for G'. 
If Conjecture |2.2.5 holds, then we obtain an identification of Ry, with the ring of 
Hecke endomorphisms acting on both iJi(y(Xs), Z);îf^ and iîi(y'(ifE), Z)Sf*. 

What is the structure of thèse groups as Hecke modules? One might first 
guess that they are isomorphic. However, this hope is dashed even for GL(2)/Q, 
as evidenced by the failure (in certain situations) of multiplicity one for non-split 
quaternion algebras as shown by Ribet |65j . In the context of the p-adic Langlands 
program, this failure is not an accident, but rather a conséquence of local-global 
compatibility, and should be governed purely by local properties of p. A similar 
remarks apply to multiplicités for p = 2 on the split side when p is unramified at 2 
and p(Frob2) is a scalar. In this spirit, we propose the following: 
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Conjecture 2.2.9 (multiplicity one). Let p : Gp — > GL2(A:) be an absolutely 
irreducible Galois représentation, and let m be the associated maximal idéal. Sup- 
pose that: 

(1) p divides neither 2 nor dp. 

(2) If q £ S, then either: 

(a) p|Gq is ramified at q, or, 

(b) p|Gq is unramified at q, and p(Frobq) is not a scalar. 
Then Hi{Y{Ky.), Z)^™ is free of rank one over Tjjf^. 

Onc might argue that condition 1 is somewhat timid, sincc (as for GL(2)/Q) 
when p — 2 and 2 \ dp, one should also have multiplicity onc under some mild 
conditions on plGy for v\2, and when p\dp and F/C^ is not too ramified at p, 
multiplicity one should also hold. (See also Remark [2.2.6 ) However, our only 



real data along thèse Unes is for p — 2 and F — Q(-\/— 2), when the failure of 



is 



multiplicity one is fréquent. A trivial conséquence of Conjectures |2. 2. 9 and 2.2.5 
the foUowing. 

Lemma 2.2.10. Assume Gonjectures \2.2.9\ and \2.2.5\ Suppose that: 

(1) p divides neither 2 nor dp. 

(2) If q e S or S' , then either: 

(a) p|Gq is ramified at q, or, 

(b) p|Gq is unramified at q, and p(Frobq) is not a scalar. 
Then there is an isomorphism 

Let us summarize where we are: Later in the paper, we will prove theorems 
relating the size of Hi{Y{K-s), Z) and Hi{Y' {K^, Z)). What we have shown up to 
here is that, at least if one complètes at non-Eisenstein maximal ideals, such a resuit 
is to be expected iî one admits the multiplicity one conjecture Conjectures |2. 2 .9] and 
the reciprocity conjecture Conjecture |2.2.5"| noted above. In this way, we view the 
results of this book as giving évidence for thèse conjectures. 

It is an interesting question to formulate a conjecture on how the m-adic intégral 



homology should be related when multiplicity one (i.e. Conjecture 2.2.91 fails. 
Asking that both sides are isogenous is équivalent to the rational Jacquet-Langlands 
(a theorem!) since any torsion can be absorbed by an isogeny. It should at least be 
the case that one space of newforms is zéro if and only if the other space is. 

2.2.11. Auxiliary level structure; other local Systems. One can gener- 
alize the foregoing conjectures to add level structures at auxiliary primes. That is, 
we may add level structure at some set N of primes (not containing any primes in 
S or dividing p) . 

Similarly, one can consider not simply homology with constant coefficients, but 
with values in a local System. 

We will not explicitly do so in this document; the modifications are routine 
and do not seem to add any new content to our theorems. (This is perhaps not 
exactly true as regards nontrivial local Systems: In some respects our theorems 



would become better. See § 10 ) 



CHAPTER 3 



Notation 

The most important notation necessary for browsing this book — the manifolds 
Y{K) we consider, and the notation for their homology groups — is contained in 
Sections § |3.1[ 

The remainder of the Chapter contains more speciaHzed notation as well as 
recalHng varions background results. 

The reader might consult thèse other sections as necessary when reading the 
text. 



3.1. A summary of important notation 

For A an abehan group, we dénote by A^i the maximal torsion-free quotient of 
A and by ^div the maximal divisible subgroup of A. We shall use the notation Ators 
in two contexts: if A is finitely generated over Z or Zp, it will mean the torsion 
subgroup of A; on the other hand, if Hom(A, Q/Z) or Hom(A, Qp/Zp) is finitely 
generated over Zp, it will mean the maximal torsion quotient of A. Thèse notations 
are compatible when both apply at once. 

Let F be a number field with one complex place and ri = [F : Q] — 2 real 
places. We dénote the ring of integers oî F hy â" and set Foo := F (g) R = C x R''^ . 
We fix, once and for ail, a complex embedding F ^ C (this is unique up to complex 
conjugation) . The adele ring of F will be denoted A (occasionally by Ai? when we 
wish to emphasize the base field F) and the ring of finite adeles A/. 

Let _D be a quaternion algebra over F ramified at a set S of places that contains 
ail real places. (By abuse of notation we occasionally use S to dénote the set of 
finite places at which D ramifies; this abuse should be clear from context.) 

Let G be the algebraic group over Q defined as 

G = Resj./QGLi(i?)/G™. 

Let Goo = G(R) and let K^c be a maximal compact of G oc- The associated 
symmetric space Goo/Kao is isometric to the hyperbolic 3-space H'^; we fix such an 
isometric identification. 

For E D S' a subset of the finite places of F, we define the associated arithmetic 
quotient, a (possibly disconnected) hyperbolic three orbifold of finite volume: 

Y{K^) ^alternate notation: ^(S) or lo(n), where n — Opes P-) 

:= G{F)\G{K)/KooK^ 

= G(F)\(H3 X G(A/))/i^s, 
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where = J^i^u, whcrc, fixing for every v ^ S an identification of with 
GL2(F„), and so also of with PGL2(i^^), we have set 

'PGL2(^.), vi^; 
K^^{ ge PGL2(£?,) I .9 = mod ir,, f G S - 5; , 

the image of in G(F„) otherwise, 

where By is a maximal order of . 

Then is an analog of the modular curve Yo{N) with level N the product 

of ail primes in S. Note that there is an abuse of language in ail of our notation 
Y{K^), Yo{n): we do not explicitly include in this notation the set of places 
S defining the quaternion algebra D. When we write Y (S), there is always an 
implicit choice of a fixed subset S" C S. 

Almost ail of our theorems carry over to gênerai level structures. Accordingly, 
a K (Z G{Af) is an open compact subgroup, we dénote by Y{K) the corresponding 
manifold G(F)\(H^ x G{Af)) / K^; of course, when K = K^, this recovers the 
manifold above. 

It will often be convenient in this book to use the phrase "hyperbolic three 
manifold" to include disconnected three-manifolds, each of whose components are 
hyperbolic. Similarly, in order to avoid having to add a parenthetical remark "(or 
possibly orbifold)" after every use of the word manifold, we shall often elide the 
distinction and use the word manifold. By "orbifold prime" for the orbifold M we 
shall mean a prime that divides the order of one of the point stabilizer groups. 
When we take cohomology of such an M, then, we always mean in the sensé of 
orbifolds, that is to say: if M — > M is a G-covering by a genuine manifold M, 
as will always exist in our settings, the cohomology of M is understood to be the 
cohomology of M x E/G, where iï^ is a space on which G acts freely. 

Our primary interest in this book is in the homology (or cohomology) of the 
arithmetic manifolds Y{Ky,) just defined. Since the expression Hi{Y{Ky,),Z) is 
somewhat cumbersome, we shall, hopefuUy without confusion, write: 

iîi(S,Z) := Hi{Y{K^),Z). 

Since S is only a finite set of primes, it is hoped that no ambiguity will resuit, since 



the left hand side has no other intrinsic meaning. In the usual way (§ 3.4.31 one 
defines the action of a Hecke operator 

Tp :i/i(E,Z)^Hi(E,Z) 

for every p ^ S. Thèse commute for différent p. When p e E — S", this operator is 
what is often called the "JJ-operator." 

If q e S is a prime that does not lie in 5, then we write E — E/q U {q}, and 
hence: 

iïi(S/q,Z) :=iïi(y(Xs/q),Z). 
Suppose that q G S is not in S. There are two natural degeneracy maps 



Y{K^) — > Y{K^f^) (see § 3.4.3); thèse give rise to a pair of maps: 
ci>:ifi(S/q,Q/Z)2^i/i(E,Q/Z), 
<i>^ :iïi(E,Q/Z)^i/i(S/q,Q/Z)2, 



3.1. A SUMMARY OF IMPORTANT NOTATION 



23 



where the first map $ is the puUback, and the latter map is the transfer. In the 
same way, we obtain maps: 

vI/:i/i(S,Z)^iîi(S/q,Z)2, 

vl/^ :iïi(E/q,Z)2^i/i(S,Z). 
The map can be obtained from $ (and siniilarly froni <(>^) by applying the 
functor Hom(— ,Q/Z). 

3.1.1. Additional notation in the split case. When G = PGL2 , a situation 
analyzed in détail in Chapter[6] we will use some further speciaHzed notation. In 
this case F is iniaginary quadratic. We put 

B=(; :)cPGL„ 

/ 1 * \ 

a Borel subgroup, and dénote by N its unipotent radical [ ^ j ; we dénote by 
A the diagonal torus. We dénote by a : B the positive root: 

(3.1.1.1) a:(^l I ) 

We also define PU2 C PGL2(C) to be the stabilizer of the standard Hermitian 
form jxip + |x2p- Then PU2 x PGL2(^t,), the product being taken over finite 
V, is a maximal compact subgroup of PGL2(A). 

Chapter [6] uses a significant amount of further notation, and we do not sum- 
marize it here since it is localized to that Chapter. 
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3.2. Fields and adeles 

3.2.1. The number field F. Let F he a. number ficld with onc complex 
plac^and ri = [F : Q] — 2 rcal places. We dénote the ring of integers oî F hy â" 
and set Foc := F (g) R = C x R^'^ . We fix, once and for ail, a complex embedding 
F ^ C (this is unique up to complex conjugation) . 

The adele ring of F will be denoted A, and the ring of finite adeles A/. If T is 
any set of places, we dénote by A'^"^-' the adele ring omitting places in T, i.e. the 
restricted direct product of F^ for v ^ T. Similarly — if T consists only of finite 

(T) 

places — we write A^ for the finite adele ring omitting places in T. We dénote 

by or â" the closure of â'p in Ay; it is isomorphic to the profinite completion of 
the ring ûp. 

For V any place of F, and x € Fy, we dénote by \x\y the normalized absolute 
value on Fy, i.e., the eff'ect of multiplication by a; on a Haar measure. In the case 
of C this differs from the usual absolute value: |z|c — jzp for z e C, where we will 
dénote by \z\ the "usual" absolute value \x + iy\ — y^x^ + y^. For a; G A we write, 
as usual, = Ht, \xv\v 

We dénote by Cf the zeta-function of the field F, and by its local factor at 
the finite place ti of F. We dénote by £,p the completed Cf, i-e- including F-factors 
at archimedean places. 

When we deal with more gênerai L-functions (associated to modular forms), 
we foUow the convention that L refers to the "finite part" of an L-function, i.e., 
excluding ail archimedean factors, and A refers to the completed L-function. 

We dénote by Gl{Û'p) (or simply C1(F)) the class group of ûp, and we dénote 
its order hy hp. 

We dénote by wp the the number of roots of unity in F, i.e. (denoting by /i the 
set of ail roots of unity in an algebraic closure, as a Galois module), the number of 
Galois-invariant éléments of /i. 

(2) 

We dénote by Wp the number of Galois-invariant éléments of ^® ^i, equiva- 
lently, the greatest common divisor of N(q)^ — 1, where q ranges through ail suffi- 
ciently large prime ideals of F . One easily sees that if F is imaginary quadratic, 

(2) 

then Wp di vides 12 and Wp di vides 48. In particular it is divisible only at most 
by 2 and 3. 

We dénote by wh the number of roots of unity in the Hilbert class field of F. 
If F lias a real place, then wr — 2; otherwise, wr is divisible at most by 2 and 3. 

3.2.2. Quaternion Algebras. Let D be a quaternion algebra over F ram- 
ified at a set S of places that contains ail real places. (By abuse of notation we 
occasionally use S to dénote the set of finite places at which D ramifies; this abuse 
should be clear from context.) 

Recall that D is determined up to isomorphism by the set S of ramified places; 
moreover, the association of to S' defines a bijection between isomorphism classes 
of quaternion algebras, and subsets of places with even cardinality. Let ^ be the 
standard anti-involutioEn of D; it préserves the center F, and the reduced norm of 



Most of the notation we give makes sensé without the assumption that F has one complex 

place. 

It is uniquely characterized by the property that {(t ~ x)(t — ip{x))'^ belongs to F{t\ and is 
the characteristic polynomial of multiplication by x g D on D. 
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D is given by x i— ^ x ■ tpi^)- The additive identity G I? is the only élément of 
norm zéro. 

Finally, let G be the algebraic group over F defined as 

G = GLip)/G„,. 

When V ^ S, the group G Xp Fy is isomorphic to PGL2 (over F-u). We fix once 
and for ail an isomorphism 

(3.2.2.1) ■.GxFFy^PGL2. 

This will be used only as a convenience to identify subgroups. 

Let BjGp be a maximal order in D. Let dénote the invertible éléments 
of B\ they are precisely the éléments of B whose reduced norm lies in Let 
B^ C B^ dénote the éléments of B of reduced norm one. 

Later we shall compare two quaternion algebras D,D'; we attach to D' data 
5', G', A'. 

3.2.3. Quaternion Algebras over Local Fields. Let Fy/Qp dénote the 
complction of F with ring of intcgers û p.v , uniformizer tt^ , and residue field û Fjv/t^v & f,v 

If Dy is not isomorphic to the algebra of 2 x 2 matrices, it can be represented 
by the symbol , i.e. 

KlhiMii'^ = T^v.f = = -ji}. 

where a G ^f,v is such that the image of a in /c is a quadratic non-residue. Then 
By := 0F,v[i, j^ij] is a maximal order and ail such are conjugate. 

The maximal order By admits a unique maximal bi-ideal rrit, , which is explicitly 
given by (z) with the présentation above. Then ^ := By/m.y is a quadratic extension 
of k. The image of By in By/my is P , whereas the image of the norm one éléments 
Bl in By/my is given by those éléments in whose norm to k is trivial. Dénote 
this subgroup by 

3.3. The hyperbolic 3-manifolds 

3.3.1. Level Structure. We now fix notations for the level structures that 
we study. They ail correspond to compact open subgroups of G{Af) of "product 
type," that is to say, of the form Ky. 

We have fixed an isomorphism of G{Fy) with PGL2(i^t,) whenever v ^ S 
(see (3.2.2.1 1) We use it in what foUows to identify subgroups of PGL2(i^t,) with 
subgroups of G{Fy). 

For any finite place, set Ko y C G{ûy) to be the image in PGL2 of 



Ko,v = |.9 G GL2{(ffy) I .9 = (^Q mod tt.^ 

if G is split and the image of — )■ G{Fy) otherwise. 
Define Ki,y to be the image in PGL2 of 

K^y = |.9 G GL2(^^) I .9 = (^J mod vr, 

if V is split and the image of 1 + my inside G{Fy) otherwise. 
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Thus, Ki^y is normal in i^o.ui a-nd thc quotient is isomorphic to or /k^ , 
according to whether G is split or not; here 1^ is the quadratic extension of the 
residue field. 

Let E dénote a finite set of primes containing every élément of S. We then set 

/^E,o n ^0." n '^(^-)- 

lies v(f E 

and similarly K-^ i. 

We Write simply Kj: for K^^. 
In particular, the quotient -ftTs/i^E,! is abelian, and it has size 

qes qeE-S 

In ail instances, let i^^^-* C Ky dénote the subgroup of norm one éléments, 
that is, the éléments either of déterminant one if G(^^) = GL2(^^) or norm one if 

3.3.2. Groups and Lie algebras. Let Goo — G(R) and let K^o be a maximal 
compact of Gœ- We may suppose that K^c is carried, under the morphism Goo ^ 
PGL2(C) derived from (3.2.2.11, to the standard subgroup PU2 corresponding to 
the stabilizer of the Hermitian form |zip + |z2p- 

We dénote by g the Lie algebra of Goo and by t the Lie algebra of ifoo- 

3.3.3. Y{Ks) and Y{K^ i). If if is a compact open subgroup of G(Ay), we 
define the associated arithmetic quotienlj^ 

Y{K) G{F)\G{A)/KooK 

= GiF)\{Goo/Koo X G{Af))/K, 

The manifold Y{K) is a (possibly disconnected) hyperbolic three manifold of finite 
volume, since G^o/ Kcx> is isometric to H (see § |3.5.1 for that identification). 

As before, let S be a finite set of finite places containing ail places in S. Define 
the arithmetic quotients Y{Ky,) and as: 

Y{K^) := G(F)\G(A)/XooifE,o, 

y(ifsa) G(F)\G(A)/ifooifsa. 
By analogy with usual notation, we sometimes write lo(n) and Yi{vi) for Y{Ky,) 
or Y{Kt.,i), where n = Hpes P- 

Remark 3.3.4. We may express this more explicitly: 

(3.3.4.1) Y{K^) = Uyo(S,a) ]Jro(S, a)\H3, 

A A 

y{K^,i) = Il^iCS, a) = ]Jri(S,a)\H3, 

A A 

where: 



■^Note that, for gênerai groups G, it might be more suitable, depending on the appHcation, 
to replace Koo in this définition by K'^A%^ (so that Y{K) has a finite invariant measure and has 
an orientation preserved by Goo- 
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(1) The indexing set A is equal to (the finite set) F'^\A^ / ff^A'^'^ , which is 
the quotient of the class group of F by squares. It is important to notice 
that A dépends only on F, and not on Z? or S. 

More generally, the component set for Y(K) (for gênerai K) may be 
identified with a quotient of some ray class group oî â'p. 

(2) Each ri(E,a) is a subgroup of G (F), realized as a finite volume dis- 
crète arithmetic subgroup of PGL2(C) via the unique complex embedding 
F -> C and the fixed isomorphism of G(C) with PGL2(C). Moreover, 
the corresponding group will be co-compact providing that G ^ PGL2. 
Explicitly, let a G represent the class a G A; then 



(3.3.4.2) r,(E,a) ~ <^ 7 e G(F) c 



a 0\ fa 0\ 

1 ^ ih^^^^ 



Example 3.3.5. We specialize our notation to varions classical situations in 
order to orient the reader: 

Let G = GL(2)/Q, S* = 0, E = {p,q}, and T = PSL2(Z). Suppose instead 
that G' = GLi(£')/Q, where D/Q is ramified at p and q (and so indefinite at 00), 
S = {p, 9}, E {p, q}. Dénote the corresponding manifolds by Y and Y'. 

Then Y{Kj:) can be identified with Yo{pq), and Y{K-s:^i) can be identified with 
Yi{pq), where Yq^u) and Yi{n) are the modular curves of level n parameterizing 
(respective ly) elliptic curves with a cyclic subgroup of order n, and elliptic curves 
with a point of exact order n. 

On the other hand, Y'ÇS) can be identified with a Shimura variety, namely, the 
variety parameterizing "fake elliptic curves" (principally polarized abelian surfaces 
A together with an embedding oi ûo into End(^) satisfying some extra conditions). 
On the other hand, F' (i^s^i) can be identified with the same moduli space together 
with a level structure: if p, q are the maximal bi-ideals ol Gd corresponding to p, q, 
then the level structure is given by specifying a generator of K, where ^[pq] ~ K®K 

under the idempotents e = and 1 — e of i^/)/pq, having identified the latter 

with a matrix algebra, cf. [12j ). 

3.3.6. Orbifold primes for Y{Ky). The Y{Ky.) are orbifolds. As such, to 
each point there is canonically associated an isotropy group. It is not diflîcult to see 
that the only primes dividing the or der of an orbifold isotropy group are at most 

('2) 

the primes dividing Wp (see § 



3.2.11 



In particular, the only possible orbifold primes in the split case, or indeed if 
F is quadratic imaginary, are 2 and 3. At certain points in the text we will invert 
Wp \ this is simply to avoid such complications. 

We will sometimes say "A = _B up to orbifold primes." By this we mean that 
the ratio A/ B is a rational number whose numerator and denominator are divisible 
only by orbifold primes. 

3.4. Homology, cohomology, and spaces of modular foms 



Recall (§|3J| that we dénote Hi{Y{Ky), Z) by iJi(E, Z). Thèse (co)homology 
groups may also be interpreted via group (co)homology. Suppose that F C PGL2(C) 
is a discrète subgroup; then there are functorial isomorphisms 

H\T\Il) ~ H\T,A), 
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There is a similar identification on group homology. From thc fact that Y{Kj2) 
is a disconnected suni of finitely many 3-nianifolds which are of the form Tq(M, a)\H'^, 
we deduce that each ro(M, o) has cohomological dimension at most 3 (away from 
orbifold primes, i.e. on modules on which Wp is invertible). 

3.4.1. Duality and the linking form. We discuss the compact case; for the 
noncompact case see § |6.1.2 

For a compact 3-manifold M, Hq{M, Z) = Hj,{AI, Ti) = 7i, and Poincaré duahty 
defines isomorphisms iîi(M, Z) ~ H'^{M, Z) and iÏ2(M, Z) ~ H^{M.Z). From the 
universal coefficient theorem, we further deduce that 

iîi(Af,Q/Z) ~Hom(iïi(M, Z),Q/Z)). 

For an abehan group A, let = Hom(A, Q/Z). If A is finite, then = A. 
The exact séquence 0— >Z— >Q— >Q/Z— >0 induces a long exact séquence in 
homology; esp. 

(3.4.1.1) H\Q) ^ H\Q/Z) A ffi(Z)^ A H^Q) 

S induces an isomorphism of coker(Q!) with ker(/3), i.e. an isomorphism of the "tor- 
sion parts" of H-^{Q/Z) and iî^(Q/Z)^; the pairing {x,y) n- {x,Sy) or {x,5^^y) 
therefore induces a perfect pairing on thèse torsion groups. 

This is the " linking form"; it can also be considered as a perfect pairing 

iîl(M, Z)tors X Hi{M, Z)tors ^ Q/Z. 

obtained from intersection-product together with the Connecting homomorphism 

_ff2(Q/Z)tors -ffl(Z)tors- 

3.4.1.1. Duality for orbifolds. For compact orbifolds, thèse conclusions still hold 
so long as we localize away from the order of any torsion primes: If N is such 
that any isotropy group has order dividing N, then Poincaré duality holds with 
Z[jj] coefficients, and the foregoing goes through replacing Z by Z[-^] and Q/Z = 
®p Qp/Zp by 0(p^7v)^i Qp/Zp. 

Over Z the following still holds: The pairing 

iïi(y(i^s),Z)tf X H2{Y{K^),Z)ti ^ Z 

(obtained from the corresponding pairing with Q coefficients, rescaled so the im- 
age lies in Z) is perfect away from orbifold primes, i.e. the discriminant of the 
corresponding Gram matrix is divisible only by orbifold primes. 

3.4.2. Atkin-Lehner involutions. The manifold Y{K^) has a canonical ac- 
tion of the group (Z/2Z)^, generated by the so-called Atkin-Lehner involutions. 
Indeed, for every u e S for which G is split the élément 



(3.4.2.1) := ^ j G G(F.) 

normalizes Kq ^; for u G S for which G is not split we take Wv to be any élément 
of G(F„) not in Ko^y. 

The group generated by the générâtes a subgroup of N^K-^)/ K-^ isomorphic 
to (Z/2Z)^. 
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The élément also normalizes Ki^^ and it acts by inversion on the abelian 
group Ky/Ki y (which is isoniorphic to or l^/k^, according to whether G is 
split or not). 

If M is a space of modular forms with an action of an (understood) Atkin- 
Lehner involution w, we write for the + and — eigenspaces of w on M. An 
example of particular importance is the cohomology of lo(ci) for ^ prime; thus, for 
example, we write 

H,{Yo{q),Qr := {z e Hi{Yo{ci),Cl) ■■ w,z = -z}. 

(We do not use this notation when it is ambiguous which Atkin-Lehner invo- 
lution is being referred to.) 

3.4.3. Hecke Operators. For any g €E G{Af) we may consider the diagram 

(3.4.3.1) Y{Kj:) ^ Y{gKsg-^ n K^) -> Y{K^) 

that arise from, respectively, the identity on G(Ay) and right multiplication by g 
on G(A/). 

Now fix any prime p ^ S and let gp G G(Fp) be the preimage of ^ 

under the fixed isomorphism of ( |3.2.2.1 ), and let g G G(A/) be the élément with 
component gp at the prime p and ail other components trivial. In this case (3.4.3.1 ) 
produces two maps y(S U {q}) — >■ Y{T,), often referred to as the two degeneracy 
maps. The corresponding operator on homology or cohomology of YÇS), obtained 
by puUback foUowed by pushforward, is the pth Hecke operator, denoted Tp. 

Thèse Hecke operators préserve H*{Y{K^), Z), but not the cohomology of the 
connected components. Indeed, the action on the component group is via the 
déterminant map on G{Af) and the natural action of on A = F^\Aj /U. 

We now define the Hecke algebra (cf. définition 2.2.41. 

Définition 3.4.4. Let Ts dénote the subring o/End Hq{Y{K^),Z) generated 
by Hecke endomorphisms Tq for ail primes q not dividing S. 

Définition 3.4.5. // / is an eigenform for the Hecke algebra, we dénote by 
o(/, q) the eigenvalue ofTq on f. 

3.4.6. The abstract Hecke algebra. It is sometimes convenient to use in- 
stead the abstract Hecke algebra. 

By this we mean: For any finite set of places fi, let 3^ := Z[7^ : q ^ fi] be the 
free commutative algebra on formai symbols Tq • Then there is an obvions surjection 
Tq. We will very occasionally dénote simply by To; when this is so we 
clarify in advance. 

A typical situation where this is of use is when we are working with two levels 
S, S' simultaneously: 

Suppose given a maximal idéal m of T^. We will on occasion refer to "the 
completion of the cohomology Hg{Y{Y.')) at m." By convention this means - unless 
otherwise specified - the foUowing: Any idéal m of Ts gives rise to a maximal idéal 
m' of 5^uS' via preimage under the maps 

and by iïç(S') we mean, by convention, the completion of Hq{Yl') at the maximal 
idéal m' of .3^us'- 
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3.4.6.1. Localization versus Completion. The Hecke algebras T (g) Zp are always 
semi-local rings, that is, thc complétions T^^ arc finite Zp-algebras. It follows that 
the completion Hq{Zp)m of Hq{Zp) is equal to the localization iîg(Zp)(„). 

Similarly, whenever Hq{Z) is a finite group, completion may be identifiée! with 
localization. 

When we are dealing with Qp/Zp-coeSicients, the localization of iîg(Qp/Zp) 
at m is isomorphic not to the completion but rather to the tn°°-torsion: 

lii^ff,(Qp/Zp)[m"] = Hq{Qp/Zp)[m°°] ^ iî,(Qp/Zp)(„). 

By a slight abuse of terminology, we will dénote thèse spaces also by Hq{Qp/Zp)m- 
In gênerai, the completion T^, is différent from T{m) if T is infinité. We shall 
only ever be concerned with modules over the first algebra. 

3.4.7. Degeneracy maps. Suppose that q G E is not in S. Thc two natural 
degeneracy maps Y{K^) — >■ Y{K-^/ci) noted in the previous section give rise to a 
pair of maps: 

$:ffi(S/q,Q/Z)2^ifi(S,Q/Z), 

: if^(S,Q/Z) ^ ifi(S/q,Q/Z)2, 

where thc first map is induced from the degeneracy maps whilst the second is the 
transfer homomorphism induced from thc first. In thc same way, we obtain maps; 

*:iïi(S,Z)^Hi(S/q,Z)2, 

:iîi(S/q,Z)2^iïi(S,Z). 

The map ^ can be obtained from $ (and similarly from by applying the 
functor Hom(— ,Q/Z). 

By taking thc différence (resp. sum) of the maps (E>^, wc obtain 

iîi(S, Z)- ^ Hi{E/q, Z), Z)+ ^ ifi(S/q, Z) 

where + and — refer to eigenspaces for the Atkin-Lehner involution Wq correspond- 
ing to the prime q. 

When we writc "degeneracy map" from cither Hi{'S,Z)~ or the companion 
group iîi(E,Z)+ to iîi(E/q,Z), we always have in mind thèse differenced or 
summed versions of Similar remarks apply for "if, "if^ . 

Lemma 3.4.8. The composite maps $^ o $ and ^ are equal to 

/(7V(q) + 1) \ 
V T, (7V(q) + 1)) ' 

where Tq is the Hecke operator. 

Remark 3.4.9. Were we dealing with GL2 rather than PGL2 (or thc full group 
of units of a quaternion algebra, and not its quotient by center) this would be 
replaced by 

/(q)(7V(q) + l) T, \ 

V T, {N{q) + 1)) ' 

where (q) and Tq are the diamond and Hecke operators respectively. In many of 
our results where the expression — {N{c[) + 1)^ appears, it can be generalized to 
the case of GL2 simply by replacing it by — {c\){N{q) + 1)^. 
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3.5. Normalization of metric and measures 

3.5.1. The metric on hyperbolic 3-space. By H'^ wc dénote hyperbolic 
3-space , i.e. triples {xi,X2,y) G x R>o. We shall sometimes identify it with 
C X R,>o via (xi,X2,y) i— ^ (xi + ix2,y). We equip it with the metric of constant 
curvature 

dxl + dxl + dy"^ 

g 2 ■ 

yZ 

There is a metric-preserving action of PGL2(C) on H"^, in which the subgroup 

1 z 



by translation in the xi + 1x2 variable, and the action of ( 1 is given by 



PU2 préserves the point (0,0,1), the action of the élément ^ ^ ^ j is given 

a 
X 1 

{z, y) eCx R>o i-^ [az, \a\y). 

This normalizes a hyperbolic metric on every manifold Y(K). 

On the other hand, the action of PGL2(C) on H-^ gives rise to another canonical 
metric gji, namely, that induced by the Killing form on PGL2(C) considered as a 
real Lie group. (For each point x G H"^, the tangent space Txïl^ is identified with 
a certain quotient of the Lie algebra, on which the Killing form induces a metric.) 
Therj^^K = 2g, so that the Laplacian for g corresponds to four times the Casimir. 

Let pQl2 D pU2 dénote the Lie algebra of PGL2(C) D PU2; the quotient 
p := p0[2/pU2 it is identified naturally with the tangent space to H'^ at the PU2- 
fixed point. The tangent bundle to H'^ is then naturally identified with the quotient 
PGL2(C) X P/PU2, where the PU2 acts via the adjoint action on p. This identifica- 
tion is PGL2(C)-equivariant, where PGL2(C) acts on PGL2(C) by left-translation 
and trivially on p. 

3.5.2. Measures. There is a volume form on Y{K) specified by the Riemann- 



ian metric. When we speak of the volume of a component of Y(K), as in § 3.5.3 
we shall always mean with référence to that measure, unless otherwise stated. 

We fix for later référence a measure on A: For each finite place v, equip -Fi, 
with the additive Haar measure dx that assigns mass 1 to the maximal compact 
subring; for each archimedean place v, we assign the usual Lebesgue measure 
(for V complex, we mean the measure that assigns the set {z G Fy : \z\ < 1} the 
mass tt). 

We equip F^ with the measure ^ • (f^,{^) (this assigns measure 1 to the 
maximal compact subgroup). 

In § |5.3.2 we will départ slightly from thèse normalizations for compatibility 



with the work of Waldspurger, to which § |5.3.2| is really a coroUary Similarly we 
will départ slightly in § |6.7.6[ 

3.5.3. Volumes. We shall use the foUowing convention: 

If X is — possibly disconnected — hyperbolic 3-manifold, then 
vol(X) dénotes the product of the volumes of the connected com- 
ponents of X. 



If /i = I p J G s(2,Ci then {h, h) = 16. But the image of h in the tangent space at 

(0, 0, 1) has hyperbohc Icngth 2 
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Theorem 3.5.4 (Volumes; Borel 8 ). Let S be the set of primes that ramify in 
D. Let E 6e a set of primes containing ail éléments of S. Then 

voKFod:, a)) ^ i.;lt,LT ■ n - 1) n (^q+D- 

^ ' qes cies\s 

for some m G N and some integer /i depending only on F. 

According to our convention, then, the volume of Yq(Y.) is given by the right 
hand side of the above formula, raised to the power of the number of components, 
which is equal to the order of C1(^f)/2C1(^f) if CI{Ûf) is the class group of F. 
(See (|3.3.4.2[)). 



3.6. S'-arithmetic groups 

We shall need at a few points the S'-arithmetic analogue of the spaces Y{K). 
Roughly, thèse bear the same relation to G(^[q~^]) as the space Y{K) bears to 
G(^). 

Let q be a prime that at which G is split. Recall that G(Fq) = PGL2(Fq) 
acts on an infinité (N(q) + l)-valent tree Tq, the Bruhat-Tits building. For the 
purpose of this book a "tree" is a topological space, not a combinatorial object: 
it is a CW-complex obtained by gluing intervais representing edges to vertices in 
the usual fashion. This can be understood as an analogue of the action of Goo on 
Goo/Koo- In particular Tq is contractible and the vertex and edge stabilizers are 
maximal compact subgroups. 

We shall also deal with a "doubled" tree that places the rôle, relative to 
PGL2(i^q), of the "upper and lower half-planes" for PGL2(R). Namely, let 
be the union of two copies of 7^, and the PGL2(Fq)-action is given by the product 
of the usual action on Tq and the determinant-valuation action of PGL2(-Fq) on 
Z/2Z (in which g acts nontrivially if and only if det g is of odd valuation). 

We set, for an arbitrary open compact subgroup K C G(A/), 

Y{K[^]) = G(F)\ (h=' X Tq X G(A(°°'i))/i^(''') . 

y(if[i])± = G(F)\ (h^ X Tq* X G(A(°°'i))/i^(i)) 

where if*^'') is the projection of K to G(A^°°'''^). 

We shall sometimes also dénote this space y(iîr[i]) simply by Y{^) when the 
choice of K is implicit. We will often dénote it by F(E[i]) when K = Kj^- Ev- 
idently, Y{-) is the quotient of Y^{-) by a natural involution (that switches the 
two components of 7^^). 

We abbreviate their cohomology in a similar fashion to that previously dis- 
cussed, including superscripts ± when necessary to distinguish between the above 
spaces, e.g.: 

(3.6.0.1) iï*(E[-],Z)± H*(Y{K^[-])^,Z). 

q q 

Inverting the prime 2, the fixed space of iJ*(S[^],— under the action induced 
by the mentioned involution is iJ*(E[^], — ). 
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The two fixed points for thc maximal compact Kq on the tree gives rise to 
two inclusions Y{T,/q) into F(E[l/q])*; thèse two inclusions coUapse to the same 
map in the quotient F(E[l/q]). In fact, topologically, 

(3.6.0.2) is Y(T.) x [0, 1] glued to two copies of r(S/q); 

this structure being obtained by dividing 7^ into 1-cells and 0-cells; the gluing 
maps are the two degeneracy maps YÇE,) — > YÇE/q); one obtains a corresponding 
description of after quoticnting by the involutions. 

Example 3.6.1. Suppose that G PGL(2)/F, that CI{Û'f) is odd, and that 
K = PGL2(^a)- Then the spaces Y{K), Y+{K[^]), and Y{K[^]) are ail connected 
K{TT,l)-spaces, and 

TTi{Y{K)) ^ PGL2(^); 
n,{Y{K[-])) = PGL2(^[-]); 

q q 



71"! 



(y{K[-]A = PGL2(^[-])('=^\ 

V q y q 



where PGL2°^'' C PGL2(i^[^]) consists of those éléments whose déterminant has 
even valuation at q. In particular, the homology of each of thèse spaces is identified 
with the group homology of the right-hand groups. 

In gênerai we may write 

with the notation of (3.3.4.11; here the group rQ''''(S,o) is defined similarly to 
ro(S, a), but replacing K^ q by K^^q ■ G(Fq); and is now the quotient of A by 
the class of q. 

Dénote by rQ''''(S, a)^''^-' those éléments of rg''''(S,o) whose déterminant has 
even valuation at q. Note that F^,"^ ^ rJ)''^(S, a)(''^) if and only if rJ)''^(S, a) contains 
an clément that switches the two trees in this is so (for any a) if and only if q 
is a square in the idéal class group. 

Therefore y(E[i])* is homeomorphic to 
(3.6.1.1) W r[,'''(E, a)(°^)\(H3 X q a square, 

and two copies of the same, if q is not a square. Note that in ail cases it has exactly 
the same number of Connecting componcnts as Y{Y?j. 

3.7. Congruence homology 

One class of cléments in cohomology that should be considered "trivial" are 
those classes arising from congruence covers (cf. the discussion of § 2.2.71. 



We are asking for the existence of an clément of G{F) that belongs to the set 
^0 1^ ^s.u every finite v besides q, and whose déterminant has odd valua- 

tion at q itself. One now applics the strong approximation theorem. 
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3.7.0.1. Congruence homology for arithmetic groups. Before the définition for 
Y{K), let us give the corresponding définition for aritlimetic groups: 

If r is any aritlimetic group, it admits a map to its congruence completion F: 
the completion of F for the topology defined by congruence subgroups. This yields 
a natural surjection 

i/i(F,Z) ^i/i(f,Z) 

which we call the "congruence quotient" of homology, or, by a slight abuse of 
notation, the "congruence homology" 7îi_cong(r, Z). 

For example, if F = Fo(A^) C SL2(Z), then the morphism 

iïi(Fo(iV),Z) (Z/7VZ)>< 

arising from ^ ^ i— >■ a, factors through the congruence homology. 

3.7.0.2. Congruence homology for Y{K). Recall that Y{K) = U^AH^ for 



varions arithmetic subgroups F; (cf. § 3.3.41. For any coefficient group A, un 



derstood to have trivial F^-action, we define iïi_cong(^(^), ^) as the quotient of 
Hi{Y{K),A) defined by the map: 

(3.7.0.2) 0i/^(r„A)^0iïi(f„A), 

Note that, at least for Hi, this map is indeed surjective. 

3.7.0.3. Reformulation. There is a convenient adelic formalism to work with 



the right-hand side of (3.7.0.2). Although it has no essential content it makes the 
statements more compact: 

Let us dénote by Y{K)^ the quotient 



YiE)"" := G{F)\(G{Af)/K. 



Here, G{F) is the the closure of G{F) in G(A/); by the strong approximation 
theorem the closure of G{F) contains the A/-points of the derived group [G, G], and 
therefore G{F) is a norma/ subgroup of G(A^), with abelian quotient; in particular, 
G{Af) acts on Y(K)'^ by "left multiplication." 

As a set, Y{K)^ is finite; it is identified with the set of components of Y{K). 
We will be regarding it, however, as a groupoid: the objects are given by 'G{Af)/K 
and the morphisms are given by left multiplication by G{F). Then there are finitely 
many isomorphism classes of objects - we refer to thèse isomorphism classes as the 
"underlying set" of Y{K)^ - and each has a profinite isotropy group (i.e., group 
of self-isomorphisms). The underlying set of Y{K)^ can thus be identified with 
components of Y(K), and the isotropy group is exactly the congruence completion 
of the TTi of the corresponding component of Y{K). 

Thus, informally speaking, we regard Y{K)^ as a "profinite orbifold": a finite 
set of points, to each of which is associated a profinite isotropy group. When 
we speak of its homology, we mean the homology of the classifying space of this 
groupoid - i.e., more concretely, iî*( J^), the sum being taken over a set of 
représentatives for isomorphism classes, and Jx being the isotropy group of x. We 
will often identify Y{K)^ with its classifying space; for instance, there is a natural 
continuons morphism Y{K) Y{K)^. 

In particular, G(A^) acts on the homology of Y{K)^; also the natural Y{K) — > 
Y(K)'^ induces a map on homology, and we may reinterpret the prior définition: 
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For an abelian group A, Hi cong{Y{K),A) is the quotient of Hi{Y{K)) defined 

by 

H,{Y{K),A)^H^{Y{K)\A), 
and dually we dcfine Hl^^^^{Y{K), A) as thc image of 

H^{Y{K)'',A) ^ H^{Y{K),A). 

If [c] G H^{Y{K), —) lies in the image of H^^^g{Y (K) , —) , then we say that [c] is 
congruence. 

Now the stabilizer of every point in Y{K)^ is the same: it is the set of ail 
éléments of K whose déterminant (reduced norm, if Q corresponds to a quaternion 
algebra) has the same square class (in Aj/(Ay )^) as an élément of F^. Calling 
this subgroup , we may always identify H^^^g{Y{K), A) with 

functions: underlying set of Y{K)^ H^{K^,A) 

Moreover, the action of G(A/) corresponds simply to permuting Y{K)^ considered 



as a set. We discuss Computing the cohomology of if+ in § 3.7.2| 



Remark 3.7.1. We may alternately characterize the congruence quotient of 
homology in the foUowing way: It is the largest quotient of Hi{Y{K), A) in which 
the homology of every "sufficiently deep" covering Y(K') vanishes: 

Hi,cone{Y{K),A)=cokeT llimHi{Y{K'),A)^Hi{Y{K),A)]. 



Hl,,^{Y{K),A) = ker \^H\Y{K),A) lim H\Y{K'), A) j . 

3.7.1.1. Variations: q- congruence, S-arithmetic. Fix a prime q. For simplicity 
in what follows we suppose that G is split at q, and K — Kq x K'-'^\ where K^'^^ C 
ïij.'''') and Kq corresponds to PGL2(^q) under the fixed isomorphism of (3.2.2.1 1 



Note that, when we regard Y{K)^ as a groupoid, ail the morphisms sets are 
subsets of G{F), in particular, subsets of G(A/). Thus we may obtain a new 
groupoid by projecting thèse morphism-sets to any quotient of G(Ay). In particular: 

(a) ("Project at q:") Dénote by Y{K)'^ the profinite-orbifold obtained by 
projecting each set of morphisms to to G{Fq). 

(b) ("Project away from q:") Dénote by y(ii:)(i)'^ or by Y{K[^])''^^ - the 
reason for the second notation will be explained below - the profinite- 
orbifold by projecting each set of morphisms to G(a|''''). 

Thus, informally, both of thèse have the same underlying set as Y{K), but in 
the case of Y{K)'^ the isotropy groups are the projection of K'^ to G{Fq), whereas 

in the case of y(if)^''-''^ the isotropy groups are the projection of to G(Aj''''). 
Thèse two constructions actually arise naturally: 

Firstly, one can imitate ail the prior discussion but replacing ail congruence 
subgroups by simply "congruence at q" subgroups. For example, we would replace 
the congruence complétions in § |3.7.0.2| by the complétions for the "congruence at 
q" topology, i.e., the closures inside G(Fq). This leads to notions of q-congruence 



36 



3. NOTATION 



cohomology and homology. We may then describe the the q-congruence cohomology 
as the image of 

H\Y{K)''^,A)^H\Y{K),A) 

induced by the natural map from Y{K) to (the classifying space of) Y{K)^. 
Similarly, the q-congruence homology is the quotient defined by Hi{Y{K)) — )■ 

As for y(iir[i])'^'^, it arises in the S'-arithmctic case. In fact, one can alter- 
nately define it as the quotient (interpreted similarly to before|^ 

({±1} X G(a}.''^)) /X^") 

where K''"'^ acts trivially on the ±1 factor, G{F) acts on ±1 by valuation of déter- 
minant, and G(i^) is the closure of G(-F) acting on ±1 x <G{à}j^\ rather than the 
whole closure of G(F) inside G(A/). 

Then the évident map H3 X {±1} induces 

(3.7.1.1) Y{K[-])^ ^Y{K[-])'''^ 

q q 



and the congruence cohomology of y(if[i]*) (again, defined as in § 



3.7.0.2 



i.e. 



replacing each group in (3.6.1.1 1 with its congruence completion) can be alternately 



described as the image on cohomology of the induced map of ( |3.7.1.1 ). Again, in 



(3.7.1.1 1, the right-hand side really means the classifying space of the groupoid. 

Note also that G(A/) still acts on iïi(y(i^)(^)''^), just as in the case oiHi{Y{K)^) 
using again the "valuation of déterminant" to détermine its action on ±1. 

3.7.1.2. Degeneracy maps and Hecke operators. An inclusion Ki C K2 induces 
push-forward maps H^{Y{Ki)^) — >■ H^{Y{K2)^) and transfer maps in the reverse 
direction. The degeneracy maps (see § 3.4.7[ ) and also Hecke operators act on the 
congruence quotient of homology. 

In fact, we can compute this Hecke action: For almost every prime q, we have an 
automorphism [q] of i/i,cong or iîcong) given by the action of any élément of G(A/) 
whose reduced norm is an idele corresponding to q. (This is well-defined away from 
finitely many primes) . With this notation, the action of Tq on congruence homology 
or congruence cohomology is given by multiplication by 

(3.7.1.2) [q](l+N(q)). 



Let us prove this. Let q be a prime and let as in f 3.4.3 i.e. an élément of 



(G(i^q) C G{Af) supported at q corresponding to the q-Hecke operator. 



G(Af)/K -> (^{±1} X GCA^"')^ /ft-fi), 



6 Indeed, wc have a natural map G{Af)/K -> ( {±1} X GiA^"") ] /K^^^ induced by the 



déterminant of valuation at q; and a compatible natural morphism G{F) — G{F) . Thus one 
obtains a morphism of quotient groupoids. This morphism induces a bijection on underlying 
sets and an isomorphism on isotropy groups: The isotropy group corresponding to g g G{Kf) 
"upstairs" consists of éléments of g~^Kg whose déterminant has the same square class as an 
élément of _F^; downstairs, the corresponding isotropy group consists of éléments of g~^K^'^">g 
whose déterminant has the same square class as an élément of which also has even valuation 
at q, and one projects onto the other. 
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We have a commutative diagram, where the horizontal rows are defined as 



in (3.4.3.11 



H,iYiKng,Kg-Y) 



Hi{Y{Kr) 



(3.7.1.3) 



The maps (p s-r^ induced by the maps "multiplication by g^'f 
Recall that the bottom row is obtained, roughly spcaking, by projecting K 
"away from q" to G(Aj''^). In particular, Y {K C^ xKx''^)'^'^^^'' = r(ii')(i)'''. From 
this we easily see that the bottom row is simply given by [q] • (N(q) + 1), where [q] 
is as above. Finally, the map Y{K)'^ — > Y{KY^^''^ induces an isomorphism for Hi 
for ail but finitely many q, as we shall prove below. 

Indeed, similar analysis shows that the two degeneracy maps iïi (.ong(S, Z) — > 
^i.cong(S/q, Z) differ exactly by the action of [q] on the target. 

3.7.1.3. Liftable congruence homology. We define ft,iif(S) (the subscript stands 
for "liftable," see below for discussion) as the order of the cokernel of 



i^i(S,Z)c 



In gênerai, the image of iïi(E,Z)tors in congruence homology need not be 
stable under the action of G(A/). This is basically the fact that différent connected 
components of Y{K) might have différent homology, although their congruence 
homology is identical. Because of that fact, we will later need the foUowing variant 
of the définition: For any idéal class [r], we define /iiit(E;r) as the quotient of 
iïi(E, Z)cong by the span of [r]'iïi(E, Z)tors for ail i, i.e. the cokernel of 

^ iîl(S, Z)tois HiCS, Z)cong- 

i 

Note that [r]^ acts trivially, so i = and 1 sufhce. 

Since the map Hi{T,, Z) Hi{T,, Z)cong (and its analogue for Zp) is surjective, 
the cokernel of the map iîi(E,Z)tors — >■ -ffi(S,Z)cong consists of the congruence 
classes which can only be accounted for by characteristic zéro classes, that is, they 
lift to a class of infinité order. The p-part of the order /iiit(S) of this cokernel may 
also be described as the order of iî^(S, Qp/Zp)div H iî^ojjg(E, Qp/Zp). 

3.7.2. Computation. Under mild assumptions on K, it is simple to actually 
explicitly compute congruence cohomology and homology. We do so in the présent 



section (see in particular (3.7.3.11) 



Write PSL2(^;) for the image of SL2(F„) in PGL2(F„); the quotient of PGL2(F„) 
by PSL2 (i^u) is then isomorphic to the group of square classes in F^. For the non- 
split quaternion algebra D^/Fy, the image of Dl in /F^ also has index of ex- 
ponent 2. Recall the définition of i^'^^': it is the intersection of Ky with PSL2(F„) 
or the image of Dl, according to whether G splits or not at v. 
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3.7.2.1. p-convenient subgroups. The inclusion Ky — > Ky often induces an 
isoniorphisni on Hi(—, Qp/Zp). This property will be very useful: 

Définition 3.7.3. is p-convenient if the inclusion k'^^ Ky induces an 
isomorphism on iïi(— , Qp/Zp). A subgroup K C Gr{Af) of the form Y[y is 
p-convenient if Ky is p-convenient for ail oddp. 

Now suppose K = Y\Ky, and let K^ be the isotropy group of any point of 
Y{KY . The natural inclusion K^ — ?> K fits inside 

If Ky is p-convenient, then thèse maps induce an isomorphism 

(3.7.3.1) H\K+, Qp/Zp) r n Qp/Zp). 

V 

In particular, the congruence cohomology can be computed locally from this formula 
and does not dépend on the choice of connected component. Similarly, under 
the same assumption on K , the q-congruence cohomology of Y{K) (respectively 
the congruence cohomology of F(i4r[i])='=) consists of one copy of iï^(iîr„, Qp/Zp) 
(respectively Hu^éq H^{Ky, Qp/Zp)) for each connected component of Y{K). 
Under thèse conditions we have an isomorphism: 

(3.7.3.2) iï;_co„g(S, Qp/Zp) © iîe'o„g(^/q' Qp/Zp) ^ ^^co„g(S' Qp/Zp)> 
where we may take the second map to be either of the degeneracy maps from level 
E/q to E. 

3.7.3.1. We now turn to showing that many of the level structures of interest 
are indeed p-convenient and explicitly Computing their cohomologies: 

Lemma 3.7.4. Assume that p > 2. We have the following: 

(i) // either p > 3 or N{v) = #ffy/v > 3, then 

ffi(PGL2(^.), Qp/Zp) = ifi(PSL2(^.), Qp/Zp) =0. 

(ii) Ifp ^ 3 and ffy/v = F3, then 7ïi(PSL2(^„), Qp/Zp) = 0, but 
H\VGU{ev), Qp/Zp) ~ i/\PGL2(F3), Q3/Z3) = H\A^, Q3/Z3) = Z/3Z. 

(iii) If Ky = G(Ô'y) and G is non-split at v, then 

H\Ki'\Qp/Zp) r H\Ky, Qp/Zp) = Zp/(N(t;) + l)Zp. 

(iv) IfKo^y C PGL2(^.) is ofToiv)-type, 

H\K^]lQp/Zp) ^ H\Ko,,, Qp/Zp) = Zp/(N(t;) - l)Zp. 

(v) // the image of the déterminant map Ky C PGL2(^i,) 6y j Gy"^ is 
trivial, then H\Ki'^\ Qp/Zp) ^ H^{Ky, Qp/Zp). 

In particular, if Ky is satisfies one of {i), {iii), {iv), or {v), then it is p-convenient 
in the language of Définition \3.7.3\ 

Proof. By inflation-restriction, there is an exact séquence: 

H\PSL2{ky), Qp/Zp) ^ H\PSL2{ffy), Qp/Zp) ^ H\K{v),Qp/Zp)'''''^'^'^\ 

where K{v) is the kernel of PSL2(^^) ^ PSL2(yfc^). If #ky > 3, then PSL2(A:„) is 
simple and non-abelian, and hence the first group vanishes. If #/c^ = 3 and p > 3, 
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thcn PSL2(A:t,) is a group of order prime to p and the cohomology still vanishes. The 
group K{v) is pio-v, and so H^{K{v), Qp/Zp) vanishes unless v\p. By Nakayama's 
leninia, it suffices to prove that 

vanishes (the group K(v) is pro-finite and so has no divisible quotients). Yet 
H^{K{v),Fp) is the adjoint représentation of PSL2(fc.u), which is irreducible pro- 
viding that > 3. The same argument apphes to PGL2(i^t,), with one modifica- 
tion: the group PGL2(fc„) is the extension of a cyclic group of order 2 by a simple 
non-abelian group, and thus iï^(PGL2(fc„), Qp/Zp) = providing that > 3 
or p > 3. Whcn N{v) = 3 and p = 3, the same argument applies except that 
PGL2(F3) — S4 and PGL2(F3) = A4; the first group has abelianization Z/2Z 
whereas the second has abelianization Z/3Z. This suffices to prove (i) and (ii). 

Now suppose that G is non-split at v. Rccall from |3.2.3| that we have exact 
séquences: 

^ Liv) ^ ^ l'^/k'' ^ 0, 

^ K{v) Bl ^f^O, 

where k = Û^/v, l/k is a quadratic extension, and C l are the éléments of norm 
1. (Here K{v) and L{v) are defined as the kernels of the corresponding réduction 
maps.) We certainly have 

H\l\Qp/Zp) = Qp/Zp) = Zp/(7V(i;) + l)Zp, 

and the natural map — > /k^ (which is multiplication by 2) induced from the 
map Bl — > B^ / induces an isomorphism on cohomology. To prove the resuit, it 
suffices to prove that H^{K{v),'Fp) has no invariants. We may certainly assume 
that V has residue characteristic p. In particular, K{v) and L{v) are naturally 
isomorphic, since (by Hensel's Lemma) every élément in which is 1 mod v is 



a square. Then, given the explicit decription of B^ in section 3.2.3 the Frattini 
quotient of K{v) is given explicitly by (1 + mi,)/(l + m^) ~ (Z/pZ)-^, where m„ is 
generated by i. This quotient is given explicitly by éléments of the form 

rj — \ + {a + bj)i = l + a- i — b-ij mod 1 + m^. 

Yet jrjj^^ — 1] implies that a = b = 0, and thus 77 is trivial. This proves (iii). 

Now suppose that K — if„_o is of type ro(f). There are séquences: 

^ L{v) ^ K,^o ^ B(PGL2(^„/«)) ^ 0, 

^ K{v) ^ Kl ^ S(SL2(^./î;)) ^ 0. 
Here B dénotes the corresponding Borel subgroup. As above, the natural map 
Kl — > Ky Q induces an isomorphism 

Hom(fc^,Qp/Zp) ~ ii-i(B(SL2(^„)/v) ^ i/i(S(PGL2(€?,)) ~ Hom(fc^,Qp/Zp) 

on cohomology, which is induced explicitly by the squaring map. .Once again we 
may assume that the residue characteristic of v is p, and hence (since p ^ 2) there 
are natural isomorphisms K{v) ~ L{v). The action of the Borel on the adjoint 
représentation H^{K{v),Fp) is a non-trivial extension of three characters of which 
only the middle character is trivial; in particular H^{K{v),Fp)^ is trivial, proving 
(iv). 

If the assumption of part (v) holds, thcn the map Ki^^ -> Ky is an isomorphism, 
and the claim is trivial. □ 
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3.7.4.1. Variations for p = 3. Our main numcrical cxample concerns the con- 
gruence subgroups ro(n) of PGL2(^) for û = Z[-v/— 2], which admits primes u|3 
such that û/v = ¥3. We make here some further remarks about this case to show 
that it retains good properties even in a commonly occuring case which is not 
p-convenient: 

Suppose that: 

(1) Ky is p-convenient for ail v not dividing 3. 

(2) If t)|3, then either Ky is p-convenient or Ky = PGL2(^^) and the foUowing 
hold: 

(a) The square class of — 1 belongs to det{Ky) for every finite v; 

(b) If A G i^^ has even valuation at ail finite primes, then the class of 
A e Fy /F^'^ coïncides with the class of +1 or — 1 for every v\3. 

In that case there exists an élément e € K whose déterminant has the same square 
class as —1 at every v. Dénote by ^^3^^"* those éléments of K3 with déterminant 
±1. Then we have inclusions: 

{e)Y[K^'^^K+^l[Ky, 

V 

The cohomology of the former group, with Qs/Za-coefïicients, is identified with 
Y[ H^{K^^\ Qp/Zp)"^, where the superscript dénotes "e-fixed." But (by assumption) 
£ acts trivially on H^{K^'') for v not dividing 3; and its fixed space for u|3 is simply 

0ffi(PSL2(^,),Qp/Zp)^ = 0i/i(PGL2(^.),Qp/Zp) = 0. 

Hence we also obtain an isomorphism: 

(3.7.4.1) H\K, Qp/Zp) 4^ W H\Ky, Qp/Zp) 

in this case (i.e., under assumptions (1) and (2) above) as well. 



3.8. Eisenstein classes 

Définition 3.8.1 (Eisenstein classes). A maximal idéal m ofT^: is Eisenstein 
if Tq = V'i(l) + ■'/'2(q) mod m for ail but finitely many q, where "01 o,nd ^2 ire 
characters of the adelic class group 

V-, :FX\A;^(Ts/m)^ 

Associated to m is a natural reducible semisimple Galois représentation p^^ , via 
class field theory. 

A natural source of Eisenstein classes, for instance, is congruence homology, as 



we saw in Remark 3.7.1.2 This implies, then, that and (and Hf' and Hi) 
coïncide after localization at any non-Eisenstein idéal m (notation as in the prior 
section). 

More generally, there are several variants of the Eisenstein définition, less gên- 
erai than the définition just presented, but useful in certain spécifie contexts: 

DO: m is Eisenstein if Tq mod m = + '>p2{({) for characters 4'i of F^ \Aj . 

Dl: m is cyclotomic-Eisenstein if Tq = 1 + iV(q) mod m for ail but finitely 

many principal prime ideals q. 

D2: m is congruence-Eisenstein in if m has support in iîi^cong(S, Z). 
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D3: (only makes sensé for G split -) m is cusp-Eisenstein in if it "cornes 
froni the cusps", in the sensé that there does not exist a Hecke equivariant 
splitting: 

/fi(S, Z)„ = im(iJi(9E, Z)n,) © ker(Hf ^(S, Z),, ^ i/o(5S, Z)^,). 



(Here we use the notation of § 6.1 which defines the right-hand groups 
when G = PGL2). 

We may think of DO and Dl as Galois-theoretic définitions, D2 as a homological 
définition, and D3 as an automorphic définition. ^ 3.7.1.2 shows that D2 =^ Dl, 
and it is easy to see that D3 ^ DO, and Dl ^ DO: 

It is c lasses of the type D3 that are measured by spécial values of L-functions 
(see § 6.7 1. Since ideals of type -D3 can only exist in the split case, there are many 
examples of classes that satisfy D2 but not D3. In § |9.4.2| we observe a class 
(phantom class) that is Dl but not D2 (see Remark 9.4.51. Since the order of 
congruence homology groups is controUed by congruence conditions on the level, 
and since prime divisors of L- values are not bounded in such a manner, one expects 
to find classes that satisfy D3 but not D2. We summarize this discussion by the 
foUowing graph describing the partial ordering: 

D2 




Throughout the text, when we say "Eisenstein", we shall mean Eisenstein of 
type DO unless we specify otherwise. 

3.9. Automorphic représentations. Cohomological représentations. 

For us automorphic représentation tt is an irreducible représentation of the 
Hecke algebra of G(A) that is equipped with an embedding tt ^ C°° {G{A) /G{F)). 

Thus TT factors as a restricted tensor product tt^, , where iTy is an irreducible 
smooth représentation of G(i^.u) for v finite, and, for v archimedean, is an irreducible 
Harish-Chandra module for G(F„). We often write 

Thus TToo is naturally a (g, iîroo)-module. 

We say tt is cohomological ii tToo has nonvanishing (g, )-cohomology for every 
infinité place v, i.e., in the category of (g, _R'oo)-inodules the group 

H\q, -ftToo; TToo) := Ext' (trivial, tToo) 

does not vanish for some i. In the présent case, this group, if nonzero, is isomorphic 
as a vector space to Homjf^(A*g/f, tToq). 

We have Matsushima's formula: 

H\Y{K),C)=@m{TT)W{Q,K^ 
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where 77i(7r) is the dimension of X-invariants on iTf. (For an cxplicit map from the 
right-hand side for i = 1, to 1-forms on Y(K), realizing the isomorphism above, 



see (5.3.1.11.) 



Warning: Note that it is usual to define cohoniological to mean that it is 
cohomological after twisting by some finite-dimensional représentation. In that 
case, TT contributes to the cohomology of some nontrivial local System on Y{K). 
For our purposes in this book, it will be most convenient to regard cohomological 
as meaning with référence to the trivial local System. 

3.10. Newforms and the level raising/level lowering complexes 
3.10.1. Newforms. 

Définition 3.10.2 ( Newforms.). The space of newforms iïi(S,Z)"™ and 
iî^(S,Q/Z)"™ are defined respectively as: 

coker [ iîi(E/q,Z)2 ^ i/i(S,Z) 
\qes\s 

ker [i/i(E,Q/Z) *^ i/i(S/q, Q/Z)^ 

If q € E, we shall sometimes use the corresponding notion of q-new: 

Hi{E, zy-^^^ = coker (-ffi(S/q, Zf iîi(S, Z)) . 

The corresponding notions with Q or C coefficients are obtained by tensoring. In 
particular, i/i(S, C)^""''^ = exactly when dimffi(E, C) = 2dimiïi(S/q, C). 

Similarly, given some subset T C S, we may define in an analogous way the 
notion of "T-new" as the cokernel of ail degeneracy maps from E/q to S, where 

qer. 

3.10.3. Level-raising and level lowering complexes. The maps used in 



Définition 3.10.2 extends in a natural way to a complex, obtained by composing 
the maps and <i>^ in the obvions way, alternating signs appropriately: 

Q^Hi{S,zf ^ ...^0Fi(I]/q,Z)2^i/i(S,Z), 

iïi(S, Q/Z) 0i/i(I]/q, Q/Z)2 -^...^H\S, Cl/zf ^ 0, 

where d = \Yi\ S\. Thèse are referred to as — respectively — the level raising 
and level lowering complexes. The level raising complex is exact every where but 
the last term after tensoring with Q; the level lowering complex is similarly exact 
every where but the first term after tensoring with Q. 

Thèse complexes arise naturally in our paper because, in our analysis of analytic 
torsion, we are led naturally to an alternating ratio of orders of torsion groups that 
exactly correspond to the complexes above. But they also arise naturally in the 
analysis of cohomology of S -arithmetic groups, as we explain in Chapter 4. We are 
not able to use this coïncidence in as définitive way as we should like, owing to our 
lack of fine knowledge about the cohomology of 5-arithmetic groups. 
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We will see Chapter|4] using thc rclationship to thc cohomology of S'-arithmetic 
groups, that thèse complexes are not in gênerai exact over Z. But has one at least 
the foUowing resuit: 

For every q g S\S', there exists a natural self-map of degree —1 
Hf, of either complex so that dHq + H^d = Oq, where Oq is 
defined as <i>^ o <i)q o <i)^, v]/^ o v]/^^ o v]/^, according to what 
makes sensé on each direct summand. 
For example, if we consider the level lowering complex on the torsion- free quotients 
-ffi.tf, the only homology arises at primes £ for which there exists / G Hi{S,Z/£) 
annihilated by ail - (N(q) + 1)2, for q e E - S. 



CHAPTER 4 



Raising the Level: newforms and oldforms 



In this chapter, we give a treatment of several matters related to comparing 
spaces of modular forms at différent levels. 



Among the main results are Theorem 4.3.1 (level-raising) and Theorem 4.5.1 



(relationship between K2 and spaces of modular forms; see also § 8.2 for the "Galois 



side" of this story, and ^9.7 for numerical examples) 



Our results in this chapter are relevant both in that they show that torsion 



homology behaves as the Langlands predicts (e.g. level-raising from § 4.3 or the 



results of § 4.5 1 , and in that they are important in our attempt to understand better 
the Jacquet-Langlands correspondence for torsion (see Chapter [7|. 

4.1. Ihara's lemma 
See also |50j . We give a self-contained treatment. 



4.1.1. Remarks on the congruence subgroup property. Let T be a finite 
set of places of F. 

Recall that, for F ^ G(F) a T-arithmetic group, the congruence kernel is the 
kernel of the map F* — > F, where F* and F are the complétions of F for the topologies 
defined by ail finite index subgroups and congruence subgroups respectively. This 
congruence kernel dépends only on G, the field F, and the set T; thèse being fixed, 
it is independent of choice of F. Indeed, it coïncides with the kernel of the map 

G{F)* — >■ G{F), where thèse are the complétions of G{F) for the topologies defined 
by finite index or congruence subgroups of F, respectively; thèse topologies on Q(F) 
are independent of F. 

We refer to this as the congruence kernel for G over Ûf[T~^]. 

To say that the congruence kernel has prime-to-p order implies, in particular, 
the foUowing statement: Any normal subgroup Fi ^ F of p-power index is, in fact, 
congruence. (Indeed, a homomorphism from F to the finite p-group P := F/Fi 
extends to F* — > P, and then must factor through F.) 

In particular this implies that the natural map F — > F from F to its congruence 
completion induces an isomorphism H^{T,M) — > H^{T,M), whenever AI is a p- 
torsion module with trivial action. 

4.1.2. Statement of Ihara's lemma. 

Lemma 4.1.3 (Ihara's Lemma). Suppose that q is a finite prime in S, and 
(4.1.3.1) The congruence kernel for G over ^[^] has prime-to-p order 

Suppose that one of the following conditions is satisfied: 
(1) P>3, 
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(2) Niq) > 3, 

(3) p = 3, iV(q) = 3, and 

(a) The square class of —l helongs to àet{Ky) for every finite v; 

(b) If X € has even valuation at ail finite primes, then the class of 
A G /F^ coincides with the class of +1 or —1 for every v\3. 

Then: 

(1) The kernel ofthe level raising map : iî^(S/q, Qp/Zp)'^ — > iî^(S, Qp/Zp) 
is isomorphic to the congruence cohomology _ff^Q,jg(E/q, Qp/Zp), embed- 
ded in iJ^(E/q)^ via the twisted- diagonal embedding: 

iîi,„g(E/q, Qp/Zp) ^^^I^'I^'i^^ iîe'o„g(^/q) ® ^œ„g(^/q) ^'(S/q)', 
where [q] is as defined in ( 3.7. 1.2 1. 

(2) The cokernel of the level lowering map ^ on HiÇE^Zip) — >■ 7ïi(E/q,Zp)^ 
is -?îi_cong(E/q, Zp) considered as a quotient o/ iîi(S/q, Zp)^ via the dual 
of the twisted-diagonal embedding. 

By a theorem of Serre |74l p 499, Corollaire 2] and an easy argument to pass 
between PGL2 and SL2, the condition above (concerning the congruence kernel) 
holds for G — PGL2, when p does not divide the number of roots of unity wp — \pLp\ 
in F. 

The proof uses the cohomology of S'-arithmetic groups. Speaking roughly, the 
proof goes as foUows: G(i^[q^^]) is (almost) an amalgam of two copies of 'G{0) 
along a congruence subgroup ro(q); the homology exact séquence associated to an 
amalgam will yield the resuit. Practically, it is more useful to phrase the results in 
terms of the S'-arithmetic spaces introduced in § |3.6[ 

Lemma 4.1.4. There are short exact séquences 

^ iîi(E[i]),Q/z)± H\j:/q,Q/zf h\j:,q/z). 

and dually 
(4.1.4.1) 

iÏ2(E[-],Z)± iîi(S,Z) — iïi(S/q,Z)2 iïi(E[l],Z)± ► 0. 

q q 

Proof. Apply a Mayer-Vietoris séquence to the description of F(_ft's[^]) - 
given in ( |3.6.0.2| . □ 

This can be translated into more group-theoretic terms, and we give that trans- 
lation in § [4T7l 

The action ofthe natural involution on the spaces in (3.6.0.21 allows us to split 
the séquence into "positive" and "négative" parts. Warning: The involution on 
y(E[^]) induces an involution on each group of the séquence, but the induced map 
of commutative diagrams does not commute; there are sign factors, because the 
sign of the Connecting homomorphism in Mayer-Vietoris dépends implicitly on the 
choice of order of the covering sets. 

For example, the part of the séquence that computes the positive eigenspace 
oni/,(S[i],Z[i]) is: 
(4.1.4.2) 

q z A l q A 
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where iïi(S,Z[i])" is thc — cigcnspacc for the Atkin-Lehner involution Wq , and 
here dénotes the map Hi (E) HiÇS/q) that is obtained as the différence of the two 

\2 * 



push-forward maps, or, equivalently, the composite iîi(S) 
the first map being x i— > {x, —x). 



iïi(S)2^Hi(E/q), 



Proof. (of Ihara's lemma 4.1.31. We describe the argument in cohomology, 



the argument in homology being dual. 
Return to the séquence 







Now 



H 



.1, 



iîi(E/q,Qp/Zp)2 



i/i(S[-],Qp/Zp) = 



this foUows from the analogue of (3.7.0.21, and the (assumed) fact that, for each 
of the arithmetic groups X = Fq^'^sTo)^"^-' the map X ^ X to its congruence 
completion induces an isomorphism on with p-torsion coefficients. Thus we 
have a diagram 



^^co„g(^[-]'Qp/Zp)* iïi,„g(S/q,Qp/Zp) 



H\n^-],Qp/Zp)^ 



ffi(S/q,Qp/Zp)2 



i/i(E,Qp/Zp) 



We claim that the upper horizontal arrow has image the twisted-diagonally em- 
bedded congruence cohomology. Indeed, the map Y{K)^ Y{K[^])^''^ induces a 
bijection on the underlying points, as discussed in § |3.7.1.H and the computations 
of (3.7.21 give the desired resuit. □ 



4.1.5. Amalgams. We shall later (see § 4.5.7.41 need to compute explicitly 
certain Connecting maps, and for this a discussion of the homology séquence associ- 
ated to an amalgamated free product will be useful. This will also allow us to give 
a purely group-theoretic proof of Ihara's lemma. 

Let G be a group, and let A and B be two groups (not necessarily distinct) 
together with fixed embeddings G ^ A and G ^ B respectively. Recall that the 
amalgamated free product A *q B oî A and B along G is the quotient of the free 
product A* B obtained by identifying the images of G with each other. For short 
we say simply that A^c B is the "free amalgam" of A and B over G. 

Suppose a group X acts on a regular tree T, transitively on edges but preserving 
the natural bipartition of the vertices. Let e be an edge, with stabilizer G, and 
let A, B be the stabilizers of the two end vertices of e. Then there are clearly 
embeddings G A, G ^ B, and moreover 



(4.1.5.1) 



The canonical map A *q B X is an isomorphism. 



This fact (4.1.5.1 1 is (for example) a conséquence of the Seifert-Van Kampen theo- 



rem applied to the space T x E /G\ here i? is a contractible space on which G acts 
properly discontinuously. 
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Here is an examplc of particular interest. Let q be a place of F, so that 
PSL2(-F'q) acts on the tree 7^. The remarks above give 

A*GS^PSL2(Fq) 

where A is the image of SL2(^q), B = Ut^Ao^^ where — ^ ^ 'j' ^ and G is 

equal to A n B. There is no corresponding décomposition of PGL2(Fq) as it does 
not préserve a bipartition of the vertices of the tree. 

We return to the gênerai case. Associated to A, G, and A *c B are the 
foUowing long exact séquences, due to Lyndon (see Serre |74j . p. 169)): 



H,{G, M) H^{A, M) ®H,{B, M) ^ H,{A *a S, M) 



^ H.+^{A*gB,M) 
(4.1.5.2) 

^ H\A*g B,M) W{A,M)®W{B,M) H\G,M) W+^{A*g B,M)-^ ... 

which can also be derived by applying a Mayer-Vietoris séquence to T x E/G. 

For later référence we détail how to construct the Connecting homomorphism 
H2{X, Z) Hi{G, Z), or rather its dual 

(4.1.5.3) i/i(G, Q/Z) H^X, Q/Z) 

Lemma 4.1.6. Take k g H^{G, Q/Z); its image in iî^(X, Q/Z) is represented 
by the central extension of X 

(^*B X Q/Z) 

where N is the normal closure of G in A * B, emhedded in A ^ B x Q/Z via the 
graph of the unique extension k : — > Q/Z. 

Note that A^ is indeed, via the natural map, a central extension of X, which 
is isomorphic to the quotient of A * _B by the normal subgroup N generated by the 
image of G ^ A * B. Note also that there are canonical splittings A — >■ and 
similarly for B, descending from the natural inclusion A ^ A* B and B ^ A* B. 

We leave the proof to the reader , but w e explain why k extends uniquely to N: 
Compare the above exact séquence (4.1.51 in low degree to the exact séquence for 
the cohomology of a group quotient: 

_H"'(X,Q/Z) ► H'(A*B,Q/Z) H\N, Q/Z)^ 



H\X,Q/Z) H\A,Cl/Z)®H\B,Cl/Z) H\G,Ci/Z) 



iï^(X,Q/Z) 



H^{A*B,q,/Z) 



^ iï^(X,Q/Z) H'^{A,q,/Z)®H^{B,q,/Z) 

This is commutative (the only nontrivial point to be checked is the third square) 
from which we conclude that the restriction map 

H\N, Q/Z)^ ^ H\G, Q/Z) 
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is an isomorphism, i.e., every homoniorphisni k : G — > Q/Z extends uniquely to a 
homomorphism : iV — > Q/Z which is also X-invariant. 

4.1.7. Group-theoretic proof of Lemma |4.1.4[ We give, as mentioned 
after the proof of this Lemma, a group-theoretic proof. This method of proof 



foUows work of Ribet |66j . It will resuit from exact séquence (4.1.51 applied to 
the fundamental groups of F(if2[^]), ^(-?^s/q), and Y{K^) (playing the rôles of 
A*Q B, A — B, and G respectively) ; to be précise, we need to take into account 
the disconnectedness of thèse spaces. 

We foUow the notation after Example |3.6.1| in particular, 

The action of Fq^'^E, o) on induces an isomorphism: 
(4.1.7.1) r^^)(E, q)(^^) = ro(S/q, a) *ro(E.c) ro(S/q, aq). 



We take the direct sum of the Lyndon homology séquence (4.1.51 over a £ Aq 



(4.1.7.2) 

H.ro(E,a) 0(7ÏJo(E/q,a) e7ÏJo(E/q,aq)) ^ i/,(r,',''>(E, q)<==^') 
For brevity, we have omitted the coefficient group. 



As we have seen in (3.6.1.11, the final group is identified with iïi(S[i])*, 



whereas both 0gg^ HiTo(Y./q, a) and 0^ HiTo(T./q, aq) are identified with HiÇE/q). 

This gives an exact séquence as in Lemma |4.1.4| we omit the vérification that 
the maps appearing are indeed $ and î*. 

4.2. No newforms in characteristic zéro. 

In this section, we study conséquences of Ihara's lemma for dual maps <i>^, 
under the foUowing assumption: 

There are no newforms in characteristic zéro, 
that is to say iîi(S, C)"""™ = 0, so that iîi(S/q, C)^ 9i Hi{T,, C) via the natural 
maps in either direction. 

The advantage of this condition is as foUows: If iïi(S, C) were literally zéro, 
and YÇE) is compact, then the torsion in Hi is self-dual, and so we may "dualize" 
the statement of Ihara's lemma if one has only torsion classes to worry about. It 
turns out that the q-new part being zéro is enough. 

We make our task more complicated by not localizing away from Eisenstein 
primes. This is because we wish to contol certain numerical factors in this case. 



although it is irrelevant to the applications of § 4.3 



Lemma 4.2.1. Suppose HiÇE ,C)^''^™ = 0. Suppose that p > 2 satisfies the 
conditions of Ihara's Lemma 4-1-3 Then cokernel ofthe map î'^j : iîi(S/q, Zj,)^^ 



iîi(S,Zp)tf has order, up a p-adic unit, given by 

^^^-^det(T,^-(l + A.(q))^|iî,(E^ 
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Recall that thc notation hm has been defined in § |3.7.1.3| it roughly speaking 
measures congruence classes that lift to characteristic zéro. 

Remark 4.2.2. (1) If one assumes that the congruence subgroup prop- 

erty holds for G over i^'[l/q] (as one expects), then an analogous statement 
holds if Zp is replaced by Z, at least up to powers of 2 and 3. 
(2) The déterminant appearing above is none other than (the p-power part 
of) Yifi'^ifi ^ (1 + -^(l))^) the product ranging over a basis of Hecke 
eigenforms for iïi(E/q, C), and a{f,q) dénotes the eigenvalue of Tq on /. 

Proof. By Ihara's lemma, the cokernel of : iîi(E,Zp) iïi(S/q, Zp)^. 
is congruence homology. Consider the foUowing diagram, with exact rows and 
columns: 

(ker^')tors ► kerî- ► 



«- iîi(E, Zp)tors -^^i(^'Zp) " HiCSjZpjtf 



i/i(S/q,Zp)^,,, i/i(S/q,Zp)^ iJi(E/q, Zp)^f ► 



coker(^'tors) 



coker(^') 



coker(î'tf) 







We see that the order of coker(î'tf) is equal to the order of the cokernel of the 
map from coker(î'tors) to coker(î'), or equivalently, the order of the cokernel of 
iîi(S/q, Zp)^Qj.g — > iîi(S/q, Zp)cong- This map factors as 



iïi(E/q,Zp)L.^iïi(S/q,Zp) 



cong 



i/i(E/q,Zp) 



p;cong, 



where the last map is given by {x,y) i— >■ (x + [q]î/). We deduce that the cokernel 
has order /iiif(S/q; q). 

Consider the séquence: 



iîi(E/q, Z)2f i/i(E, Z)tf iîi(E/q, Z) 



tf • 



Since thèse groups are torsion free, there is an equality |coker(^'^fOvI/^f)| = |coker(^'tf) 

we therefore deduce that 



|coker(vI/^f) 



On the other hand, by Lemma 3.4 



|coker(vI/tf o vl/v)| ^ det M - (1 + N{q)f\H^{^/q, C)) 



Since we have already computed the order of coker(î'tf), this allows us to détermine 
coker(î'^f). □ 
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Theorem 4.2.3. Suppose iïi(S, C)''^"™ = 0. Let m be an non-Eisenstein 
maxima^ idéal of Tj], whose residue characteristic p satisfies the conditions of 
Ihara's lemma. Suppose that VeriJ^"^) is finite. 

Then 

is surjective. Equivalently, by duality, the map 

:ii-i(E/q,Zp),^-^i/i(E,Zp)„ 

is injective. 

It should be noted that the assumption is rare over Q, but rather common over 
imaginary quadratic fields, especially after localizing at a maximal idéal m. 

Remark 4.2.4. It is too much to ask that the map H^ÇE, Qp/Zp) H^ÇE/q, Qp/Zp)^ 
be surjective; this will not be so simply because of the behavior of congruence ho- 
mology at p. The theorem shows that this if we localize away from Eisenstein ideals 



(thus killing the congruence homology) there is no remaining obstruction. In § 7.6 



we introduce refined versions of cohomology and cohomology in which this con- 
gruence homology is excised. For an appropriate version of this cohomology, the 
corresponding map of Theorem |4. 2. 3| will be surjective; see Theorem |7. 6. 4| 

Proof. We give the proof for G nonsplit; see § |6.5.1 for the split case. 
The argument will be the same whether we first tensor with Ts^rn or not, hence, 
we omit m from the notation. Consider the foUowing commutative diagram: 

ker($;;;) ker(^'m) 



iî^(S, Qp)fl 



Qp/Zp)m i/i(E,Zp)m iîi(E,Qp)m 

«S 



H\E/q,Qp)l iîi(S/q,Qp/Zp)^ 



iîi(E/q,Zp)^ H,{E/q,Qp)l 



coker($;^) 
Here every vertical column is exact ( that î'n 





is surjective foUows from Ihara's 



lemma) and the middle rows are exact. 
Since ker(<î>J:;^) is finite, so is ker(\E'm). 

Consider an élément [c] in H^ÇE/qjQp/Zp)^. AU éléments in this group are 
torsion, and hence m[c] = for some positive integer m. Lift <îs/q([c]) to a class 
[6] e 7îi(S,Zp). Since ^{m[b]) = TO(5s/q([c]) = S^/c,{m[c]) = 0, it foUows that 
m[b] € ker(î'). Since ker(î') is finite it foUows that m[b] has finite order, and hence 



^As the proof will make clear, it is even enough that m not bc cyclotomic-Eisenstein, or in 
the nonsplit case, that m not be congruence-Eisenstein. 
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[b] has finite order. Since iïi(S,Qp),T, is torsion frce, (5s surjccts onto the torsion 
classes in Hi{Y{K-s),Zp), and [b] lifts to a class [a] G Qp/Zp): 

fe(N) = [fo]. 

Now $^([a]) — [c] lies in the kernel of (5s/q, i-e. to the image of iJ^(S/q, Qp)^; 
since <i>q ,^ is an isomorphism we conclude that we may modify [a] so that its image 
is exactly [c]. □ 

4.3. Level raising 

Suppose that q ^ E, and fix a pair of levels S and S' = S U {q}. Associated to 
thèse levels are varions Hecke algebras which we now compare: 

The Hecke algebra Ts at level S contains Tq, which is not in T^'- We also 
have the Hecke algebra T|^^ which is the image of Ts' inside the endomorphism 
ring of the the space of q-new forms of level S'. 

We have the foUowing diagrams of rings: 

T|f Ts' 



TrTinew 
s J-S' 

Since Ts is finite over Z, any maximal idéal ms of Ts has finite residue field. It 
foUows that any such maximal idéal gives rise to a maximal idéal in T|f, and hence 
a maximal idéal of Ts'. Let us call thèse ideals tue, tn|f , and ms' respectively. In 
thèse terms, the problem of level raising can be phrased: 

When does ms' give rise to a maximal idéal of T^™? 
i.e., when is ms' obtained by puUing back a maximal idéal of T™'"? 

We reformulate this in slightly more down-to-earth terms. The Hecke algebra 
Ts' acts faithfuUy (by définition) on Qp/Zp), and the quotient Tf,";* acts 

faithfuUy on the subspace iï^(S', Qp/Zp)"°^. The idéal m-s' of T^' gives rise to 
a corresponding idéal of T^r if and only if the module Qp/Zp)^-"°" has 

support at ms' ~ that is to say, if iïi(S', Qp/Zp)i-"<'^[mE'] 7^ 0. More explicitly, 
given a mod-p eigenform of level S, when is there a mod-p newform which has the 
same Hecke eigenvalues for Tp for ail p (not dividing E') as the original eigenform? 

We give an answer to this question below, which is the imaginary quadratic 
analogue of a theorem of Ribet |66l 16 7j . 

Theorem 4.3.1. Assume the congruence kernel for Q over ^[^] has prime-to-p 
order. Let iTis C Tj] be a non-Eisenstein maximal idéal; as above, ms gives rise to 
a maximal idéal m :— ms' of Ts' . 

// Tq — (1 + N{q))'^ e ms then m gives rise to a maximal idéal of T^™, in 
the sensé described above. In particular, there exist non-zero eigenclasses [c] G 
iï^(S', Qp/Zp)"°™ which are annihilated by m. If furthermore, iï^(E, Qp/Zp)^ is 
finite, then the order of H^ÇS' ,Clp/7ip)m is strictly larger than i7^(E, Qp/Zp)^. 

Remark 4.3.2. In the classical setting, this amounts to the assertion that, if 
the eigenvalue Op of a level To{N) modular form satisfies flp = (p + 1)^ modulo £, 
then there exists a congruent newform of level Tq(N£). In our setting, the same 
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resuit is true — although thc newform (or the oldform, for that matter) may not 
lift to characteristic 0. It turns out, in fact, that this provides a surprising efficient 
way of finding hfts of torsion classes to characteristic zéro by adding ro(q)-structure 
(see part [9] for more discussion on this point) . 

Remark 4.3.3. On the level of Galois représentations, the condition on Hecke 
eigenvalues above exactly predicts that the residual représentation at the place 

V corresponding to q satisfies p\Gv ^ i^n )• This, in turn, is exactly the 



.0 X 

condition that is required to define the universal déformation ring iî^™ recording 
déformations of p that are "new of level ro(q)" at q. Thus this theorem could be 
thought of in the foUowing way: Tl^^ is non-zero exactly when R'^, 
This is, of course, a weaker version of the claim that iî|,™ = T^' 



^ncw 



Proof. (of Theorem 4.3.11. The Hecke algebra T^' acts on ail the relevant 
modules, and thus it makes sensé to consider the m-torsion of any such module 
where m — m^,' ■ Notation as in the statement, we must show that the level lowering 
map: 

$^[m] : i/i(E',Qp/Zp)[m] ^ H\^Mp/^p)[m? 
has a nontrivial kernel. It suffices to show the same for (<i>^ o <i>)[m], because 
by Ihara's lemma, the map <i>[m] is injective (since we have completed at a non- 
Eisenstein idéal, we need not worry about congruence cohomology and essential 
cohomology). But 

l (A^(q) + 1) 

Since the "déterminant" - (1 + ^(q))^ acts trivially on 7Ji(E, Qp/Zp)[ms], it 
has nontrivial kernel on the (possibly larger) space iî^(S, Qp/Zp)^[m] and we have 
proved the first assertion. 

In order to see that iï^(S', Qp/Zp)m is strictly bigger than iJ^(S, Qp/Zp)^, 



we may assume that ker(((>):j^) is finite. By Theorem 4.2.3 it foUows that 
surjective, and hence 

|iïi(E',Qp/Zp)^| = |ker(<i>;î;)| • \H\j:,Qp/Zpf\. 

Since we just proved that ker($^) is non-trivial, the resuit foUows. (For an example 
of what happens when H^(T,, Qp/Zp),,, is infinité, see the remark at the end of the 
proof of this theorem.) 

□ 

Remark 4.3.4. There is a slightly larger Hecke algebra Ts' which contains Ts' 
together with the Hecke operator J7q. Although does not act on iî^(S, Qp/Zp), 
it does act naturally on the image of H^{T,' , Qp/Zp) in i7^(S, Qp/Zp)^ (this is 
surjective away from Eisenstein primes). Moreover, on this space, the action of J7q 
satisfies the équation 

U'^~T,U,+Niq) = 0. 
Under the level raising hypothesis, it foUows that an m in Tj] also gives rise to an m 
in Tf,";". Conversely, suppose that [c] G H^{T.',Fp) C H^iY.' , Qp/Zp) générâtes a 
Steinberg représentation at q; then, by a standard calculation, t/q acts on [c] by ±1, 
and thus (from the above relation) the corresponding idéal m of T^' may arise via 
level raising only when l±Tq-|-7V(q) g m, or equivalently when T,^ — (1+A^(q))^ e m. 
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Remark 4.3.5. Statement (ii) implics that Qp/Zp)nt is not isomorphic 

to iî^(S, Qp/Zp)^; equivalently, that Zp)^ is not isomorphic to iîi(S, Zp)^. 

This is false without the finiteness assumption, as we now explain: 

Fix a level S and put Y = Y{K^). Let m be a non-Eisenstein maximal idéal 
such that T/m = , the finite field of size £; dénote by Zg the Witt vectors of this 
field. Suppose that Hi{Y, Z)m — Z^ . Suppose that p is a prime such that 

Tp = 1 + N{p) mod TT, N{p) ^ -1 mod tt 

At level S U {p}, let m dénote the maximal idéal of the corresponding ring T on 
which Up and C/q act by +1. By level raising, we know that i?i(S U p, Z)^'^'" ^ 0; 
nonetheless, is perfectly consistent that there is an isomorphism 

i/i(SUp,Z)^^Z,. 

In fact, ail that the the prior proof shows is that, in this case, the cokernel of 
the transfer homomorphism 

7ïi(E,Z)„^i/i(EU{p},Z)-, 

is Zi/rjp, where rjp = Tp — \ ~ N{p). For an explicit example of this, see Exam- 
ple [ÏÏXÏ] 

However, it seems likely that this situation will not happen with level raising 
at multiple primes. We analyze this later in Theorem |4.4.6[ 

4.4. The spectral séquence Computing the cohomology of S'-arithmetic 

groups 



In this section ^ [^.^l we allow F to be a gênerai numher field, i.e., we relax the 
assumption that F has a unique complex place. Most of the notation established 
in Chapter^still applies; we comment on adjustments when necessary. P ut R 



..Js) J 



where Wp is the numher of roots of unity in F, and w^-* is as in § 



3.2.1 



We shall analyze the cohomology of analogues of y(_ftrs[^]) where one inverts 
not merely q but an arbitrary (possibly infinité) set T of finite primes. Most of our 
applications of this are conditional on conjectures about cohomology of S'-arithmetic 
groups, but for an example of an unconditional statement see Theorem |4.5.1[ 

Since we work over a gênerai field F let us briefly recall our notation: G is an 
inner form of PGL2, ramified at a set of places S. By a slight abuse of notation, 
use the same letter for the set of finite places in S. We fix a set of finite places E 
containing S - the "level" and a further set T of finite places disjoint from S - the 
"primes to be inverted." For K an open compact subgroup of G{Af), we K^'^'> be 
the projection of K to G(Aj.^-'). Finally put Goo = Gi{F<S)q R) and Koo a maximal 
compact subgroup of Goo- 

Let be the product of the Bruhat-Tits buildings of PGL2{Fy), for v G 
T; we regard each building as a contractible simplicial complex, and so â§T is a 
contractible square complex. In particular, â§T lias a natural filtration: 

Ç_ Ç_ t^j^ . . . 
where SS')^ comprises the union of cells of dimension < j. 



4.4. THE SPECTRAL SEQUENCE 



55 



Consider the quotient 

Y{m^]) ~ G{F)\ (g^/K^ X X G(Af V^f ^ 

This is compatible with the notation of § 3.6 in the case when F is imaginary 
quadratic. As in that case, we use the abbreviations y(S[l/r]) and similar notation 
for its cohomology. 



This has a natural filtration by spaces YJj. defined by replacing !3§t with 



The space — is seen to be a smooth nianifold of dimension dim(l{oQ}) + j. 

Let e : T — > {±1} be a choice of sign for every place v £ T. Associated to e 
there is a natural character Xe ■ G{F) — >■ {±1}, namely Y[v£T-e{v)=-i Xv', here Xv is 
the "parity of the valuation of déterminant", obtained via the natural maps 

Q(^F) ^ F"" /{F'^f ^llF^ /{F^f ^±1, 

V 

where the final map is the parity of the valuation. 

Correspondingly, we obtain a sheaf of R-modules, denoted J-^, on the space 
^(-^s[f^])- Namely, the total space of the local System corresponds to the 
quotient of 



by the action of G{F): the natural action on the first factor, and the action via Xe 
on the second factor. 

Write T. = SUT, and R= Zf^l. 

Theorem 4.4.1. There exists an Ei homology spectral séquence ahutting to the 
homology groups H^{Y{K^[}p]),Ff), where 

Ep,,^ H,{SUV,Rf, 

VCT,\V\=p 

the superscript I dénotes the eigenspace where each Atkin-Lehner involution Wp 
(sec § 3.4-2 for définition) acts by — fp, for p £V. Up to signs, the differential 

di : Hg{S UVU {q}y ^ Hg{S U Vf, 

given by the différence (resp. sum) of the two degeneracy maps, according to whether 
e(q) = 1 (resp. —1 ). 



Here, the "différence of the two degeneracy maps" means 

Hq{S U y U {q}, Z) ''^'^^ Hq{S U F U {q}, Zf A Hq{S U V, Z). 
For example, when Cp = 1 for every p, the Ei terni of this séquence looks like: 

H2{S,R) .-0i/2(5u{p},iî)- ^-0iÏ2(5U{p,q},iî) — 



(4.4.1.1) H^{S,R) 0i/i(5Up,iî)- 0Hi(5U{p,q},iî)~ 
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where, for instance, Hi{S U {p, q}, R) is the subspace of Hi{{S U {p, q}) where 
u>p, both act by — 1. This séquence is converging to the cohomology of ^(ifsi^^]); 
if the class number of is odd, this is simply the group cohomology of PGL2(i^?'f[^])- 
One could hkely prove this theorem simply by iteratively applying the argument 
of Lemma |4.1.4| thus successively passing to larger and larger S'-arithmetic groups, 
but we prefer to give the more gênerai approach. See also the paper |58j . 

Proof. The filtration gives rise to a homology spectral séquence (see, for 
example, the first chaper of [44 ): 

The space is a smooth manifold diffeomorphic to 



U (o,i)^xr(5uF)/K), 

VCT.,\V\=p 

the quotient of Y {S UV)x (0, 1)^ by the group Wy — (wp)pgv' of Atkin-Lehner 
involutions for p G V; here, each Wp (p G V) acts on (0, 1) via x 1 — a;; the 
restriction of the sheaf J"g is the local System corresponding to the map Wp — >■ — ep 
for each p gV. 

On the other hand, may be identified with 

y [0,lf xYiSUV)/Wv \ / ^, 

^V(lT,\V\<p / 

where the équivalence relation ^ is generated by the rule 

(4.4.1.2) ('-iMr'x,)J<;|^-^[°' ;];>?; 

[(i|y G [0,1]^ X y'), t(q) = 1; 

and y 1-^ y, y' are the two degeneracy maps Y {S U F U q) — > Y {S U V). 
We have a canonical (Thom) isomorphism 

Hj_s{M) ^ Hj{[0, lY X M,9[0, 1]" X M) 

for any topological space AI; here we have relative homology on the right, and 
d[0, lY dénotes the boundary of [0, 1]*. This isomorphism sends a chain c on M 
to the relative chain [0, 1]** x c on the right-hand side. In our case, this yields an 
isomorphism 

H,^p{SUV,Rr ^ H,{YP,Y^-';T,) 

which leads to the conclusion after interpreting the Connecting maps as degeneracy 
maps. □ 
It is also useful to take the direct sum over e in Theorem 14.4. Il 

COROLLARY 4.4.2. Let J- — ^^J-e, dénote the direct sum over ail e (see page 
55) and write Y. — S U T. As before set R — Z[— 

There exists an spectral séquence abutting to H^^,{Y{KYX^/T]^T), where 

H,{SUV,Rf'". 

VCT,\V\=p 
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Up to signs, the differential 

di : Hq{SyjVyj{([},R) Hq{SUV,Rf, 

is given by the two degeneracy maps. 

4.4.3. Relationship to level lowering/raising. It is now clear that the 
cohomology of S'-arithmetic groups is closely tied to the level raising/lowcring com- 
plex, and to make significant progress we will need to assume: 

Conjecture 4.4.4. Suppose that \T\ = d. Then Hi{Y{K[^]), Z) is Eisenstein 
for i < d. Equivalently, W{Y{K[j;]), Q/Z) is Eisenstein for i < d. 

If i = 1, this conjecture is a conséquence of the congruence subgroup property 
(for the associated S'-arithmetic group F) whenever CSP is known to hold. On the 
other hand, the conjecture for î = 1 is strictly weaker than asking that F satisfy 
the CSP: one (shghtly strengthened) version of the conjecture for i = 1 says that 
any finite index normal subgroup of a congruence subgroup r(iV) of F with solvahle 
quotient is congruence. It is an interesting question whether there are be natural 
groups which satisfy this property but not the congruence subgroup property, for 
example, varions compact lattices arising from inner forms of ?7(2,1). We make 
some further remarks concerning this conjecture in § |7.8.2[ 

It is plausible that this conjecture holds in much greater generally; see Ques- 
tion [3] in § |10.3| Conjecture |4.4.4 imphes that 



If m is an non-Eisenstein maximal idéal of T, and if (-^-^, Qp/^p)m 
is finite, the level raising homology complex (respectively, the 
level lowering cohomology complex) is exact. 

For example, suppose that iîi(S, Zp)m is finite, p is odd, and that m is non- 
Eisenstein. Then the homology spectral séquence completed at m is empty away 
from the second row wherc it consists of the foUowing complex: 

^ i/i(S, ^ . . . iîi(S/q, Zp)^ ^ Zp)^. 

Thus, if Hi{Y{K-^[\/T],J-)xn is zéro in the appropriate range, this is exact up until 
the final term. Since ail the groups are finite, we may take the Pontryagin dual of 
this séquence to deduce that the level raising complex is exact. 

4.4.5. Level raising at two primes produces "genuinely" new coho- 
mology. As a sample of what is implied by Conjecture |4.4.4| we revisit the issue 
raised after Theorem |4.3.H namely, that level raising does not necessarily produce 
"more" cohomology. We show that Conj ecture |4 .4 . 4| predicts that there will always 
be "more" cohomology when there are at least two level raising primes. 

Let m be a non-Eisenstein maximal idéal of Ts such that T/m — F^, a field 
of size i not divisible by any orbifold prime; suppose that T/m it is generated by 
Hecke operators away from S,p,q. Let Zg be the Witt vectors of and let tt be 
a uniformizer in Z^. 

Suppose that iîi(S, Z)^ ~ Z^ . Suppose that p and q are primes such that 

Tp = 1 + N{p) mod TT, Tq = 1 + iV(q) mod tt, 
and suppose in addition that N{p),N{q) ^ —1 mod tt. 



Theorem 4.4.6. Assuming Conjecture 4-4-4 U {p, q}, Z)^ ^Z 
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In othcr words, level raising at two primes produces "more" cohomology. Con- 
trast the situation discussed in Remark 14.3.51 



Proof. Suppose not. Since in is assumed not to be Eisenstein, H^{Yi)xn — 



Hç){7i)m = 0. Theorem 4.4.1 gives a spectral séquence abutting to iî* Z). 



The El term of this séquence, after localizing at m, is 

7Ï2(S, Z)^ — iÏ2(S U {p}, Z)„ © i/2(S U {q}, Z)^ ^ i/2(S U {p, q}), Z)-,- 

7îi(E, ZU — U {p}, Z)„ ® U {q}, Z)„ ^ U {p, q}, Z)^- 

i — i — 

By Ihara's Lemma, projected to the négative eigenspace of Atkin-Lehner invo- 
lutions, the diflFerence-of-degeneracy maps 7îi(SUpUq, Z^)"^ — > iïi(SUp, Z^)~ and 
iïi(SUp, Zf)~ — ^ HiÇS, Zf)m are surjective, and so must in fact be isomorphisms. 

Put rjp — Tp ~ 1 — N{p) (considered as an élément of Zi, since it acts via 
Zf-endomorphisms of U p U q)) and define rjq similarly. 

By our remarks about Ihara's lemma, the second row of the above séquence is 
exact. However the top row is now easily verified to be isomorphic, as a séquence 
of Zf -modules, to the séquence 



where the first map is (x, y) i-^ (rjpX + rjqy), and the second map is a; i— > {rjqX, —rjpx). 

Write n for the highest power of tt dividing both rjp and rjq (in Zi). Then the 
Ef ^ and £'| ^ rows of the spectral séquence have the foUowing shape: 

Zf/^" Z./tt" 





We have a contradiction: our conjecture posits that iÎ2(y [1/pq], Z)m is zéro, 
but the differential d cannot possibly be surjective. □ 

It is interesting in this case to consider what the space of new at p and q forms 
will be. By définition, it will be the kernel of the map: 

Ze(BZe = Hi{Ynip),Z)^ © Hi{Yo{q), Z)^ iîi(>o(pq), Z)^ = Z, ® A 

We know that the maps send {x,y) G Zf to rj^x — rjpy G Zi, but the image in A 
is inaccessible, li A = k, for example, then the cokernel could either be Z^/vr" or 
Z^/tt" © k. 
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4.5. C(~l) ^iid the homology of PGL2 



In this section § \4-5\ as in the prior Section, we continue to allow F to be a 
gênerai numher field, i.e., we relax the assumption that F has a unique complex 
place. However, we specialize to the case ofG — PGL2, rather than an inner form 
thereof. Most of the notation established in Chapter^still applies; we comment on 
adjustments when necessary. 

We have tried to write this section to be as self-contained as possible, because 
the main Theorem |4.5.1| is of independent interest . 

Our main theorem asserts, roughly speaking, that the second K-growp K2{ffF) 
of the ring of integers "shows up" in the Hecke-trivial part of automorphic homology 
at level 1 (if F has more than one archimedean place) or at every prime level p (if 
F is quadratic imaginary). This implies]^ for example, that if F is a totally real 
field of class number 1 with [F : Q] > 2, then the odd part of the numerator of 
Cf(— 1) divides the order of (the finite group) i/2(PGL2(i^F), Z) — thus the title 
of this subsection. 

As far as this book is concerned, the interest of the theorem is twofold - it 
will also be shown to "match" with a corresponding Galois phenomenon in § |8.2[ 
moreover the methods of the proof shed light on our définition of newform. 

As commented, we take G = PGL2 but allow F now to be an arbitrary field. 
Let p be a prime idéal. Set, as in Chapter|3] 

(4.5.0.1) ro(l) = PGL2(F)\(Goo/i^oo xPGL2(A/)/PGL2(^a))) 
(4.5.0.2) ro(p) = PGL2(F)\(Goo/ifoo xPGL2(A/)/ifp). 

As discussed in Chapter [3] if F has odd class number, we have a canonical identi- 
fication 

ff,(yo(l),Z) ^ ff,(PGL2(^F),Z). 

Let 3 be the idéal of the Hecke algebra generated by ail T — deg(T), for T 
relatively prime to the level. The idéal 3 is (some version of) the Eisenstein idéal. 

Theorem 4.5.1. Let w be the number of roots of unity in F and set R — Z[^], 
and other notation as above. Then: 

(i) // F has at least two archimedean places, there is a surjection 

H2{Yo{l),R)/J ^ K2{â-F) ® R. 

(ii) Suppose F is totally imaginary and q is any prime. Suppose moreover 
that Hi{Ya{l),C) = 0. Set 

IC,=kcr{H,{Yo{q),R)- ^ i/i,cong(i"o(q), i?) x H,{Yo{l),R)) . 

Here the — superscript is the négative eigenspace of the Atkin-Lehner in- 
volution, and the map Hi(Yq{(\))~ Hi{Ya{V)) is the différence of the 
two degeneracy maps^ Then there is a surjection 

(4.5.1.1) ICJ3^K2{ûp)(g)R, 



The implication is via the "Birch-Tate" conjecture for the size of K2; this is a theorem, 
thanks to Tate's theorem relating K2 and Galois cohomology, and the validity of the Main Con- 
jecture of Iwasawa theory. 

■^The group /Cq is a dual notion to the new at q essential homology; see Theorem ■ 



4.5.4 



below. 
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The same conclusion holds localized at p (i.e. replacing R hy "Lp) so 
long as no cohomological cusp form f G Hi(Yq(1),C) has the property 
that its Hecke eigenvalues Ap(/) satisfy Ap(/) = N(p) + 1 modulo p, for 
almost ail prime ideals p. 

The proof of this Theorem takes up thc remainder of this section § |4.5[ The 
basic idea is to begin with the known relationship between K2 (F) and the homology 
of PGL2(F), and descend it to the ring of integers, using the congruence subgroup 
property many times toeffect this. For a numerical example of this theorem for 



F= Q(v/=49T), see § 9.7 



Remark 4.5.2. Some remarks on this theorem and its proof: 

• Part (ii) of this theorem actually arose ont our attempt to understand 



some of our nmnerical observations (phantom classes, see § 8.3 § 9.4.2 



and Remark 9.4.5 1: speaking very roughly, such a class shows up at every 
multiple of a given level n, but not at level n itself (the theorem corre- 
sponds to n the trivial idéal). We note that the proof of (ii) gives a gênerai 
resuit, but for convenience we have presented the simplest form here. 
Note that the assumption in part (ii) that there are no cusp forms of level 1 
is not necessarily a rarity — the non-vanishing theorems proved of Rohlfs 
and Zimmert (see [Ml IHj) apply only to SL2(^f), not PGL2(^f), and 
indeed one might expect the latter group to often have little characteristic 
zéro Hi. 

More precisely, there are several classes of représentations over Q 
which base-change to cohomological représentations for SL2(^i^) (see |34j 
for a description); but for PGL2 such classes exist only when there is a 
real quadratic field F' such that FF' is unramified over F; then the base 
change of a weight 2 holomorphic form of level dise (F') and Nebentypus 
the quadratic character attached to F' gives rise to cohomology classes for 
PGL2(^f)- See for example [34, Question 1.8] for discussion of the pos- 
sibility that "usually" such base-change classes give ail the characteristic 
zéro homology. 

It is would be interesting to investigate whether the surjections of the 
Theorems are isomorphisms. Indeed, more gêner ally, it appears likely 
that "Hecke-trivial" classes in homology are related to if-theory. It seems 



very interesting to investigate this further (see Questions[3]and[5]in § 10.3 



and see also Conjecture 7.8.31 



Remark 4.5.3. The theorem implies the existence of torsion in certain Hilbert 
modular varieties: 

Suppose, for instance, that F 7^ Q is a totally real field of class number 1. 
Now let E be the set of embeddings F ^ K and W := SL2(^f)\ (H^)^ the asso- 
ciated Hilbert modular variety. Write Zp for the 2-group PGL2(^f)/SL2(^f) = 
â'p /{ûp)'^. It acts on Y, and the quotient '3/' jZp is isomorphic to what we have 
called ro(l)- 

We have a décomposition 

F2(^r,z[i/2])= i^2(^r,z[l/2])^ 

X:2f-4{±1} 
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and moreover — denoting by xo thc trivial character of Zp — the space of invariants 
iÏ2(^, Z[1/2])X" is naturally isomorphic to iJ2(i^o(l), Z[l/2]), with notations as 
above. 

Now H^{i^,C) is generated freely by the image of difFerential forms uJi := 
dzv A dzy, where is the standard coordinate on the wth copy {v G S) of (see 
|37j l. For t € ûp, the action of the corresponding élément of Z on w,j is simply 
[e]*uji = sign(î;(e))wi. In particular, iÏ2(^, C)^° — 0, since the invariants under 
— 1 e i^'f are already trivial. 

This implies that iÏ2(^, Z[l/2])x» = iÎ2(i^o(l), Z[l/2]) is pure torsion; thus 
H2{'3^, Z[l/2]) has order divisible by (the odd part of the numerator of) 1). 

The quotient T/3 is a quotient of Z. In particular, if p is any prime, then 
m = is a maximal idéal of T which is Eisenstein (of cyclotomic type, see 

Définition 3.8.1 1. Part (ii) of Theorem 4.5.1 implies the foUowing: 

Theorem 4.5.4. Suppose that F is imaginary quadratic. Then, for every prime 
q with dimiîi(yo(ci), C) = 0, there is a divisibility 

#K2{ffp) |#iïf(yo(q),Z) 

away from the primes 2 and 3. Indeed Hi{Yo{q), Zp) has support at m — {p, 3) for 
ail primes q. 



For examples of this theorem, see § |9.7[ This resuit uses, of course, the définition 
of essential homology: it is simply the kernel of the map from Hi to i/i.cong, and 
we refer forward to §7.6| for discussion. This resuit is an immédiate conséquence of 
the prior Theorem. 

4.5.5. Background on iîT-theory. If _F is a field, the second if-group ii'2(^) 
is defined to be the universal symbol group 

F"" AF"" /{x A{1- x) : X e F - {0, 1}). 

If p is a finite prime of F, there is a tame symbol K2{F) kp , defined, as 
usual, by the rule 

2;f (a) 



X A y -^(-^iy(^My) niod p. 

yV{X) 

A nice référence is |27| . The K2 of the ring of integers can be defined as 
K2{^p) := keY{K2{F) A: > 



p 

p 



This group is known to be finite. For example, if2(Z) = {il}; indeed, the map 
that sends a; A y to 1 unless x, y are both négative gives an explicit isomorphism. 
On the other hand, if F = Q(-\/— 303), then, according to j4], K2{^p) has order 
22, and is generated by 5 • (-(3a + 17) A (a - 37)), where a = l+v^M. 
In the présent section we shall use: 

Theorem 4.5.6 (Suslin). Let F be an infinité field. The map F^ — > B{F), 
given &y a; i— > ^ ^ ^ ^ induces an isomorphism on iJ2(— ,Z[^]). Moreover, the 
induced map 

F^^F^^ H2{B{F),Z[^]) ^ i/2(PGL2(F), Z[^]), 
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where the first map is the cup-product, is a universal symbol for Z[^]-modules. In 
particular, for any Zi[l/2\-algebra R, 

H2{PGL2{F),R) ^ K2{F) ® R. 

Here B{F) dénotes the Borel subgroup. 

SKETCH. We indicate a computational proof that foUows along very similar 
lines to that of Hutchinson |46j and Mazzoleni [56j for GL2(F) and SL2(F) respec- 
tively (cf. also Dupont and Sah |30J.) 

f X \ 

Firstly, note that the inclusion a: i—> ( q 1 induces an isomorphism iïi(_F^ ) c 

Hi{B{F)) for i g {1, 2} for F infinité; that is a conséquence of the Hochschild-Serre 
spectral séquence applied to — > F — B{F) — > — (cf. the proof of Lemma 4 
of |56]). 

Dénote by Ck{S) dénote the free abelian group of distinct fc + 1 tuples of 
éléments of S (for a set S); Consider the complex 

Co{P\F)) ^ Ci(pi(F)) ^ C2iP\F)) . . . 

of GL2(F)-niodules. Computing its G-hypercohomology (i.e. taking G-invariants 
on a resolution by injective G-modules) gives a spectral séquence converging to the 
group homology of GL2(-F); see p. 187 of 



The action of GL2(F) on P^(-F') factors through PGL2(F) — and we are in- 
terested in the corresponding spectral séquence for PGL2(F). The calculations 
are very similar to those in p.l85. As PGL2(F)-modules, Co{P^{F)) is the 
induction of the trivial module Z from the Borel subgroup B{F), Ci{P^{F)) the 
induction of the trivial module from the torus F^ C B{F), and C2(P^(F)) the 
induction of the trivial module from the trivial subgroup (i.e. the regular repré- 
sentation) . The first page of the spectral séquence corresponding to the complex is 
given as follows (cf. |46j . p. 185): 

H2{B) ■> H2{F'') 

Hi{B) HiiF"") 

Ho{B) Ho{F^)^ Z. [x]Z.-0[x,2/]Z 

a:^{oo,0,l} x^y 

The maps IIi{F^) — > Hi{B) are given by the composition w — 1 with the natural 
mapping IIi{F^) — > Hi{B). Here w is an élément of the normalizer of not 
belonging to F^. Yet the action of w on iïi(F^) is given by 

where the latter indicates the action of — 1 on F^ = Hi{F^) as a Z-module. In 
particular, the map Hi{F^) — > Hi(B) has kernel /i2(F), and is an isomorphism 
after tensoring with any Z[l/2]-algebra R. In particular, the transgression d2 : 
F| Q — 7^ F^ j is trivial after tensoring with such an R. Similarly, the map H2{F^ ) — > 
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H2{B) is the zéro map, since w acts trivially on H2{F^). The PGL2-spectral 
séquence thus yields the foUowing exact séquence after tensoring with R: 

P{F) = El^ ^ H2{B{F)) ^ i/2(PGL2(F)) ^ Ef , ~ ^,2{F) ^ 0. 

In the diagram above, the map from o ^ trivial; thus P{F) 

is generated by classes [x] for x G P^{F) — {0, 1, oo} and the image of [x] under 

P{F) H2{B{F)) ^ H2{F'') = A^F^ 

is is 2(a; A (1 — x)). This is, in effect, the computation carried out in the Appen- 
dix of [30 ; the group P{F) corresponds to the group described in (A28) of that 
référence, and the map is their 

Hence, tensoring with any Z[l/2]-algebra R, we obtain the desired resuit. □ 

4.5.7. Proof of theorem 14.5. H We handle first the case when F has more 
than one archimedean place. In particular, by a resuit of Serre f |73j . Theorem 2, 
p. 498), SL2(^f) has the congruence subgroup property "tensored with R" , i.e. the 
congruence kernel completed at R is trivial. (The congruence kernel is a finite group 
of order \^f\ = wp which is invertible in i? = Z[l/6].) 

We shall apply the spectral séquence of Theorem |4. 4. 1| with S to be the empty 
set, T the set of ail finite places, and e = +1 for ail primes. Thus one obtains an 
El séquence converging to H^{VGL2{F)): 

H2{1,R) ^- ^H2{p,R)- ^- 07Î2({p,q},iî)-^ 
Hi{l,R) 0iJi(p,iî)- .-^Hi{{p,q},R)- 

Ho{l,R) ^-^Ho{p,R)- — 0i/o({p,q},iî)"^ 

Note that the set of connected components of lo(l), ^o(p), ^o(pq), etc. are ail 
identified, via the déterminant map, with the quotient Cp/Cp of the class group 
of F by squares. In what foUows we dénote this group by C, i.e. 

C := Cp/Cl. 

Consequently, we may identify Hq(Yq(p), R) with the set of functions C ^ R; now, 
the action of Wp is then given by multiplication by the class of p, and so we may 
identify 

H,{Yo{p),R)- ^{f-.C^R: /(/p) = -/(/)}, 

and so on. 

4.5.7.1. The Ho-row. We claim that the first row of the spectral séquence is 
exact. 

Indeed if M is any iî[C]-module, we may décompose M according to characters 
X : C — >■ ±1 of the elementary abelian 2-group C, i.e. 

M = 0M^, M^^{meM ■.c-m = x{c)m}. 

X 
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The first row of thc spectral séquence splits accordingly; if we write S{x) for the set 
of primes p for which x(p) = the x-component is isomorphic to the séquence 

(4.5.7.1) S'^:R^ R^... 

peS(x} P,qes(x) 

This is verified to be acycHc as long as >5'(x) is nonenipty; by Chebotarev's density, 
this is so as long as x is nontrivial. 

In particular, the first row of E2 looks like R, 0, 0, . . . . 

4.5.7.2. The Hi-row. We now analyze similarly the second row of the spectral 
séquence, 

H,{1,R) ^ 0iïi(p,iî)- ^ 0i/,({p,q},iî)— ^ . .. 
We claim it is exact away from the left-most terni. 



The covering Yi(p) ^o(p) with Galois group (see before (3.3.4.1 1 for the 
définition of the space Yi) induces a map 

(4.5.7.2) 9: H,{Yoip),Z) ^ . 

If X is any connected component of Yo{p), the congruence subgroup property 
implies that the induced map Hi{X, R) kp iS) R is an isomorphism. (Recall that 
we are supposing that F has more than one archimedean place at the moment.) 

Therefore, we may canonically identify 

Hi{Yo{p),R) = {k^ ®R)^ ^{ functions f : C ^ k^ ® R}. 

Explicitly, given a homology class h G Hi, we associate to it the function given 
by c e C i-> 9{h\c), where h\c is the homology class that agrées with h on the 
connected component corresponding to c, and is zéro on ail other components. 

Let us compute the action of Wp. Firstly, Wp negates 9: the automorphism Wp 
of Yo{p) extends to an automorphism W of the covering Yi(p) such thatM^aiy — 
a^^ for a E kp = Aut(Yi(p)/yo(p))- Consequently, the action of Wp is given by 
translation by p foUowed by négation]^ 

Similarly, 

Hi{Yoi{p, q}),R) = {{k^ (î)k^)^ Rf = { functions f : C ^ {k^ ® k^) ® R}. 

Here the action of Wp translates by p on C and by ( — 1,1) on kp © fc^; the action 
of translates by q on C and acts by (1,-1) on kp (B k^ . 

Write y(pci) for the part of this space, which we may write as a sum of a 

p-piece and a q-piece: 

V{pci)p = {f:C^k;®R: /(p/) = /(/), /(q/) - -/(/).} 
^(pq)q = {f:C^k^®R: /(p/) - -/(/), /(q/) = /(/).} 
The Hi-Yow of the above spectral séquence is thereby identified with 

(4.5.7.3) R ® [0 V^(p) ^ F(pq)p ® F(pq), ^ . . . J . 

V p p.q / 



^Here is the proof: given a liomology class h S Hi, with associated function fh'-C 
we have 

fw„h{c) = e{{wph)\c) = 6»(wp/i|u,pc) = -h\iupc = -/h(pc). 
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For examplc, thc morphism V"(pq)p — > V{\)) sends a function / to /(q/) — /(/) = 
2/; this foUows from the existence of a commutative diagram 



yi({p,q}) 



>^.({p,q}) 



Yiip) 



Yoip) 



that respects the map fcp ® fc^ —> on automorphism groups. 



This séquence (4.5.7.31 décomposes in a natural way indexed by prime ideals 



p (the p pièce is "ail those terms involving fcp ; for instance F(pq)p is the p-part 
of F(pq)). We further spht (4.5.7.31 up according to characters x : C* — ?> ±1. The 
X, p-component of the above séquence is only nonzero if x(p) = 1. In that case, it 
is identified with 



k: 



at least up to multiplying the morphisms by powers of 2; here 5* is as in (4.5.7.1 1. 
As before, this is acyclic unless x = 1- In that case, its homology is concentrated 
in one degree and is isomorphic to kp . 

We conclude that the second row of E2 looks like 



(4.5.7.4) 



H2{Yoil),R)/^H2iYoip),R)- ? ? 

fcp^ iî 



R 











4.5.7.3. The edge exact séquence. From (4.5.7.41 we now obtain an edge exact 
séquence 

iÎ2(yo(l),iî)/0iÎ2(ro(p),iî)- iÏ2(PGL2(F),iî) A 0(fcp^ 

p p 

where 9 is the morphism arising from the spectral séquence. We claim that the 
composite 

K2F ® iî r i/2(PGL2(F), iî) A 0(fcp^ ® R) 

is none other than the tame symbol map. 

This will complète the proof of the theorem in the case when F has more than 
two archimedean places: we will havc exhibitcd an isomorphism 



(4.5.7.5) 



H2{Y„{l),R)/^H2{Yoi>p),Rr = K2{ff)(dR, 



and it remains only to observe that for any h G H2{Y(){l),R) and any prime q, if 
a,/3 : yo(q) — > ^0(1) are the two degeneracy maps, that 

(4.5.7.6) T^h^a^l3*h = + (a* -/?*)/?* /i 

= (N(q) + l)/i + (a, -/3*)/3*/i 

e (N(q) + l)h + image(iÏ2(5"o(q), iî)"). 
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In othcr words, each Hecke operator Tq — N(q) — 1 acts trivially on the left-hand 



of (4.5.7.5); therefore 3 annihilâtes this quotient, completing the proof. 

4.5.7.4. The edge map is (an invertible multiple of) the tame symbol. It remains 
to check that the map K2 — > fcp is the tame symbol map. To do, compare the above 
séquence with a corresponding séquence for Fp. This can be donc via the natural 
maps PGL2(F) PGL2(Fp) and ^ x x G(A^)/i^^ -> ^p. Thèse morphisms 
préserve the filtrations on the spaces (the filtration on being two-step: the 
vertices and the whole space). One obtains then a morphism of the corresponding 
spectral séquences and thereby a commuting séquence: 

H2{Yoil),R)/^H2iYo{p),R)- i/2 (PGL2 (F) , iî) ^(k^ ^ R) 



H2{PGL2{ûp),R)/H2{Ko,p,R)- H2{PGL2{F,), R) fcp^ 



>R 



This reduces us to Computing the morphism i/2(PGL2(Fp), iî) — kp ^ R. 
This morphism arises from the action of PGL2(Fp) on the tree 3ip; considering the 
action of PSL2(Fp) (the image of SL2 in PGL2) on the same gives a similar map 
-ff2(PSL2(i^p), R) kp ^ R. This yields a commutative diagram 



{F^ AF^)<»R^ H2{PSL2iFp),R) {k^ R) 



(4.5.7.7) 



x4 



{F; AFp^)(g>R^ H2iFGL2{Fp),R) 



R 







Here the first top (resp. bottom) horizontal map is induced by a; i— >■ 
f X \ 

(resp. x H' „ -. )) together with the natural identification H2{Fp,R) 



[F^ A F^ 



^ x-^ 

f X ' 

I Q i j) ^ogeztier witn tne natural laemmcation Jri2[J'p 

5 R. So it is enough to check that the top row is a multiple of the 
tame symbol. 

We check that by passing to group homology, interpreting the Connecting map 
as a Connecting map in the Lyndon séquence, and using the explicit description 
already given. Let tt be a uniformizer in i^q. Take X = SL2(Fq), A = SL2(i^q) and 

l)^('^0 1) '^^'^ G = AnB; then the natural map A*gB ^ X 
is an isomorphism. Moreover, the Connecting homomorphism in group homology 



iÎ2(X,Z)^i/i(G,Z)-~>P 



the latter map induced by 



I— > a, is identified with the lower composite 



of (4.5.7.7). In thèse terms, we need to evaluate 

(4.5.7.8) F^^ = iÏ2(Fq, Z) ^ H2{X, Z) ^ H,{G, Z) 
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where the first map is again induced byxi— >■( ^ _i 1. Wc will show this is 

twice the tame symbol. 

Let K : kp — > Q/Z be a homomorphism; we will prove that the composite 

(4.5.7.9) = iÏ2(i^q, Z) ^ iÎ2(X Z) ^ iîi(G, Z) ^ fcp^ A Q/Z 

takes u A TT f-> for any unit u ^ Gq and any uniforniizer tt. This shows 

that (4.5.7.81 is twice the tame symbol. 

By puUback we regard k as a homomorphism k : G — >■ Q/Z. By the discussion 
foUowing (4.1.5.3) we associate to it a central extension of X by Q/Z, equipped 
with splittings over A and B. As a shorthand, we dénote thèse splittings as g G 
A i-> e and similarly for B. Note that, for g G, 

Set ~ [ Q x^^ I ' ^'^^ dénote any lift of ax to X^.- The compos- 



ite (4.5.7.91 is given by 

(4.5.7.10) X A y H> Ô^Oyâ^'^Ti^'^ G ker(XK X) = Q/Z. 

Note this is independent of choice of lift. 

Only an ugly computation remains. For u G a unit, we may suppose that 

âZ, = du- On the other hand, we may write cl-k = i ^ ^ gjf|| ^ V '^^'^ 



thus may suppose that = 



1 \^ / ^TT-' ^ 



1 / V TT 



Then a^a^a-K ^o^u ^ equals 



1 Y'^ / -TT-i \^ f ^ \^ f TT-i^^ 

-1 ) l TT ) l ) l -TT 

-1 \ / 



1 / V « 

A 



K{au) 



1 \ / -TT-l ] ( " \ / TT-l 

-1 ) l TT I \ j \ -TT 



-1 \ / u-^ 



1 / V M 



K(au) 



-1 / l l TT / l / l -TT 







)'( 


' \ 









u ) 
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which becomes 



K(a„) 



1 

-1 

1 

-1 



-1 

1 

-1 

1 



We have now proven that the composite map (4.5.7.8 1, which is also the PSL2 



row of (4.5.7.7) is the square of the tame symbol. By the commutativity of (4.5.7.71, 
we are done. 

4.5.7.5. The case when F has one archimedean place; proof of (ii) in Theo- 
rem 4-5.1 In this case, we proceed exactly as for (4.5.7.51 (with the ring o f inte gers 
replaced by - i.e., when constructing the spectral séquence as in 5 4.4 one 

uses just the filtration on -S^T-i^)) to construct an isomorphism 

(4.5.7.11) H,{Y\^IR)/ H^{{p}[\],R)- ^ K^{Ûf\^]) ® R. 



Here y{\^) is defined as in § 



with E = and G = PGL2 



4.1.4 



3.6 

Note, for latcr use, that the abstract prime-to-q Hecke algebra ^ (see § 3.4.6) 
acts on 7Î2(F[i],iî) and - as discussed around (4.5.7.6) - this action descends to 
the left-hand quotient above; the quotient action is simply that every T S 5q acts 
by its degree deg(r). 

Now we have constructed an exact séquence (the — eigenspace of Leninia 
extended a Uttle to the left) 
(4.5.7.12) 

JÏ2(y()(q),i?)" ^ -ff2(lo(l),i?) -> H2(Y[-],iî) ^ ker(7ïi(yo(q),-R)" "> -ffi(lo(l),iî)) 

q 

Compare (4.5.7.12) and its analogue replacing level 1 by level p: 



0//2(yo(pq),iî)- ^ 0i/2(i1,(p),iî) — 0/f2(np}[J],^) 



(4.5.7.13) 



H2(Fo(q),iî)" 



H2{Y,,{l),R) 



H2{Y[-],R) 



kcr(/f 1 (il, (pq) , iî) - ^ ifi (1^, (p) , iî)) 



(4.5.7.14) 



0kcr(i/i(VÎ,(q),iî)- ^ Ji-i(Yo(l),i?)). 



On the top line, we take summations over ail primes p not equal to q. Also, on the 
top line, the — subscripts refer to the q-Atkin Lehner involution. We take the ver- 
tical maps to be différences between the two degeneracy maps. (It would therefore 
be possible to replace the top vertical row by the corresponding — eigenspaces for 
the p-Atkin Lehner involution.) 
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The cokernel of the map S, as we have seen, is isomorphic to if2(^F[^]) ^ R- 
Chasing the above diagram, we obtain a séquence, exact at the middle and final 
term: 



(4.5.7.15) 

where we set 

JC* 



H2iYo{l),R) 



hnageofiÎ2(l^(p),iî) 



ker{H,iYo{q),R)- ^ H,iYo{l),R)) 
image of ker {H,{Yo{pq), R)- Hi{Yoip), R))' 



The last two groups of (4.5.7.151 admit compatible maps to , i.e., there's a 
commutative square 



(4.5.7.16) 



K2{Ûf[-])®R 

q 



kl 



JC* 



kl 



where 9 is the map induced by the map 9 of (4.5.7.2). In order to see that 9 



descends to /C*, we need to see that 9 is trivial on the image, in Hi(Yo{q), R), of 
Hi{Yo{pq), R) (via the différence of the two degeneracy maps). But 9 pulls back 
via both degeneracy maps to the same map Hi{Yo{pq),R) — > k^; thus 9 descends 
to JC* , as required. 

That means we get in fact a séquence, exact at middle and final terms: 

H2iYoil),R) 



(4.5.7.17) 



image of7Î2(ro(p),iî) 



K2{(? f) ® R & quotient of JC^ 



writing, as in the statement of the thcorem, 
/Cq = the kernel of Hi{Yo{q),R)^ - 



Hi{Yo{l),R) X {k> 



R) 



The assertion (4.5.1.11 of the theorem may now be deduced: If there are no 



cohomological cusp forms of level 1, the first group of (4.5.7.17) vanishes. We need 



to refer ahead to Chapter 6 for the proof of that: In the notations of that Chapter, 
in the case at hand, the maps H2{dYQ{l),R) H2{Yq{1),R) are surjective (as 
in ( |6.4.2.1[ )) but, as we check in § |6.4.8.1| the quotient of H2idYQ{l),R) by the 
image of ail H2{dYo{p) , R) is zéro. (For this it is important that is invertible in 
R). 

Now, as in the very final assertion of Theorem |4. 5. 1| , let us localize at p. Put 
R = Zp. As before let be the abstract prime-to-q Hecke algebra. Thcn in 



fact 5q acts on ail three groups of (4.5.7.15) where, according to our discussion 



after (4.5.7.11 1, each T g =3^ acts on the middle group by its degree. 



Write m = (3,p) c .5^, i.e. it is the kernel of the morphism 3^ — Fp that sends 



every Hecke operator to its degree (mod p). Consider, now, the séquence (4.5.7.15) 
completed at m. 

- The first group becomes zéro: Our assumption (as in the last paragraph 
of Theorem 4.5.1 1 implies, in particular, that Hi{Yq{1), R)^ is finite; that 
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means again that the map H2{dYo{l), R)m — > -^2(^^0(1)7 -R)m is surjective, 
and we can proceed just as before. 

- The middle group equals K2{ffF) ® Zp: We already saw that each T g =3q 
acts on the middle group by its degree; thus completing at the idéal m is 
the same as completing at p. 

- The third group remains a quotient of /Cj,: The group JÈ^ is finite, and the 
completion of a finite module is isomorphic to a quotient of that module. 

This concludes the proof of Theorem |4.5.1| 



CHAPTER 5 



Analytic torsion and regulators 



In this Chapter, we review the Cheeger-MùUer theorem (§ 5.1 ), at least in the 



case of compact 3-manifolds. It relates the torsion, a Laplacian déterminant, and 
a third quantity: a "regulator." The issue of generaHzing (5.1.0.221 to the non- 
compact case is taken up (and solved partially 
Chapter [7| 



enough for our purposes) — in 
The main goal of the rest of the chapter is to better understand the regulator: 



(1) We relate the regulator to central values of L-functions (Theorem 5.2.31, 



up to a rational ambiguity, and discuss potential relationship with the 



Faltings height (§ 5.2.51. We give the proof in § 5.3 Most of the content 



(2) 



(3) 



(4) 



here is due to Waldspurger. 

We explain how the regulator changes under the opération of replacing 



Y{K) with a cover (Theorem 5.4.11, at least in the simple situation when 
there are no newforms; 

We compare (with less success) the regulator between two manifolds in a 
Jacquet-Langlands pair (Lemma 5.5.3 1; we believe that that this is related 
to level lowering congruences, and give some conditional évidence for this. 
There is one further section that perhaps belongs in this chapter: The 
methods of § |6.7| can be used to compute the Eisenstein part of the regu- 
lator in the noncompact case; we postpone this to Chapter 6 so that the 
necessary définitions in the noncompact case are given first. 

5.1. The Cheeger-Miiller theorem 



Here is what the Cheeger-MûUer theorem \22[ I60j says about Y{K) when it 
is compact (or, indeed, about any compact hyperbolic 3-manifold). We assume for 
the moment that Y{K) has no orbifold points, the modifications in the orbifold 
case being discussed in § |5.1.2 



Define the regulator of the jth homology via 



(5.1.0.18) 



veg{H,{Y{K))) 



det 



where ji give a basis for Hi(Y{K), Z) modulo torsion, and //fe an orthonormal basis 
of harmonie forms. 

Another way to say this is as foUows: the image oî Hi{Y{K), Z) inside Hi{Y{K),'R) 
is a lattice in the latter vector space; and reg^Hg) is the covolume of this lattice, 
with respect to the measure on iÏ£(R) that arises with its identification as the dual 
to a space of harmonie forms. A more intrinsic way to write the right-hand side 

det J i/fc 

would be TVT^ — ' 1,1/2 ; in this form it is independent of basis Vj . 



\det{vj,i/k) 
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Now we define thc regulator of Y{K) via: 

(5.1.0.9) '^rinA-))- ::gg;j:;g;j -vol.reg(g.(r(AO)'. 

where vol is the product of the volumes of ail connected components. The equality 
here foUows from the easily verified facts that reg{Hi)reg{H^_i) = 1 and reg(iïo) = 
1/VtoÏ. 

Dénote by A*-^-* the Laplacian on the orthogonal complément of harmonie j- 
forms inside smooth j-forms. Let i/i,tors be the torsion part of Hi{Y{K),Z). We 
then define Reidemeister and analytic torsion via the formulae: 



(5.1.0.20) RT(F(if)) - \H,,tors\-' -regiYiK)) 

(5.1.0.21) Ta„(r(i^)) = det(A(i))-i/2det(A("))3/2. 



The déterminants appearing in (5.1.0.21 ) are to be understood via zeta-regularization. 



Then the equality of Reidemeister torsion and analytic torsion, conjectured by Ray- 
Singer and proved by Cheeger and Millier, asserts simply 

(5.1.0.22) RT(y(if)) = Ta„(y(x)). 

Intuitively this formula expresses the fact that the the limit of a chain complex for 
M, as one triangulates very finely, approaches the de Rham complex. 



Remark 5.1.1. When Y{K) is noncompact, the exact analogue of (5.1.0.22) 
is not known. However, we prove enough of such an analogue for our purposes in 
the next Chapter. 

5.1.2. Equi variant case/ orbifold case. The theorem of Cheeger-MûUer is 
for Riemannian manifolds; but we are naturally dealing with orhifolds. In short, it 
continues to hold, but possibly with errors divisible by prime numbers that divide 
the order of isotropy groups, i.e. 

(5.1.2.1) KT{Y{K))^Tan{Y{K)).u, u e Q^ 

where the numerator and denominator of u are supported at orbifold primes. By 
this we mean that u = a /h, where a and h are integers divisible only by primes 
dividing the order of the isotropy group of some point on Y{K). The définitions of 
RT, Tan are as previous. (Note that, in the orbifold case, infinitely many homology 
groups Hi{Y{K), Z) can be nonzero, but this does not affect our définition, which 
used only iïi(y(i^),Z)tors.) 



The relation (5.1.2.11 is presumably valid quite generally, but we explain the 
proof only in the case of interest, where the orbifolds can be expressed as global 
quotients of manifolds: In our situation, where M = Y(K), we may choose a 
sufficiently small subgroup K' , normal in K, such that Y{K') is a genuine manifold 
— that is to say, every conjugate of K' intersects G{F) in a torsion-free group. Let 
A = K/K'. Then Y{K) is the quotient Y{K')/A in the sensé of orbifolds. 

Suppose, more generally, that M is an odd-dimensional compact Riemannian 
manifold with isometric A-action, and let M ~ M/ A (with the induced metric, so 
that M — >■ M is an isometry). For any x G M, let A^, be the (conjugacy class of 
the) isotropy group of a preimage x G M. The orbifold primes for M are those 
which di vides the order of some A^. 
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Fix a cell décomposition of M and let C*(M) be thc corrcsponding intégral 
chain complex. Then, if £ is not an orbifold prime, the cohomology groups of 

agrée with the orbifold cohomology groups of mQ On the other hand, it is shown 
by Lott and Rothenberg |51j that the Whitehead torsion of the complex 

C*(M,Z)^ 



coïncides with the analytic torsion of M, and our claim (5.1.2.11 foUows easily. 



For later applications we will also discuss later ( see § 6.8.51 the case when M 
(thus M) has a boundary, which has been treated by Lûck [52 . 

5.2. (Cuspidal) regulators are arithmetic periods 

It will foUow from the therem of Cheeger and Millier that, if Y, Y' are a Jacquet- 
Langlands pair (see § 2.2.71 then 

reg"^^(r) 

j.ggnew(-y/-) 

where new regulators are defined as a certain alternating quotient of regulators. 



(5.2.0.2) 



(See § 7.3 and § 7.4 for the définition and the déduction of (5.2.0.2), respectively. ) 
In this section, we shall give another proof of (5.2.0.2), independent of the Cheeger- 
Mûller theorem: We shall show, slightly more precisely, that both reg(F) and 

reg(y) are (up to Q^) equal to a certain ratio of spécial values of i-functions. 



In principle, the advantage of such an independent proof of (5.2.0.2) is that it 



could lead to a précise understanding of the ratio, and, therefore, of the effect on 
torsion. We have nothing unconditional in this direction, but we make a (conjec- 
tural) start in this direction in f 5.5 The examples considered there were motivated 
by numerics described in § |9.4.l] 

For our conventions regarding automorphic représentations see §|3.9| 



5.2.1. Periods. Let tt be a cohomological automorphic représentation for G. 
Let Q(7r) be the field generated by ail (prime to level) Hecke eigenvalues. We shall 
attach to TT a certain "complex period" regc(7r) g C^/Q(7r)^. 

To define regf;;(7r) we use spécial values of i-functions: 

We say a pair of quadratic characters (x, x') of the idele class group of F is 
admissible if xx' is nontrivial at ail real places of F. We dénote by the discrim- 
inant of the quadratic extension attached to x a-nd write Ct^^x) •= ^x^^-^(è' ^ x)- 
There exists a period regf;;(7r) G C^/Q(7r)^ such that for every admissible pair 
{X,x'), we have 

^^(x)>C.(x')€Q(^)-regc(7r). 
The existence of such a period foUows from the sharper enunciation on page 174 of 



^ Indccd, the orbifold cohomology can be defined as the hypercohomology of C*(Af (g) Z^) 
(in the category of complexes of [G]-modules) and there is a corrcsponding spectral séquence, 
convcrging to the orbifold cohomology of M, whose Ei term is H^{G,C^ <2> Z^). But for î > 0, 
the group H' {G, (M) Cgi Z^) vanishes if l is not a orbifold prime, by Shapiro's lemma. 
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More generally suppose that O is a set of cohomological automorphic représen- 
tations TT that is stable under the action of the Galois groujj^ It is then possible 
to choose a lifting regc(O) G C^/Q^ of Ylrreo ^^Sci'^) that, for any admissible 
pair (x,x')> so 

(5.2.1.1) Il C^{x)C^{x') e Q • regc(O). 

This assertion is not explicitly in Waldspurger's paper, but can be derived by the 
techniques there. If one does not assume it, the resuit below changes only in that 
one needs to replace by units in the field generated by ail Hecke eigenvalues. 

For example, suppose that n is associated to an elliptic curve E over F; there- 
fore, Q(7r) = Q. Then — if we suppose the validity of the BSD conjecture — 
regc;(7r) will be the coset Q^fls, where 

(5.2.1.2) r^B^ TT / |tj'"Aw^|, 

where lu is any _F-rational diffcrcntial on E. More generally, if O is the Galois orbit 
of forms associated to an abclian variety A of GL2-type, then regf;;(0) is again 
given by a similar formula with E replaced by A, and with w replaced by a basis 

UJl,...,UJn-- 



(5.2.1.3) nA= Il f 



IE''{C) 



AWg Aw^" A--- Aw^l 



5.2.2. Here is the theorem relating regulator and L-values. 

For TT a cohomological automorphic représentation for G writc m(7r) = dimTrj^ 
for the multiplicity of tt at level K. For O any Galois orbit on cohomological 
représentations, let m{0) be the constant value of m(7r) on O. 



Theorem 5.2.3. Suppose D is not split. Let K C G(Ay) he an open compact, 
which equals the image of the units in a maximal order at ail ramified places for D 



(i.e., at ramified places, the level structure is the i^o.u from i'3.3.1). Then 



(.2.3.1, re,(H,n/0)-ee^Q>n( n,;la'"L,.) ;'"°' 



where c' = (tt'^^^^^ ■ v^dïscF)"^""^^'"^'^'''*^\ where discj? is the discriminant of F, 



and Teg(~:{0) was defined around (5.2.1.11. 



Remark 5.2.4. If D is split, the proof goes through without any change after 



replacing reg(7îi) by reg(iïi!) (see § 6.3.2 for définition), taking the product only 



over cuspidal cohomological représentations n, and requiring that each tt is Stein- 
berg, up to twist, at at least one place. The right-hand side remains unchanged. 



Similar analysis leads to (5.2.0.21 even if one of Y and Y' is split 



As we have mentioned, ail the key ideas are already in Waldspurger 
Nonetheless we include some détail because we think it is important to investigate 
the précise properties of regulators more carefuUy, even though this is only a crude 
first step. 



^Given such tt and cr g Gal(Q/Q), there exists a unique cohomological automorphic repré- 
sentation tt'^ whose Hecke eigenvalues are obtained from those of tt by applying a. 



5.3. PROOF OF THEOREM 15.2.31 
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5.2.5. Integrality questions and the Faltings height. A fundamental 
question is: 

Can one pin down regiY) integrally as opposed to rationally? 

It is important to note that our argument to prove Theorem |5 .2 . 3| gives almost 
no intégral control on ïeg{Y) : we exhibit cycles in Hi but have no way of controUing 
their divisibility. 

In some situations it maybe possible to say more: 

(1) When ail forms on Y are base-change from Q. In that case, one can 
exhibit explicit cycles in H2(Y) which are Poincaré dual to the form; this 
allows one to control the divisibility of cycles in Hi. 

(2) The other case is in the split case, where one can use modular symbols. 



See e.g. our § 6.7 or work of Sczech 71 or Berger [5]. 



Suppose, for the sake of our discussion, that there is a unique orbit O as in 



Theorem 5.2.3 with m{0) = 1, and it is associated to an abelian variety A of 



GL2-type over F. 



It is perhaps reasonable to postulate that (5.2.3.1 ) remains integrally true if we 



replace regc;;(0) by the period ÇIa defined by (5.2.1.2land (5.2.1.31, choosing for the 
uji an integrally normalized basis of differential forms, and at least after replacing 
A by an isogenous A'. Some évidence for this is the numerical computations of 
Cremona [26j . Note that fi^ defined thus is (the exponential of the négative of 
the) "Faltings height" of the abelian variety A; the work of Faltings shows that 
flA and thus defined can only differ at "small primes," so one could perhaps 
dispense with A' at the cost of inverting a few explicit, small primes. 

Such a relationship would be a striking relationship of géométrie complexity 
and arithmetic eomplexity: it relates reg(iÎ2) = reg(7îi)~^ (which is a measure of 
the géométrie complexity of 2-cycles representing homology) to the Faltings height 
of A (which measures the "arithmetic complexity" of the variety A). 

5.3. Proof of Theorem [553] 

5.3.1. To prove Theorem |5.2.3| we start by parameterizing harmonie forms 
in the language of automorphic forms. 

For any cohomological automorphic représentation tt, dénote by f2 the natural 
map 

(5.3.1.1) n : HomK„(0/É,7r) ^ limn^{Y{K)) 

Indeed, fl^{Y{K)) can be considered as functions on G(F)\ (G(A) x g/É) /K^oK 
that are linear on each g/î-fiber. 

Explicitly, for X £ Q/t and g £ G(A), we can regard {g, X) as a tangent vector 
to G{F)gKooK £ Y{K): namely, regard X as a tangent vector at the identity by 
differentiating the G-action, and then translate this by g. 

Dénote this vector by [g, ^] - and the map Cl is normalized by the requirement 
that, for / £ Homif^(g/ê,7r), we have 

(5.3.1.2) n{mg,X])^f{X){g). 

Equipping g/ê with the metric corresponding to the Riemannian structure 



(see § 3.5.1 for normalizations) we obtain a unitary structure on the former space, 
by requiring the map f2 isometric. The map f2 defines an isomorphism onto a 
subspace -.= 1111^^^ H^(Y{K),C)^ oîH ■.= lu^^H^(Y{K),C). 
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5.3.2. From quadratic extensions of F one obtains tori in G and thereby 
loops on y; we pin down some détails of this. 

Recall that we write Foo = F (gjll. Fix an isomorphism 

G(Foo) ^PGL2(C) xSO^ 

such that Kao is carried to PU2 x SO3, where PU2 is the image in PGL2(C) of the 
stabilizer of the standard Hermitian form + \z2\'^. 

Let H be the subgroup (diagonal in PGL2(C) x SO2) (for an arbitrary choice 
of SO2S inside SO3). There is a natural isomorphism 

(5.3.2.1) H -.^ H/HnK^ 

descending from the map ( ^ ^ j 1— > |z|. The isomorphism (5.3.2.11 normalizes 



an élément X in the Lie algebra of H, namely, the élément corresponding to the 
one-parameter subgroup t € R 1— > exp{t) G R+. Later, we shall regard X as an 
élément of g/l 

We consider data & consisting of: 

• a maximal subfield E C D. 

This defines a torus T C G as the centralizcr of E (therefore, T(F) — 

E^'/F''); 

• an élément g £ G(A) such that[^g^^T(Foo)5oo = H; 

• A quadratic character of /E^ Ap , fixed under the Galois automorphism 
of E over Q. 

This induces a character : T(A)/T(F) = A'^/E^'A'^ -> C^. 

The isomorphism class of the pair (E, tp) détermines, and is determined by, a 
pair of quadratic characters {xi, X2} of Ap/F^ : -0 factors through the norm map 
and therefore there are two characters Xi)X2 such that ip = N o xî; the product 
X1X2 is the quadratic character Xe/f attached to E by class field theory. We often 
write in what follows Ey := {E (g) . 

For each such datum define an élément 7^ G Hi{Y, Z) as follows: 
Put = gK^Kg-^. The quotient Yt := T {F)^! (A) / K ,j n ker(V') is a 
compact 1-manifold (possibly disconnected) . The map 

(5.3.2.2) emb -.tv^tg, T(i^)\T(A) ^ G(F)\G(A) 

descends to a map emb : Yt — > Y{K)] its image is a finite collection of closed arcs 
{Gi}i<i<i on Y . Let [Gt] G Hi{Y{K), Z) be the homology class of Gi. Moreover, 
ip factors through to a function from the finite set of Gi to ±1; we may speak of 
ipiGi) as the constant value taken by ip on Gi. Accordingly, put 



7® = >XG,).[G,]ei/i(y(X),Z). 



1 



Note that this will actually be trivial if is not contained in the kernel of îp. 

Theorem 5.3.3. Let f e H^(Y{K),Q) be a Hecke eigenform whose Hecke 
eigenvalues are those of the automorphic représentation ir, and letcof be a harmonie 
1-form representing f. Let Si be a datum as above, with associated class 7® € 
Hi(Y(K)^Q) and associated idele class characters X1îX2 of F. 

■^We dénote by goo the image of g under G(A) — > G(-Foo). 
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Set 

2 

A(l/2,^xxi)A(l/2,7rxx2) 



Sif) = 



I f 

J75. •' 



{ujf,ujf)L2(Y(K)) \ A(l,Ad,7r) 



where c — n'^'^ -^/disCii^discB, the inner product {u!f,ujf) is taken with respect to 
hyperbolic measure, A(. . . ) dénotes completed L-function, including T-factors. 

Then S{f) e Q; moreover, S{D = Sif)" for a £ Gal(Q/Q). Finally, we 
may choose data S) such that S{f) 7^ (equivalently, f ^ 0)- 



Note that this assertion implies (5.2.1.11; we'U explicate this later 



Proof. The proof of this theorem is essentially ail in Waldspurger 
but we shall explicate a few points. In fact, similar coniputations have been carried 
ont in a number of contexts (for example, see [61J ) although usually the emphasis 
is on the i-function, and thus there is less flexibility in the choice of vector /. Our 
présentation is quite terse; many points which are briefly treated here can be found 
in greater détail in thèse papers. 

We shall actually analyze only the case when "/ arises from a pure tensor in 
the underlying automorphic représentation tt", which is ail that is needed for our 
application; but the gênerai case is not significantly différent. 

Let Z be the totally real number field generated by the Hecke eigenvalues of /, 
regarded as a subfield of C. This implies that every représentation tt^ for w-finite 
admits a Z-structure, that is to say, a Z-subspace tt^ C 7r„ with the property that 
the map 7rf (g)^ C ^ tt^, is an isomorphism. |^ 

Later we shall use the following fact about Z-structures: 

• If n is a représentation of PGL(2, K) , with K a nonarchimedean local field, 
admitting a Z-structure, and cr : Z '-^ C an embedding, then L{1, Ad, tt) g 
Z and L(l,Ad,n'^) = L(l,Ad,n)'"; the same holds for i(i,n). Here 

= ®z,a c. f\ 

In this section, we foUow measures normalizations as in p. 175 of |84j : In 
particular, this means that we have endowed G(i^)\G(A) with Tamagawa measure, 
and T(i^)\T(A) has measure fiT ■= A(l, X£;/F)^^MTamagawa- We also foUow the 
normalizations of [82 for measures on G{Fy),T{F^). 

The measure on T(i^oo), identified with H via conjugation by ^oo, pushes down 
to a measure on H; this measure on H = is computed to be 4l^-'^l where dx 
is the usual Lebesgue measure. The action of T(Foo) on Yt factors through H - 
again, we identify T(i^oo) with H via conjugation by gao - so Yt carries a natural 
vector field Xq obtained from X g Lie{H) by differentiating the _ff-action. Let luq 
be the differential form on Yt such that {ujq^Xq) = 1 everywhere and let |a;o| be 



^More precisely, Hom/f^ (g/ê, tt) = Homifoo (b/'i '''00) ® has a Z-structure by virtue of 
Cl. Thus TTf = (S'uTTu, the product taken over finite v, has a Z-structure ir^ C nf. But this 
easily imphes that every factor of the tensor product tti, has a Z-structure (for example, take fixed 
vectors under a suitable compact subgroup to construct it). 

^For example, consider the spherical case: if a, 13 are the Satake parameter of H, normalized 
to be of absolute value 1 when II is tempered, then a, fj need not belong to Z, but and al3/q 

do belong to Z; thus L(|,n) = (1 - (a + l3) / ^ + al3 /q)''^ also belongs to Z. 
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the corresponding measure. Theif] 

r,? -1,-1/2, I 

/iT = 2 t dj^i'p Iwol, 

for some natural number ? and cLe/f = gî^^j where dises, discp are diseriminants 
oî E,F respeetively; l is the index of gKg~^ n T(A/) inside the maximal compact 
ofT(A/). 

Take v e Homj(-^(g/î,7r), so that il{v) is a 1-form on Y{K). 

As before let emb : Yt y{K) be the map descending from t h- > tg; then 

{Xo,cmh*n{v)){t)^v{X){tg), 

i.e. v{X) e TT evaluated at G G(A). Actually, the left-hand side is simply Çl{v) 
evaluated at the tangent vector obtained by applying emb to a tangent vector on 
Yt based at t with derivative X . This tangent vector is just [tg, X] in the notation 



of (5.3.1.2) 



Moreover, v{X) G tt is a Koo Hiî-fixed vector and its i^oo-type is minimal (i.e., 
Koo.v{X) is three dimensional) ; this foUows since g/t is 3-dimensional and X is 
Kr^ n H-fixed. It foUows from this that 



7? 



n{v) = {Xo,emh*n{f))m-\^o\ 



v{X){tg)m ■ l^ol 

Yt 



(5.3.3.1) = 2-disc^'',^j,i / v{X){tg)i;{t)dfiT- 

Note for later use 

(n{v)Mv))YiK)MP=^-^^Mx)r, 

where the subscript "hyp" exists to emphasize the fact that we take the left-hand in- 
ner product with référence to the hyperbolic metric, whereas on the right-hand side 
||u(X)|p is defined with respect to the Tamagawa measure on G; V is the volume 
of Y{K) computed with respect to the hyperbolic measure (we don't use the nota- 
tion vol to avoid confusion with the product of volumes of connected components) . 
Therefore, 



To see this first note in a similar way H carries a invariant difïerential form uJq such that 
{uJq,X) = 1; the measure I^^qI is identified with ^ under the isomorphism with R_|_. Now the 

measure on T(Foo) obtained by pullback via T{Faa) ^ H ^ H is 4-'^-'^l X ( measure of [84]). 
On the other hand, the measure of |84l assigns to the maximal compact subgroup of T(Af) the 

measure d^^l^'i' , where d^j-p = ^|°^|^ , and ? is related to the number of ramified primes in 
E/F. Therefore, the measure of |84j assigns to each connected component G C Yt the mass 
2' ■ à^l^ ■ \ùJo\ where t is the index of gKg~^ n T(Aj) inside the maximal compact of 
T(A^). 

^Indeed, the norm of the difïerential form ÇL{v) at the point of Y{K) given by G(F)gKooK 
is precisely the norm of evg o g Hom(g/È, C); here evg dénotes "évaluation at g," a functional 
on TT. Extend X S g/t to an orthonormal basis X,Y,Z. Then the latter norm is |eVgt'(Jf)p + 
\eWgv{Y)\^ + \eVgv{Z)\'^. Integrating we obtain ||'î;(J>C)||2 + ||t;(y)||2 + ||t;(Z)||2 = 3||t;(X)||2; indeed, 
= ||f (5^)11 = [[«(Z)!! because the map g/t — > tt must préserve metrics up to a scalar. The 
factor 1^ arises from transition from Tamagawa to hyperbolic measure. 
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2 

1 


2 

lT{F)\T(A)f(*9)i^(^)df^ 




>hyp 


VriK) 


ifJ) 



(5.3.3.2) 



where / = e n and ~ dénotes equality up to . 

Factorize tt = ®i,7r„ as unitary représentation. Then, for / 
Prop. 7, page 222] gives 

2 



(5.3.3.3) 



/t(f)\t(a) /W'/'(i)rft A(1,xb/f) tt HMv) 



n 



(/,/> 2 
where Hy{fy) = J^^p^^{ty ■ fv, fv)^v{tv)dty. Moreover, if we write 
^ Ct,(2)L(|,7r X xi,t,)j^(è.7r X X2.f) 

L{l,Ad,TTv)L{l,XE/F,v) 

then Hy{f^) = for almost ail u. One may check that ^„ € Z for ail v (see 
discussion of Z-structures on page 77 ) . 



In order to proceed, we need to study the rationality properties oî Hy{fy). Such 
matters are already studied in détail by Waldspurger; again, we simply explicate 
what we need. Note that Hj;{fy) / {fy, fy) is independent of choice of local inner 
product (•, •) and also is independent of fy, up to scaling. Write 



(5.3.3.4) 



Svif) 



{fv 1 fv) 

Here we put dy — I <Pp , where d^ is the absolute discriminant of the local field 
L, and understand d^, = 1 in the archimedean case. (For coniparison purposes! Sy 
corresponds to a in |84l page 222]). 

For V archimedean, let /° e 7r„ be an iï n ifoo-fixed vector in the minimal K^o- 
type (so that v{X) is of the form ®y\oofy ® ^{X) /, for some v{X) / G 0„ g^i^^, iTy). 
It is proven by Waldspurger that |82l Lemme 15, page 230] 



(5.3.3.5) \{Sy{ry)^Q^T:-^^--'^\ 

v\oo 

As for V finite, we have Sy{fy) € Z whenever /„ G tt^. In fact, we may choose 
an inner product (— , — ) on iTy such that the values of this inner product on iTy lie 
in Z. This is an exercise in linear algebra (not sesquilinear algebra: Z is totally real 
so that the restriction of the inner product to iTy is a bilinear form). This being so, 
it is easy to see that dl^^Hy{fy) G Z when /„ G iTy , for dl^'^Hy{fy) is a (possibly 
infinité) intégral sum of matrix coefficients {tfy, fy), each of which belong to Z; but 
it is easy to see that the infinité sum has the same algebraic properties as a certain 
finite truncation of it and in particular belongs to Z|j Since we have already noted 
(without proof) that S.y G Z, thus Sy{fy) £ Z for each finite v. 



The sum descends to the quotient of T(F„) by a compact subgroup, i.e. a finitely generated 
abehan group, say Z X A with A finite. The restriction of the function to each (n,a) £ Z X {a} 
is a function that satisfies a finite récurrence for n large and also a (possibly différent) récurrence 
for — n large. So our resuit reduces to the foUowing fact: For such a function, y^°°__^ F(z) can be 
expressed as an algebraic function of finitely many évaluations F{z). 
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This also handles the effect of Galois automorphisms: let a be an embedding 
of Z into C, and set tt^ = tt^ ®(z,a) C. There's a natural (T-linear map tt^ — > tt^, 
given hy w w ®1; we dénote it by / i— > /°', and we have 

(5.3.3.6) = (/. GTrf), 

because indeed we may choose an inner product (,) on tt^ such that (/f,/!^) — 
{fuf2Y whenever h, h e . Thus H,{h,f2Y = H^if^J^), as follows from the 
same reasoning that shows Hy{fi, G Z. 

This in fact concludes the proof of ail but the last assertion of the Theorem. 

Now we check the final assertion: that there exists ^ such that / 7^ 0. If a 
is a représentation of PGL2(A;), for k a local field, let e(cr) e ±1 be the root number; 
in the adelic case e refers to the product of local root numbers. (In this instance, 
thèse are independent of the choice of additive character.) Recall: 

(1) If (T is a principal séries induced from the character /3, then e(cr) = /3(— 1). 

(2) If a is the Steinberg représentation (resp. its twist by an unramified 
quadratic character), then e(cr) = —1 (resp. 1). 

Lemma 5.3.4. Suppose that II is an automorphic représentation o/PGL2(A) 
with a Steinberg (up to twist) place v and let T be an arbitrary set of places disjoint 
from V. Then there exists a quadratic character uj such that e(|,n y. lS) — — e(n), 
and moreover cj = 1 at ail places in T. 

Proof. Indeed, enlarge T to contain ail archiniedean and ramified places of 
n, with the exception of v, and take lu such that uj is unramified nontrivial at v 
and UJ is trivial at ail places in T. Then 

e(n X uj) 



e(n) 

^ ^ w^Tu{v} iueTu{v} 

as claimed. □ 
Now 

Définition 5.3.5. For each ramified place v of either tt or D, let X„ be the set 
of pairs {xi.v,X2,v) of quadratic characters of such that: 

1, Dy split 



(1) XiX2{-l)e{\,TTv X Xl)£{\.T^v X X2) 



-1, Dy ramified. 



(2) If Dy is not split then Xi^ X2- 
We say a pair (XI1X2) of quadratic characters of A^/F^ is tt, D -admissible if 
{XiiX2)v ë for ail such v. 

Note that if is split and tt^, unramified, then Xy consists of ail pairs of 
quadratic characters. Therefore the notion of (tt, _D)-admissible is in fact a finite 
set of local constraints. 

The assumption of Theorem |5.2.3| implies in particular that the set Xy is then 
nonempty for ail v: 

(1) At finite places such that Dy is nonsplit, F^ has exactly two unramified 
quadratic characters; let thèse be {xijX2}- 

(2) At each real place, let {XI7X2} be the two quadratic characters of Fy = 

(3) At every place that iTy is ramified and Dy is split, we arrange that xi, X2 
are both trivial. 
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Now there exists a (tt, D)- admissible pair (xi, X2) of quadratic characters such 
that ^ ^ 

This foUows from our prior comments: Choose any admissible pair (xijX2); we 
twist both Xj by a character w as in the Lemma 5.3.4[ taking for T the union of ail 
ramified places for D or tt. 

It foUows from (*) and |85l Theorem 4, page 288] that we may choose admissible 
Xi,X2 such that tt x Xi) 7^ 0- Let E be the quadratic field associated to X1X2; 
it embeds into D because of condition (2), and fix such an embedding; let T C G 
the corresponding torus. Let V' ■ T(A) = A^/Aj — > be the character obtained 
by puUing back xi or X2 via the norm. For every v the space Homx(F„)(i': V') is 
nonzero: in the case where tt^ or is ramified this is a resuit of J. TunnclQ if 
is split it is known that any représentation that is not a discrète séries admits such 
a functional (cf. [82, Lemme 8]; it is proved in Tunnell's paper). It then foUows 
that there is E G{Fy) for each finite place v so that Hy{gyfy) ^ (see 



Lemme 10]). The claimed nonvanishing foUows from (5.3.3.31. This concludes the 



proof of Theorem |5.3.3| □ 

Remark 5.3.6. We note some other computations of Sy{fy) in the "unramified 
case." Thèse computations will not be necessary in the présent proof and can be 
skipped for the moment: 

Data ^ as in § |5.3.2 is said to be unramified if: 



- For every finite place v, the image of the maximal compact subgroup of 
{E (g) Fy)^ inside T{Fy) is contained in Kg = g^^Kg; 

- The ramification of 7r,I? and the characters X1jX2 associated to !^ is 
disjoint. In other words, at any place v, at most one of the foUowing 
possibilities occur: 

- xi is ramified; 

- X2 is ramified; 

- I? is ramified and tt^ is trivial; 

- Dy is split and tt^ is Steinberg. 
The basic fact we will need is this: 

(*) If !^ is unramified and fy G iTy is fixed under T(F„) n Ke^, 

S ( f ) 

then r/^ " — \ can be expressed in terms of local L-factors for 
■Ky only. 

(a) In the case where tt, D, Xi s-re ail unramified Sy — l; 

(b) Suppose that either xi or X2 is ramified, but not both; then Sy ~ L{1, xe /f.v)- 

Without loss of generality, X2 is ramified. Let a, /3 be the Satake 
parameters of tt, so that L{s,Tr) = (1 — aq^^)^^{l — /3q~^)~^. Let e be 
the value of xi on a uniformizer for Fy, so that e g ±1. 

Then our assumption says that TiFy) C gKyg~^, and the matrix 
coefficient {tfy,fy) in the définition of /„ takes just two values: 1 and 
V^f^f-So 

ifvjv) ^ q+l q+1 ^ 

^in the case of odd residuo characteristic; need to find citation for gênerai case. 
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whereas 

(c) If xi, X2 are unramified and or TTy is ramified then 
S.iU) - C.(2)-'i(l,Ad,^,)L(l,x£/F,.)- 

In fact, if Dy is ramified, this foUows from dl^'^ Hy{fy) / (f^, f^) — 1 
and Li^nx Xi)Hh^ >< X2) = (1 - g"')"' = C.(2). 

If TT^, is ramified, then dV^ Hy{fy) / {f^, f^) = L(i,7r„ x xi,«)i(|,7i' x 
X2,.)/C.(2). 



5.3.7. Proof of Theorem [5331 We foUow notation as in § |5XT 



Let now tti , . . . , tt^ be the set of ail cohomological automorphic représentations 
with multiplicity m{'Ki) ^ 0, that is to say, tt/^ ^ 0. For each such tt, let be the 
field generated be the field gêner ated by the Hecke eigenvalues of tt; it is a totally 
real, finite extension of Q. 

The Galois group Gal(Q/Q) acts on {tti, . . . , tt^}. Let Oi, . . . ,Ok C {1, . . . , r} 
be the orbits of Gal(Q/Q) acting on {m, . . . ,TTr}- 

Let Hl{Y, C) be the subspace of H^{Y, C) corresponding to tt. This is a sub- 
space of dimension equal to dimvr^, described as the image of the map f2 foUowed 
by the natural map from 1-forms to cohomology. For any O G {Oi, • ■ • , Ofc} we 
dénote by Hq the O-isotypical pièce of Q-cohomology, i.e. 

Hh H\YiK),Q)n^Hl^iY,C). 

jeo 

Then H'^(Y,Q,) = ^q^o- Let iïi,o be the corresponding space in homology (in 
other words, the subspace of Hi{Y, Q) that is the annihilator of 0q/_^q ^o')- 

In what foUows, the inner product on H^{Y,C) is always that obtained via 
identification with harmonie forms. The images of the spaces Hq are orthogonal, 
for distinct O, with respect to this inner product. 

Choose an orbit O, and choose tt g O. We fix: 

• A Q-basis Tq for Hi o- 

• A C-basis B{7t) for Hom^f^ (g/ê, tt^) such that the éléments of K(7r) are 
orthogonal and for every / € B{Tr), the periods of belong to Z. 
In other words: the cohomology class of il{f) belongs to H^{Y,Z) C 
H\Y,C). 

This is indeed possible: There exists a Z-subspace H^.^ C H^{Y,Z) 
whose complexification is H^: the subspace on which the Hecke operators 
act the same way as they do on tt. Now the inner product induces on H^.^ 
a symmetric, positive definite, bilinear form; we choose an orthogonal basis 
with respect to this form and then lift the resulting basis via il. 
For each / G B{tt), we refer to the corresponding cohomology class in H^{Y{K), Z) 
as [/]. If (7 G Hom(Z, C), then there is a corresponding élément [/]"' characterized 
by the property that (7, [Z*^]) = (7, [Z])'^ for any 7 g Hi{Q). This cohomol- 
ogy class is represented by a unique élément of tt*^ which we dénote by /'^, i.e. 
f e HomK^(0/É, (tt'^)^) and represents the class [f]'^ . 

Then 

{[/]'^:/e6(7r),aeHom(Z,C)} 
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gives a basis for Hq that is orthogonal insidc H^{Y{K),C): Cleaiiy, [fif and 
[f2\^ are orthogonal for distinct cr, r, and any /i, /2 € S(7r), since there exists some 
Hecke operator with distinct eigenvalues on them. It remains to check that [fiY 
and [f2Y are orthogonal, in the same notation. This is true for cr = 1 by choice of 
the basis B{'ïï), and the rest foUows from linear algebra: if tt/ dénotes the finite part 
of an automorphic représentation tt, then tt/ admits a Z-structure tt^, and there's 
a natural cr-linear map tt^ — > vr^; if we dénote this map by w i— >■ then we may 
choose inner products so that {v'^ .w") — {v,wY . 

Now define the matrix Aq as the square matrix whose rows are indexed by Tq , 
columns indexed by pairs {(/, cr) : / G B{'k),<j G Hom(Z, C)} and whose entry, in 
the position that is the intersection of the row indexed by 7 g Tq and the column 
indexed by (/ € B{'ïï),a G Hom(Z, C)), is 

{[n,i) = ( [ nif) 



7 



Each entry is valued in Q, and automorphisms of Q merely permute rows of Aq- 
Therefore, det(Ao)^ is invariant under ail such automorphisms, so det(^o)^ € Q- 



Now let / G B^tt) be arbitrary. Theorem 5.3.3 shows that there exists XI1X2 
such that 

(^^7U TT ([/]^7a>)^ ^ TT A(l/2,7r X Xi)A(è.^ X X2) 

^^^^^ K^^J^''^ }l WJ^) 

is nonzero, where c is as in Theorem |5.3.3| Note that we were able to omit the 
absolute values, because ail the periods / take values in the real field Z. 

By direct computation, if v is an archimedean place, then -^^'(^/^■^^xiU,i>^2 ■•^xx2) 
is a rational multiple of tt. 

Write Bq = lier n/gB(7r) (/'^' /'^) ^'-'^ product of norms of the . Since 
UAls^dfV) e Q, wesee 

(5.3.7.2) (-gc(O)n^^^j BoeQX. 



where c' and m(0) are as in statement of Theorem 5.2.3 
Thus 

o ^ o n-eo ^ ' ' ' 

which concludes the proof. 

5.4. The regulator under change of level 

It is possible to understand precisely the change of regulator when one changes 
the level and there are no new forms: 



Theorem 5.4.1. (For G nonsplit; see § 6.5.5 for G split). Suppose q G S and 
^q-ncw^j. = {0}. Write 

D det [Tl - (1 + iV(q))2|iïi(S/q, C)) . 
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Then, up to orhifold primes, 

reg(i/i(S/q))2 ^ 



reg(iîi(S)) /iiif(S/q;q) 

Recall the définition of h\if froni Lemma |4.2.1| It measures the aniount of 
congruence honiology which lifts to characteristic zéro. 

Proof. We Write the proof assuming there are no orbifold primes, for simplic- 

ity. 



The proof will be an easy conséquence of Lemma 4.2.1 Consider the map : 
Hi{T./(\,ï)lf iîi(I],Z)2f and its dual over R: $^ : iïi(S,R) ^ iîi(S/q,R). 
Choose an orthonormal basis uji, . . . , W2fe for iî^(S, R), and a basis 71, ... , 72^ for 
i/i(S/q,Z)tV Then 

det (7„*^Wj) =det (^-^(7.),^^^-) = |coker(^')| • reg(iïi(S)). 
Now (by Lemma 4.2.11 |coker(vI'^)| = hi f(s/q-q) • '^^'^ ^R^j '^^ form an 



orthonormal basis; indeed, the map multiplies volume by \D, i.e. 

II^rWi a $^a;2 A . . . <^^i^2k\\ = /D. 

Consequently, 



|$>iA$^c^2 A...$>2fc|| ' " /ilif (S/q; q) ' 

which implies the desired conclusion. □ 

5.5. Comparison of regulators and level lowering congruences 

In this section — almost entirely conjectural — we présent a principle — 



(5.5.2.1 1 below — that seems to govern the relationship between the regulators 



between the two manifolds in a Jacquet-Langlands pair (see § 2.2.7 for définition). 

A numerical example where the regulators differ in an interesting way is given 
in § |9.4.1 this affects the behavior of the torsion and motivated us to add this 



section, despite the conditionality of the results. We advise the reader to glance at 
this before studying this section. We observe also that our later results comparing 



Jacquet-Langlands pairs (especially Theorem 7.7.8 1 also give évidence for (5.5.2.1 1 



5.5.1. The case of elliptic curves. Consider, as a warm-up example, the 
case of an indefinite division algebra D over Q, ramified at a set of places S. 

Let / be an integrally normalized form on the corresponding adelic quotient 
Xs, a certain Shimura curve. (The notion of integrally normalized is defined in [62] 
using algebraic geometry; it is likely that corresponding results hold when D is 
definite, for the "naive" intégral normalization.) Let /"^^ be the Jacquet-Langlands 
transfer of / to the split group GL2 : it may be considered as a classical holomorphic 
modular form for a suitable congruence subgroup and level. 

In his thesis, Prasanna established the foUowing principle: 

(5.5.1.1) Level-lowering congruences for /"'^ at S reduces (/,/). 

A heuristic way to remember this principle is the foUowing: Suppose f^^ is 
of squarefree level N , and that we realize the Jacquet-Langlands correspondence 
from Xq{N) to Xs in some explicit way — for example, via 0-correspondence. 
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This corrcspondence is insensitive to arithmctic features, so e(/"'^) wiU not be 
arithmetically normalized. A level lowering congruence for f"^^ means that it is 
congruent (mod £) to a newform g of level N/p, for some p. Heuristically, one 
might expect = but Q{g) is zéro for parity reasons. Therefore, 

0(jJL) jg "divisible by what this means is that to construct the arithmetically 
normalized form one needs to divide by an additional factor of £, depressing (/, /). 

5.5.2. Prom Q to imaginary quadratic flelds. Now we analyze the case of 
an imaginary quadratic field; for this section, then, we suppose F to be imaginary 
quadratic. 



Let be a Jacquet-Langlands pair (recall § 2.2.7). Thèse therefore 

correspond to groups G and G' ramified at sets of places S, S' respectively. 
We assume that there is an equality 

dimi7i(r(S),Q) = dimiïi(y'(S),Q) = 1 

and the corresponding motive is an elliptic curve C. Thus, C is a "modular" elliptic 
curve over F whose conductor has valuation 1 at ail primes in E; we put modular 
in quotes since there is no uniformization of C by YÇE) in this setting. 

Our belief (stated approximately) is that: 

Level- lowering congruences for C at places oî S' — S (respectively 
S— S' , respectively outside SUS') reduce (respectively increase, 
respectively have no efFect on) 

(5.5.2.1) 

reg(F') 



Explicitly, we say that C admits a level lowering congruence modulo £ at a 
prime q if the ^-torsion C[£] is actually unramified at q. If we working over Q, 
this would actually mean there exists a classical modular form at level S/q that is 
congruent to the form for C, modulo £; in our présent case, this need not happen 
(see again the numerical example of § 9.4.11. In this instance, in any case, we 



expect that the regulator ratio of (5.5.2.1 1 would contain a factor of £ either in its 



numerator or denominator, as appropriate. 

A little thought with the définition of reg(y) shows that this is indeed analo- 



gous to (5.5.1.1 1: the smaller that reg(y) is, the smaller the L -norm of a harmonie 



représentative for a generator of H^{Y' , Z). We will not formulate a précise conjec- 
ture along the lines of (5.5.2.1 1: at this stage proving it seems out of reach — except 



in the case where C is the base-change of an elliptic curve from Q , cf. comment on 
page |75] — but we hope it will be clear from the foUowing discussion what such a 
conjecture would look like. 

Note that C has multiplicative réduction at w e S. For any quadratic character 
X of /F^ , let be the quadratic twist of C by x, and III(x) its Tate-Shafarevich 
group. The BSD conjecture predicts that 



(5.5.2.2) 



where f2(C^) is the complex period of C, and Cy is the number of components of 
the spécial fiber of the Néron model of at v. 
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The foUowing (vcry conditional) Lcmma, then, provides some évidence for the 
belief (5.5.2.1). (We note that our later results with the Cheeger-MûUer theorem 



also gives évidence for the truth of (5.5.2.1 1 in some spécial cases; see Theorem 7.7.8 
and the prior discussion. However, it would be much more helpful to have a direct 



proof of (5.5.2.1 1 independent of the Cheeger-MùUer theorem.) 



Lemma 5.5.3. Suppose the validity of the conjecture of Birch and Swinnerton- 
Dyer, in the for (5.5.2.21. Let £ be a prime larger than 3 that is not Eisenstein 



for C (i.e., the Galois représentation of Gp on É-torsion is irreducihle) . Suppose 
moreover that 



Gycles 75* associated to unramified data & (définition as in Remark 5.3.6) 
generate the first homology iïi(r(S), Z/£Z) and Hi(Y'(E), Z/iZ). 
Fix a finite set of places T and, for each w G T, a quadratic character Xw 
of ; then there exist infinitely many quadratic characters x such that 
xWw — Xw for ail w, i does not divide the order o/III(C^), and C'^ has 
rank 0. 



The: 



m 



(5.5.3.1) 



reg(gi(y,Z)) 
reg{H,{Y',Z)) 



n.gs^(j) 



where ~ dénotes that the powers of £ dividing both sides is the same; j is the j- 
invariant of G , and S (resp. S') is the set of places which are ramified for D (resp. 
D'). 



In order to make clear the relation to (5.5.2.11, note that prime divisors of 



v{i) (for V £ S) measure "levai lowering congruences" a,t v € S: by Tate's theory, 
for such V, the ^-torsion G[£] over Fy is isomorphic as a Galois module - up to a 
possible twist by an unramified character - to the quotient 

In particular, if v{qy) = v(j) is divisible by £ and £ is co-prime to the residue 
characteristic of Fy, the mod ^-représentation is unramified at v if the residue 
characteristic of v is différent from £, and "peu ramifiée" (in the sensé of Serre [75^) 
if the residue characteristic of v is £. This is, conjecturally, exactly the condition 
that detects whether £ should be a level lowering prime. So the right-hand side 
indeed compares level lowering congruences on Y and Y' . 

A word on the suppositions. Item (ii) is essentially Question B(S) of |62j . We 
have absolutely no évidence for (i) but we can see no obvions obstruction to it, and 
it seems likely on random grounds absent an obstruction. 

Proof. In short, the idea is this: To evaluate Teg{Hi{Y)) and reg(fl'i(F')), 
we integrate harmonie forms on Y (resp. Y') against cycles 7^ as in § [5.2.3 As in 
that section, thèse évaluations are L-values; when we use Birch Swinnerton-Dyer, 



we will find that the Tamagawa factors Cy, as in (5.5.2.21, are slightly différent on 



both sides, and this différence corresponds to the right-hand side of (5.5.3.1 ) 



^^This ratio of iïi-regulators difîers by a volume factor from reg(y)/rcg(y), by | |5.1.0.19| . 
This arithmetic significance of the volume factors is discusscd, and completely explained in terms 



of congruence homology, in § 7.5 
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Define X to be the set of pairs (xi, X2) that satisfy {xi.v, X2,v) € Xy, where Xy 
is as on page |80| and moreover Xi are unraniified at ail ramified places for n or D; 
define X' similarly, but for D' . 

Let Lo (resp a;') be a harmonie form on Y resp. Y' corresponding to C and let tt 
resp. tt' be the corresponding autoniorphic représentation. Let R be the generator 
of the subgroup w C R, where 7 ranges over Hi{Y{T,), Z). Define similarly R' . 

Remark |5. 3. 6[ and statement (*) there in particular, shows that, if w is a har- 
monie form arising from a new vector in a représentation tt, ail of whose ramification 
is Steinber^ and if ^ is unramified, thcn: 

I r |2 

(5.5.3.2) ex A^f L(i/2,7r X XiW/2,tt x X2) 

{UJ,UJ) ^^^"^ 

where the constant of proportionality is the same for tt on or its Jacquet- 
Langlands transfer tt' on D' , and we wrote for the discriminant of the quadratic 
field extension of F attached to the character x- 

For each unramified datum S! for Y(J1) we may write J^^ u = ms>R, where 
TOc^ e Z; similarly, for each unramified datum & for Y'ÇE) we may write J uj' — 
m'^R'. 

Our assumption (i) implies that the greatest common divisor of ms*, where 
ranges over unramified data, is relatively prime to £; similarly for m'. 



It foUows from (|5.5.3.2|) that 

jeg{H,{Y'))) 



reg(Fi(y))V g 



where 

.9 = gcd(;,,,^,)Aif^^L(l/2,^ X Xi)i(l/2,^ x X2), 

and g' is defined similarly; again dénotes that the powers of i dividing both sides 
coïncide. 



We shall now apply the conjecture of Birch and Swinnerton-Dyer (5.5.2.2): 

,{UyC.{Cx))mcx) ^C, 



L(l/2,^xx)-2^ 



We have ^{C^) = il{C) ■ A^ ' and A^^A^^.^ = A^^^^! both of thèse use the 
assumption of unramified data ^. Since £ is not Eisenstein, the f-part of C;^(i^)tors 
is trivial for any x- Also, by |69j , the product of c„(C;^) over ail î; ^ E is a power 
of 2. 

Therefore, 

9' ^ ècà(x,x')^x'mCx)mCx')Y{y^^Cy{CMCx'y 
where, again, ~ means that the powers of £ dividing both sides coïncide. 

For w e E, put Ay gcd^^^^^j^^^. Cy{G^)cy{C^i). Now Cy{C^) is whoUy deter- 



mined by the w-component Xv for f G E. Therefore, assumption (il) of Lemma 5.5.3 



that is to say: the transfer of tt to GL2 has every local constituent at a finite prime v either 
unramified or Steinberg. 
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implies that 

^ n 

Indeed, requiring that both (xiîX2) & ^ and Cy{Cy^)cy{C-^') ~ ^„ is a finite set of 
local constraints, so that (ii) is applicable. 

Now an examination of the définition of A* and X' shows that: A„ ~ 1 unless Dy 
is ramified, and ~ 1 unless D'^ is ramified. In those cases, C has multiplicative 
réduction at v, and, as we have observed 

Ay^Cy{C) = \v{j)\. 

This concludes the proof. □ 



CHAPTER 6 



The split case 



This chapter is concerned with various issues, particularly of analytic nature, 
that arise when G is split. 

One purpose of this Chapter is to generahze certain parts of the Chapter 4 to 
the noncompact case - thèse results are concentrated in § |6.5| § |6.6[ and § |6.7| 
Thèse parts contain some results of independent interest (e.g. the upper bound on 
Eisenstein torsion given in § 6.7 1. 



However, the main purpose of the chapter is to prove Theorem |6.8.1| it com- 
pares Reidmeister and analytic torsion in the non-compact case. More precisely, 
we compare a ratio of Reidemeister torsions to a ratio of analytic torsions, which is 
a little easier than the direct comparison. This is the lynchpin of our comparison 
of torsion homology between a Jacquet-Langlands pair in the next chapter. The 



most technical part of the theorem is (6.8.1.1 1 



For the key analytic theorems we do not restrict to level structure of the form 
K-^. One technical reason for this is that, even if one is interested only in those 
level structures, the Cheeger-Miiller theorem does not apply to orbifolds. Rather 
we need to apply the equivariant version of this theorem to a suitable covering 
Y{K') ^ Y{K^). 



Once the définitions are given the flow of the proof goes: 



(6.0.3.3) 



(6.8.1.11 



Theorem 6.8.3 



Theorem 6.9.1 



The proof of Theorem |6.9.1 is in § |6.9| the left- and right- implication arrows are 
explained in § |6.8.4| and § 6.10| respectively. 



Here is a more detailed outline of some of the key parts of this Chapter: 

• § |6.1| introduces the basic vocabulary for dealing with non-compact manifolds 
In particular § |6. 1 . 1 | introduces the notion of height function that measures how 
far one is in a cusp. 

• § |6.2| discusses eigenfunctions of the Laplacian on non-compact manifolds. In 
particular, § |6.2.2| gives a quick summary of the theory of Eisenstein séries, that 
is to say, the parameterization of the continuons spectrum of the Laplacian on 
forms and functions. 

• § |6.3| is devoted to a définition of Reidemeister torsion and analytic torsion in 
the non-compact case. In particular: 

— § |6.3.1| discusses harmonie forms of polynomial growth and, in particular, 
specify an inner product on them. 

gives a définition of Reidemeister torsion, 
gives a définition of analytic torsion in the non-compact case. 



6.3.2 



6.3.. 



§ |6.4| analyzes in more détail some of the foregoing définitions for arithmetic 
manifolds Y{K). In particular. 
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§ 6.4.1 spécifies a height function on the Y{K) (the same height function 
that appears for instance in the adelic formulation of the trace formula) ; 

§ |6.4.2| analyzes the différence between homology and Borel-Moore ho- 
mology from the point of view of Hecke actions. 

§ |6.4.6| shows that, upon adding level structure at a further prime, thus 
replacing a subgroup Ks by K^iuq, the cusps simply double: the cusps of 
Y(E U q) are isometric to two copies of the cusps of YÇS). (This isometry. 



however, does not préserve the height functions of § 6.4.1 1. 
§ |6.5| extends certain results related to Ihara's lemma to the non-compact case. 
§ |6.6| carries out explicit computations related to Eisenstein séries on arithmetic 
groups, in particular, computation of scattering matrices on functions and forms. 
We strongly advise that the reader skip this section at a first reading. 
§ |6.7| gives an upper bound on modular forms of "cusp-Eisenstein" type 
|6.8| formulates the central resuit, Theorem |6.8.3| comparison of Reidemeister 



and analytic torsion in the non-compact case. We then explain why (6.8.1.1 1 
foUows from this Theorem. 

However, our resuit here is adapted solely to our context of interest: we 
analyze the ratio of thèse quantities between two manifolds with isometric cusp 
structure. 

§ |6.9| is the technical core of the Chapter, and perhaps of independent interest. It 
computes the "near to zéro" spectrum of the Laplacian on a truncated hyperbolic 
manifold. In particular it shows that thèse near-zero eigenvalues are modelled 
by the roots of certain functions /(s), g{s) related to the scattering matrices, 
is purely real analysis: it analyzes zeroes of f{s),g{s). 



6.9.2 



6.9.5 



shows that every zéro of f or g gives rise to an eigenvalue of the 
Laplacian. 

§ |6.9.8| goes in the reverse direction: every eigenvalue of the Laplacian is 
near to a root of f or g. 

§ |6.9.6| discusses issues related to eigenvalue 0. 



6.10 gives the proof of the main theorem (comparison between Reidemeister 



and analytic), using heavily the results of § |6.9| 

6.1. Noncompact hyperbolic manifolds: height functions and homology 

6.1.1. Hyperbolic manifolds and height functions. Let M he a finite 
volume hyperbolic 3-manifold — as usual, this may be disconnected- with cusps. 

We think of the cusps Ci , . . . , Cfc C M as being 3-manifolds with boundary, 
so that, firstly M — IJinterior (Ci) is a compact manifold with boundary; and, 
moreover, each Cj is isometric to 

(6.1.1.1) {ixuX2,y)Gli^ ■.y>l}/Tc, 

where a finite index subgroup of Te acts as a lattice of translations on (xi, ^2). We 
call a cusp relevant if ail of Te acts by translations. Cusps which are not relevant 
have orbifold singularities. 

We may suppose that the cusps are disjoint; for each cusp Ci, fix an isometry 



ai onto a quotient of the form (6.1.1.1 1. For each x € M, we define the "height" of 



a; as a measure of how high it is within the cusps: set 

'1, xiijc, 

y-coordinate of ai{x), x E Ci. 



(6.1.1.2) Ht(a;) = 



A height function on M is a function Ht that arises in the fashion above; such 
a function is far from unique, because the choice of the isometry ai is not unique. 
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If, however, we fix a height function on M, thcn "compatible" CiS (compatible 
in that ( 6.1.1.2[ ) is satisfied for sufficiently large heights) are unique up to affine 



mappings in the (xi, X2)-coordinates. We will often use {xi,X2,y) as a System of 
coordinates on the cusp, with the understanding that it is (after fixing a height 
function) unique up to affine mappings in {xi,X2)- 

In what foUows, we suppose that M is endowed with a fixed choice of height 
function. In the case of M — Y{K) an arithmetic manifold, we shall specify our 
choice of height function later. We shall often use the shorthand 

y = m 

e.g., writing "the set of points where y > 10" rather than "the set of points with 
height > 10", since, with respect to a suitable choice of coordinates on ÀIb, Ht 
coïncides with the î/-coordinate on each copy of H'^. 
This being so, we make the foUowing définitions: 

(1) For any cusp C, we define area(C) to be the area of the quotient {(^i , X2) G 
R^l/Fc — i.e., if r' is a subgroup of that acts freely, this is by définition 
area(R^/F') • [Te : F']^^. The measure on is the standard Lebesgue 
measure. 

Once we have fixed a height-function, this is independent of the choice 
of compatible isometries ai. We write area(9A/) for the sum J2c ai'ea(C), 
the sum being taken over ail cusps of M; we refer to this sometimes as 
the "boundary area" of M. 

(2) For any cusp C, we write vol(C) for the volume of the connected component 
of M that contains C. 

(3) Put 

i 

a finite union of hyperbolic cylinders. Then "the geometry of M at 00 
is modelled by Mb" Note that Mb is independent of choice of height 
function. 

The y-coordinate on each copy of H'^ descends to a function on M b ■ 
Thus, for example, y* defines a function on Mb for every s G C. 

(4) The height Y truncation of M denoted M<y, is defined as 

M<Y ^{y<Y}cM 

in words, we have "chopped off" the cusps. M<y is a closed manifold 
with boundary, and its boundary is isometric to a quotient of a 2-torus 
by a finite group — or, more precisely, a union of such. We sometimes 
abbreviate M<cy to My when there will be no confusion. We will similarly 
use the notation M[y/ y] to dénote éléments of M satisfying Y' < y < Y. 

Convention on boundary conditions: When dealing with the 
Faplacian on forms or functions on a manifold with boundary, we shall 
always suppose the boundary conditions to be absolute: we work on the 
space of difïerential forms uj such that both w and dw, when contracted 
with a normal vector, give zéro. 



^It is neccssary to be précise about this because we will use the height function to truncate M, 
and then compute the Laplacian spcctrum of the resulting manifold; this is certainly dépendent 
on the choice of Ht. 
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(5) We set dM to be the boundary of Af<y for any sufficicntly large Y\ we 
are only interested in its homotopy class and not its metric structure, and 
as such this is independent of Y . 

We have long exact séquences 

> Hi{M, Z) -> W{M, Z) ^ W{dM, Z) ^ Hl+^ ^ • • • 

and we define as usual cuspidal cohomology 

(6.1.1.3) iîf (Af, Z) = image(iï;^(M, Z) — > H\M, Z)) 
We dénote correspondingly 

iïj,.(Af, Z) = image(i7j(A/, Z) — > Hj^bm{M, Z)), 

where BM dénotes Borel-Moore homology. 

We have the foUowing isomorphisms, where, if M has orbifold points, 
one needs to additionally localize Z away from any orbifold primes: 

i/3-"A/,Z)~iï„(A/,Z), 

(6.1.1.4) H^-''{M,Z) ~ H^^{M,Z), 

H^-''{dM,Z) ~ H„{dM,Z). 

The first two are Poincaré duality and Borel-Moore duality respectively. 
The last cornes from Poincaré duality for the closed manifold dY{KY,). 

(6) We put bj{M) — dim Hj{M,C), the jth complex Betti number. In par- 
ticular, 6o(Af) is the number of connccted components of M. 

As mentioned, in the arithmetic case we shall endow Y{K) with a certain, 
arithmetically defined, height function. In this case we write Y{K)t and Yb{K) 



for M<:t and Mb respectively. We shall later (§ 6.4.1 1 describe Y{K)t and Yb{K) 
in adelic terms; the primary advantage of that description is just notational, be- 
cause it handles the varions connected components and cusps in a fairly compact 
way. The truncation Y{K)t is in fact diffeomorphic to the so-called Borel-Serre 
compactification of Y{K) but ail we need is that the inclusion Y{K)t ^ Y{K) is 
a homotopy équivalence. 

6.1.2. Linking pairings. We now discuss the analogue of the linking pairing 



(§ 3.4.1 1 in the non-compact case. Suppose that p does not divide the order of any 
orbifold prime for M . 

We have a séquence: 
(6.1.2.1) 

Hi{M,Zp) ^ H^MMpfZpy ^ Hl{M,Zp) A Hl{M,q,j,/Zp) = //i,bm(M, Zp)'' 

where the morphisms are, respectively, duality between homology and cohomology, 
Poincaré duality, a Connecting map (see below), and duality between Borel-Moore 
homology and compactly supported cohomology. The map 5 is a Connecting map 
in the long exact séquence: 

• • • ^ Hl{M, Qp) ^ Hl{M, Qp/Zp) A Hl{M, Zp) ^ HI{M, Qp) ^ . . . 

which we may reformulate as an isomorphism 

Hl{M, Qp/Zp)/ {Hl^,) ^ Hl{M, Zp)t„,. 



From (6.1.2.1 1 above we now obtain an isomorphism 

Hi{M, Zp)tors — > ^^i,bm(A^, Zp)t 
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By means of thc map Hi{M,Zp) ^ Hi^BM{M,Zp), we obtain a pairing on 
Hi.torsiM, Zp) but it is not perfect. There are, however, two situations of interest 
where one can deduce a perfect pairing from it: 

• Localization: Suppose that T of correspondences acts on M (e.g. a 
Hecke algebra) and m is an idéal of T with the property that the map 
Hi{M,Zp) — T' Hi^bm{M,Zp) is an isomorphism when completed at m, 
then we do obtain a perfect pairing: 

(i/l(M, Zp)tors)„ X (iîi(Af,Zp)tors)„ Qp/Zp. 

Cusps have no homology: If we suppose that Hi{dAI, Zp) — (this will 



be often true for us, by § 6.4.31, then we have a séquence 
ffi(Af, Zp) ^ ffi3M(M, Zp) ^ ker(iîo(aM, Zp) ^ iîo(M, Zp)) 
The final group is torsion free, and so we obtain an isomorphism 
Hi{M, Zp) 

tors tors • 

Thus in this situation we obtain a perfect pairing on Hi^tomiM, Zp). 

6.2. Noncompact hyperbolic manifolds: eigenfunctions and Eisenstein 

séries 

6.2.1. Constant terms. We continue with our prior notation: M is a non- 
compact hyperbolic 3-manifold endowed with a height function Ht. 

We say that a function (or differential-form) / on M is of polynomial growth 
if II /(s) Il < A ■ mix)^ for suitable A, B. 

The constant term of the function /, denoted by /^v, is the function on C that 
is obtained by "averaging over toric cross-sections," characterized by the property: 

(6.2.1.1) /jv o (7^1(2:) = TTTT / f o a:r^[xi,X2,y)dxidx2, 

area^Cjj J{xi,x2)e'R.^/rc- 

we shall again give an adelic formulation of this later. This has a natural analogue 
for / a differential form — one simply writes / o cr~^ as a combination Adxi + 
Bdx2 + Cdy and replaces each of A, B, C by their averages Ajv, Bj^, C^. In fact. 



although (6.2.1.11 defines /a? only on the cusp C, this définition can be naturally 
extended to Mb by integrating on the corresponding horoball on M. 

Recall that a function (or differential form) is called cuspidal if /jv is identically 
zéro. 

If / is an eigenfunction, then / is asymptotic to /jv — denoted / ~ /jv — by 
which we mean the function / — on C decays faster than any power of Ht(x). 
This rapid decay takes place once the height is sufficiently large; intuitively the 
"wave" corresponding to / cannot penetrate into the cusp once the width of the 
cusp is shorter than its wavelength. 

More precisely: 

Lemma. /// is an eigenfunction of eigenvalue —T^, then there is an ahsolute 
constants bo, A for which 
(6.2.1.2) 

\\f{x)- fNix)\ < ||/|U2(M<,)exp(-6o-Ht(x)), A(l + T^) < Ht(x) < r/2. 
// / satisfies relative or absolute boundary conditions on M<y , then 
(6.2.1.3) \f{x) - fN{x)\ < ||/||l2(m<,) exp(-6o • Ht(x)), Ht(x) > ^(1 + T^). 
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that is to say, the prior estimate (6.2.1.21 actually holds up to the houndary of 

M<Y- 

In both cases, similar estimâtes hold on the right-hand side for any derivative 
— i.e., any monomial in dxi,dx2,dy — of fixed order. A similar estimate holds if 
f is an eigenfunction of the Laplacian on j-forms. 

This Lcmma is, in fact, quitc important to us. We will later show that eigen- 
functions on M<y (for Y large) are well-approximated by restrictions of eigenfunc- 
tions on M (at least for small eigenvalue), and this plays an important rôle in 
showing that the eigenfunctions on My are not too big near the boundary. 

The proof is by considering the Fourier expansion; each Fourier coefficient 
satisfies a differential équation that forces it to be an explicit multiple of a Bessel 
function, and thèse can be analyzed by hand. The slightly unusual statement is 
due to the possibility of the Fourier expansion of / containing ternis of exponential 
increase in y. 

Proof. This is proved by direct analysis of Fourier expansions. We give the 
proof only for zero-forms, the other cases being similar: 

According to [31 Theorem 3.1] for instance (or rather the proof of loc. cit.), 
f ~ fN admits a Fourier expansion that is a sum of terms expressed, in local 
coordinates (xi,X2,y) on each cusp, as 

{x,,X2,y) ^a^F,(27r|A.|y)e2-<^'(---^« 

here /i varies over the dual lattice to the translation lattice of the cusp and F E 
spa.n{Is, Kg} is a linear combination of Ig and iCg-Bessel functions, and 1 — is 
the eigenvalue of /. In what foUows we are going to assume that > 1 for every 
such n- If this is not true it merely changes the constants bo,A in the statement of 
the Lemma. 

The desired relation ( 6.2.1.2[ ) foUows from the asymptotic expansion of / and 



K, namely, I(y) ^ -?w= and K(y) ^ "f " , this being true in the range \y\ 3> 

(1 + |s|)^. (See [H page 378] for more précise asymptotic expansions.) Now this 
asymptotic expansion implies — under the assumption that y > 10(1+ T^) — that 

(6.2.1.4) 

|^^,(27r|M|2/)'|«exp(-7r|/i|y) / \Fs{27r\fi\y)\^^ {10(1 + T^) < y < Y/2) 

Ji r 



One easily vérifies (6.2.1.4) for F ~ I or F ^ K separately, using their asymptotic 
expansion. Now ( |6.2.1.4| ) for F an arbitrary linear combination of K, I foUows 
from the approximate orthogonality of K, I, more precisely from the inequality 
\\aI + bK\\l2 > \ (||a/p + \hK\^) , where, on both sides, the norm is on \[i\Y\ 
witli respect to the measure dy/y^. To see this we only need note that the form 

^ We can identify the translation lattice of a cusp with a sublattice of C via {xi,X2) i— > 
x\ + ix2\ we can identify then its dual with a sublattice of C via tho pairing {z,w) h-> Re(2«ï), 
and therefore we may think of £ C also, thus the notation 

^ For example, when F = K, the left-hand side is bounded by e~^^\'^\y ■ , up to constant 
factors, whereas the intégral on the right-hand side is bounded below by a constant multiple 

of r'°''+f'^ e-4'^l^l-X-4dx > e-4-lMl(6(l+T2))(l +t2)-4 > ^-2.5nMyy-4 ^ ^-S^My^-l^ 
^ 5{'L-\-T ) 

Similarly for F = I. 
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2ll-'ll 

than 



2{I,K)xy+\\\K 
/|P • so long as Y is large enough. 

By Cauchy-Schwarz, we see that, if 6 = 7r/2 say. 



^y^ is positive definite, because (/, K)'^ is much smaller 



^a^i^s(27r|/i|?/)e 



2-ni{tJi.,{xi,X2)) 



<C exp(— 



< 



^.(27r|Ai|y)| 



< exp(-6y)||/||i2(My). 



To verify (6.2.1.31 we observe that the Fourier expansion of F must consist 



(for example, in the case of relative (Dirichlet) boundary conditions) in a linear 
combination of functions Gg^^{y) where 



Gs,^, i^s(27r|M|y) 



Ks{2^l\^i\Y) 



/s(27ri|^|y), 



Is{1^:\^Ji\Y) 

this foUows by noting that each Fourier coefficient must individually satisfy Dirichlet 
boundary conditions, and so restricts to zéro at y = y. Similarly, in the case of 
absolute (Neumann) boundary conditions, we obtain a linear combination of similar 

functions G'g{\^i\y) with Gs := Ks{2m\^ji\y) - ^fj^^^^^^^Is{2iTi\^JL\y). We proceed in 
the case of Dirichlet conditions, the Neumann case again being similar: 

Then the asymptotic expansions imply ~ again, assuming that Y > 10(1 + r^), 
but without the restrictive assumption that y < Y/2 - that 

(6.2.1.5) |G,(|A^|y)| <exp(-^|A*|y) / \GsM. 



yi 



hence (6.2.1.31 foUows similarly. 



Tocheck (6.2.1.51, note that 



^-(^"IH^) /,(27ri|M|y) 



< 



\K,{2ni\^Ji\Y)\ < |if,(27rz|/i 



I,{2Tri\^l\Y) 

at least for y larger than some absolute constant; that means, in particular, that 
\Gs,tj.{y)\ is bounded by 2\Ks{2Tr\ fi\y)\. But the right-hand side intégral exceeds 
a constant multiple of the same intégral with Gg^^ replaced by |i4rs(27ri|/x|î/)p, by 
means of the discussion after (6.2.1.41. Consequently, (6.2.1.51 results from the fact 
that, for F, 



Kg, (6.2.1.41 is actually valid for y <Y, not merely for y < Y/2. 



□ 



We put 



A^/(a:) 




m{x) < Y 
m{x) > Y. 



6.2.2. Summary of results on Eisenstein séries. We présent in summa- 
rized form the parameterization of the continuons spectrum of the Laplacian on 
forms and functions on M. This parameterization is in terms of the continuons 
spectrum of the Laplacian on Mb ■ 

We assume familiarity with some of the standard results on Eisenstein séries; 
for example, the treatment in Iwaniec [48j; although this référence addresses hy- 
perbolic two-space and only the case of functions, the generalizations necessary for 
hyperbolic 3-space and for j- forms are quite routine. 
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6.2.2.1. Spaces of functions and forms on Mb- We dénote by C°°{s) the space 
of functions on Alg that are a multiple of y^^^ on each component. We dénote by 
ri+(s) resp. ri~(s) the space of 1-forms on Mb that are a multiple of y''{dxi+idx2) 
resp. y~^{dxi — idx2) (note the —s in the second définition!) on each component. 

If each cusp has no orbifold points, the dimension of ail three spaces equals the 
number of cusps of M . We dénote this number by h. In gênerai the dimensions 
of f2*(s) equals the number of relevant cusps (denoted h^c\) a-nd the dimension of 
C°°(s) equals the number of cusps: 

We sometimes write simply C°° (resp. Î7+,Î7~) for thèse respective spaces 
when s = 0. Thus, for / g C°° , we have f ■ y'^ & C°°{s), and our discussion of 
dimensions says: 

dimil^ = dimfi^ = /irci , dim = h. 
We introduce inner products on C°° , f2+, Cl^ for purely imaginary s via the rule 

(6.2.2.1) {f,g) = f {f,g),, 

Jlït(x)=T 

where the measure on the set IIt(a::) = T (this set has an obvions structure of 2- 
manifold) is the measure induced by the hyperbolic metric, and {f,g)x is the inner 
product on the space of functions/forms at x induced by the hyperbolic metric. 
Since s is purely imaginary, the resulting inner product is independent of the choice 
of T. 

6.2.2.2. Functions. For / g C°°(0) and s ^ 0, the theory of Eisenstein séries 
implies that there exists a unique eigenfunction E(s, f) of the Laplacian on M, 
with eigenvalue 1 — s^, and with the property that 

E{sJ)^f-y' + g-y-', 

for some g G C°°(0). Indeed, the association f ^ g defines a meromorphic linear 
operator ^(s) : C°°(0) — >■ C°°(0), the so-called scattering matrix; thus 

f-y' + {^{s)f)y-^ 

is the asymptotic part of an eigenfunction. The uniqueness implies that ^'(s)^'(— s) = 
id. I^We will write tp{s) :— detî'(s) for the déterminant of î*. 

Moreover, choosing an orthonormal basis B = {fi, . . . , fh} for C°°{0), the 
functions E{s, f) for s G îR>o span the continuons spectrum of the Laplacian — 
that is to say, for any square integrable 1-form F, we have the relation 

(6.2.2.2) \\Fr = j2ip^i^j)' + irT. / mm^^m', 

where is an orthonormal basis for the discrète spectrum of the Laplacian on 
functions. 



Thèse statements remain valid in slightly modifiée! form at s = 0; we leave the formulation 
to the reader. 
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The so-called Maass-Selberg relations assert thai[^for s,t £ iR, 

(6.2.2.3) (A^i?(/,s),A^£;(/',t)) = {f,f)^ + {ns)fMt)f)^ 

S — t t — s 

-y^ — s — t \rs-\-t 

+ (*(.)/,/') — +{f,^,(t)r)— 

—s — t s + t 

In particular, taking the limit as s — >■ t (and still assuming s is purely imagi- 
nary), 

||A^£;(/,s)|i2 = 2iogy(/,/)-(*(s)-ivi/'(5)/,/) 

(6.2.2.4) + 

where ^''(s) ^î'(s); this implies in particular that 

(6.2.2.5) -î'(s)-iî''(s) is bounded below, s e iR, 

i.e. — ^'(s)^^î''(s) + tl is positive definite for some t > and ail s. 

The foUowing observation will be of use later: if h{s) is an analytic function 
satisfyin g fa(-s) = h{s), and J(s) = (/, î'(s)/)^ - (^'(s)/, /)^^ is the second 
term of ( |6.2.2.4| ), then 

/ h{t)J{it)dt - 7rh{0){^{0)f, /) = decaying as F ^ oo 

as one sees by shifting contours. |^ 

6.2.2.3. Forms. For each u! € ri+(0), there exists unique ou' G ri~(0) with the 
property that there is an eigenfunction of the Laplacian on 1-forms, with eigenvalue 
— s^, and asymptotic to 

(6.2.2.6) uj-y" +uj' -y-'. 

The association a; H> defines a meromorphic map <i>+(s) : ri"'"(0) — > ri~(0). 
The operator ((>+(s), for s G iR, is unitary for the unitary structure previously 
defined. The inverse of <i>+(s) is denoted <i>~(s). We dénote the unique differential 
form asymptotic to (6.2.2.61 by E{uj,s) or E{uj',s): 

(6.2.2.7) E{uj,s)^ uj- y'+ ^+{s)uj-y'' (w G r2+(0)), 

(6.2.2.8) E{uj',s)^ w'. y-'+ <i>- {s)uj' ■ y" (w e 17^(0)). 

Note the funny normalization of signs! In particular, <i>~(s)<i>+(s) = 1. 

Fixing an orthonormal basis uji, . . . ,iOr for f2"'"(s), the functions E{ijJi, s) form 
an orthonormal basis for co-closed 1-forms on Y{K), i.e., forms satisfying d*uj — 0; 



^The "short" mnemonic is that the right-hand side is the regularized intégral 

f rcg 

-E(f,s)N-Eif',t)N 

m>Y 

^Write A{s) = (*(-s)/, /)y2s^ go that J{it) = 2»^^~''^ ' Shifting contours, 

Himu)=f Ht)m=( mm,,^f mm,, 

t6R Jlm{i)=« Jlm = i ^" Jlm=-i 

But A{it) decays rapidly with Y whcn lm(t) > 0. Shift the second term to Im = <5 also, leaving a 
residue of nh(0)A{0). 
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together, E{uji,s) and dE{f,s) form an orthonormal basis for 1-forms, that is to 
say: 

where ranges over an orthonormal basis for the spectrum of the form Laplacian 
acting on 1-forms that belong to L^. 

The Maass-Selberg relations assert that for wi,W2 G and s,t G iH, 

(6.2.2.9) (A'^Eis(s, wi), A'^Eis(É, ^3)) 

(6.2.2.10) = (c^i,c^2) • (^) + ($+(i)-^$+(s)c^i,W2)^. 

(one can remember this iising the same mnemonic as beforc, but it is a little bit 
simpler.) 

Taking the limit as É — > s, and a sum over an orthonormal basis for il+)(s), we 
obtain 

(6.2.2.11) E II E{s,u)f = (2/ircilogr) -trace($(s)"^$'(s)). 

Note that this reasoning also implies that, as in the previous case, 
— %r^ is bounded below, 

i.e. al — is positive definite for ail s € iR and suitable a > 0. 

6.2.2.4. 2-forms and S-forms; the Hodge *. The corresponding spectral décom- 
positions for 2- and 3-forms follow by applying the * operator. For the reader's 
convenience we note that, on H'^: 

dx2 A dy dy A dxi dxi A dx2 
*dxi = , dx2 — , *dy — , 

y y y 

*{dx2 A dy) = ydxi, *{dy A dxi) — ydx2, *{dxi A dx2) = ydy 

6.2.2.5. Residues. The function ^{s) : C°° ^ (and, similarly, s ^ E{s, /)) 
has a simple pôle at s = 1. We shall show that: 

The residue iî of î'(s) at s = 1 is, in a suitable basis, a diagonal 
matrix, with nonzero entries area(i9-/V)/vol(iV), where N varies 
through connected components of M. 

Proof. For any / G C°°, the residue of s 1— >■ E{s, /) at s = 1 is a function on 
M, constant on each connected component; we dénote it by Cf. We also think of it 
as a function on cusps (namely, its constant value on the corresponding connected 
component). Alternately, R{f) is a multiple of y on each connected component of 
Mb, and R{f)/y coïncides with c/ (considered as a function on cusps). Again, we 
refer to |48j for a treatment of the corresponding facts in hyperbolic 2-space, the 
proofs here being identical. 

A computation with the Maass-Selberg relations shows that, iî f — y-lc- (which 
is to say: the function which equals y on the component of Mb corresponding to 
Ci, and zéro on ail other components) then c/ takes the value 

„ „ , „N area(Ci) 
6.2.2.12 — ^ 

vol (Ci) 
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on the connected component of Ci, and zéro on ail other coniponents. 

Indeed, it is enough to check the case of M connected. The Maass-Selberg 
relations show that ||c/||^2(jv,j) = {R{f):f)c°°- In particular, if we write rm for the 
value of c/ when / is the characterstic function of the cusp Ci, we have, for any 



scalars Xi, vol(M) \ J2ximi\'^ — ^ XiTO;^ a;jarea(Cj), whence (6.2.2.121. □ 



Observe for later référence that the kernel of the map j ^ Cf (equivalently 
/ H> R{f)) consists of ail / = ^Xi{ylci) such that 

(6.2.2.13) ^Xiarea(C,) = 0, 

where the Ci vary through the cusps of any connected component of M. 

6.3. Reidemeister and analytic torsion 

We define carefuUy the regulator, Reidemeister torsion, and analytic torsion in 
the non-compact case. We shall first need to discuss harmonie forms of polynomial 
growth and how to equip them with an inner product. It is worth noting that for 
our purposes, when we are comparing two manifolds, the exact définition is not so 
important so long as one is consistent. 

Let M be any hyperbolic 3-manifold of finite volume, equipped with a height 



function Ht as in § 6.1 Our main interest is in the case M = Y(K), equipped with 
Ht as in § [6XT| 

6.3.1. The inner product on forms of polynomial growth. We will de- 
fine below a spécifie space Jf^ of harmonie forms (0 < j < 2) uch that: 
The natural map H'-' {M, C) is an isomorphism. 

• For i ~Ç\ we take to consist of constant functions. 

• For j = 1, we take to consist of cuspidal harmonie forms together 
with forms of the type Eis(a;,0), where uj G ri"'"(0). 

• For j = 2, we take J(f^ to consist of cuspidal harmonie 2-forms together 
with forms of the type *dE{f, 1) where / G C°°{0) is such that s i— E{f, s) 
is holomorphic at s = 1 (equivalently: / lies in the kernel of the residue 
of ^-(5) at s= 1). 

One vérifies by direct computation that the map to H\M, C) from this sub- 
space is an isomorphism. For j = 1 , 2 we have a canonical décomposition 

^ = f]^_p(M)©f]^E;,(M), 

where ^{^^^^{M) is the space of cuspidal j-forms (i.e. w^r = 0), and figjg(Af) is the 
orthogonal complemenij^of î^^^^p. Moreover, ^.^^^^^{M) maps isomorphically, under 
^ H\M, C), to the cuspidal cohomology Hf{M, C). 

6.3.1.1. An inner product on . We introduce on f2gjj,(M) the inner product 

(6.3.1.1) IMP-lim '^^fV ■ 

Y log Y 

where the inner product (w, at each point of M is taken using the Riemannian 
structure. In explicit terms, if = aidx\^ hidx^, then the norm of a equals 



^This makes sensé even though éléments of M" are not square integrable, because éléments in 
f^cusp a-re of rapid decay, and therefore can be integrated against a function of polynomial growth. 
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X]iarea(Ci) • (|aip + |6ip). |^ This norm has faiiiy good invariance properties, e.g., 
the Hecke operators act self-adjointly, etc. 
We now endow 

with the direct sum of the two inner products defined. 

6.3.1.2. An inner product on Jif^. For the définition of Reidemeister torsion 
later we will use only H2], in fact, but the gênerai setup will be of use later. 

Unike Jif^, there is no "good" inner product on (in a suitable sensé, ^ 
grow only logarithmically at 00, but this is not so for ^). We make the more or 
less arbitrary définition: 

(6.3.1.3) II^IP = lim / {oj,u), {ujenl,,) 

which, although analogous to the prior définition, has no good invariance properties 
— for exaple, the Hecke operators do not act self-adjointly. Again we endow 

Jf^ ^?usp ® ^Eis 

with the direct sum of the standard inner product on the first factor, and the inner 
product just defined, on the second factor. 

The inner product on fî^jg is simple to compute explicitly: Supposing for sim- 
plicity that M is connected (the gênerai case foUows component by component). 
Let Cl,. . . ,Ch be the cusps of M. For u = (ui, . . . , Uh) £ C'' such that ^ Wj = 0, 
let LU S Ogig be such that j^ uj — Ui. Then 

(6.3.1.4) \\u:f = i^area(C,)-V,p 



Indeed a*uj — arcade .■^ dxi/\dx2+ rapidly decaying, from where we deduce (6.3.1.41 



6.3.2. Définition of Reidemeister torsion. We define 

lf,on^\ fAr\ reg(-H'i)reg(g33M) 
6.3.2.1 reg Af = — — 

reg(iîo)reg(iÏ2!) 

where 



reg(iïi,?) 



det 



and 



(for i G {0, 1}) the éléments ji G Hi{M, Z) are chosen to project to a basis 
for Hi{M, Z)tf, and the ojj are an orthonormal basis for Jff'^; 
(for i = 2) as above, but replace Hi{M, Z)tf by the torsion-free quotient of 
H2,\{M, Z), and the ujj are an orthonormal basis for the space of cuspidal 
harmonie 2-forms. 



*^An équivalent définition is 
(6.3.1.2) = / wjv Aâ7i7, 

this holding true for any Y large enough. Here, if c!*ujj^ = adxi + bdx2, then ujjf is defined to 
be the diff'erential form on Mg so cr*LÛ~^ = bdxi — âdx2 (this looks more familiar in eoordinates 
xi ± 2x2!) . 
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(for î = 3) as above, but replace Hi{M, Z)tf by the torsion-free quotient 
of Hf^{M,Z), and the LUj are an orthonormal basis for the space of 
harmonie 3-forms (= multiples of the volume form on each component). 



See also after (6.3.3.2) for some further discussion. Our ugiy définition here 
pays off in cleaner theorems later. 

If M is compact this specializes to (5.1.0.191. Note that 
1 



(i) reg{Ho) 



and reg(iÎ3) — y/vol{M). We foUow our convention 



that vol dénotes the product of volumes of ail connected components. 
(ii) If M were compact, reg(7îi)reg(-ff2.!) = 1, which recovers our earlier déf- 
inition 



The définition of Reidemeister torsion given in § 5.1 - see équation (5.1.0.20) 
- now carries over to the non-compact case also, namely: 

(6.3.2.2) 



(6.3.2.3) 



RT(M) := |iïi(M,Z)torsr'reg(M) 
\H,{M, ZU-s\-'-yoliM) ''""^^^'^ 



reg(i?2!)' 

As always, vol here dénotes the product of the volumes of ail connected components. 



6.3.3. Explication of the iÎ2-regulator. In this section, we relate reg(iÎ2) 
and reg(iÎ2,!), which will be necessary later. 
Begin with the séquence 

Hf^{M, Z) ^ H2{dM, Z) ^ H2{M, Z) ^ H2<.{M, Z), 

where as before 7Î2,! is the image of H2 in H2^^- AU of the groups above are torsion- 
free, at least away from any orbifold prime for M . In what foUows we suppose there 
are no orbifold primes; if this is not so, our computation must be adjusted by a 
rational number supported only at those primes. 

Fix generatorsj^ (5i , . . . ,Sh for the free group H2{dM, Z)/image(iî^'^(Z)). Fix 
éléments 71, . . . , 7^ G H2{M, Z) whose images span 7Î2,!- Then: 



(6.3.3.1) H2iM,Z) = 0Z7,®0Z<Î„ 

j i 

where we have identified the Si with their image in H2 {dM, Z) . 

Fix orthonormal bases wi, . . . , cj,. for ri^(Af)cusp and ?7i, . . . , 77/1 for f2^(Af)Ei: 
Note that the ujiS are orthogonal to the Sj, that is to say 

/ w, = 0, 

because the w^s are cuspidal and so decay in each cusp. 



For example, if M is connected without orbifold points and we enumerate the cusps 
Cl, . . . ,Ch, we may take Si = [Ci+i] — [Ci], where [C] dénotes the fundamental class of a torus 
cross-section of C. 
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Therefore, the "matrix of periods" with respect to thèse bases is block-diagonal, 
and so: 



(6.3.3.2) 



reg(iÎ2) 



det 



reg(iÎ2,!) 



det 



det 



where we have used the définition: reg(iÏ2.!) = det ^ ujj^ . 

The latter factor det ^ r]j^ is easy to compute from (6.3.1.4): if M is con- 
nected with cusps Ci, then there is an equality 



det 



l ^j) = n(2arca(C,))"' 2area(C,) 



The computation on the right hand side is deduced from (6.3.1.41: the squared 
covolume of {{xi, . . . ,Xk) € Z'' : ^cc^ = 0} in the metric J^^i^ï is given by 
JJtti ■ ^a^^; the inverse on the left arises because this is Computing a covolume 
for cohomology. 

More generally, if Ni 

can also be written 



, Nk are the connected components of M, we deduce 



g/Hj] equals ttJ^ T^Ân' "^^i^h, in view of the discussion after (6.2.2.131 



(6.3.3.3) 



det 



'h 



VOl(M ) 



where R is the residue at s = 2 of î'(s), and det' dénotes the product of nonzero 
eigenvalues. We have foUowed the convention that vol dénotes the products of 
volumes of connected components. 



Although (6.3.3.3) looks unwieldy, it will be convenient when comparing the 



left-hand side between two différent manifolds. 

6.3.4. Regularized analytic torsion. We now présent the définition of the 
analytic torsion of a non-compact hyperbolic 3-manifold. 

Notation as previous, the operator e~*^, and its analogue for i-forms, are not, 
in gênerai, trace-class. Nonetheless there is a fairly natural way to regularize their 
traces, which we now describe: 

Let K{t;x,y) be the intégral kernel of e^*'^ acting on functions, i.e. the heat 
kernel, and let 

kt{x) = K{t; X, x). 

(In the case of forms, K{t; x, x) is an endomorphism of the space of forms at x, and 
we take the trace.) We also set A^kt{x) to be K^K{t;x,y) (the operator acts 
in the first variable x) specialized to x — y. By définition, 

A^kt{x) = kt{x) iim{x) < Y, 

and also kt{x) is of rapid decay: If we fix t, the quantity supjj^^'j.-j^y A^kt{x) 
decays faster than any polynomial in y. In particular, 

/ kt{x) = / A^kt{x) + ( rapidly decaying in "K ) . 
Jm^v Jm 
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In fact, either side is asymptotic to a linear polynomial in logy. This is a consé- 
quence of the Selberg trace formula, for example; see |38j . Assuming this, we may 
define the regularized trace: 

Définition 6.3.5. The regularized trace tr*(e~*^) is the constant term of the 
unique linear function of logY asymptotic to jj^^f^^kt, i.e. it is characterized by 
the property 

(6.3.5.1) [ /\^kt{x)dx ^ kologY + tr*{e-*'^), 

Here the notation A{Y) ^ B{Y) means that A{Y) - B{Y) ^0 as Y ^ oo. 

Of course this définition of tr* dépends on the choice of height function. We can 
be more précise about fco = fco(i): e.g., in the case of 0-forms, fcg = ^ ^"^^ g-t(i+s ) ^ 
where h is the number of cuspsj^ 

The Selberg trace formula may be used to compute tr*(e~*^) (see |38j for the 
case of functions); in particular, it has an asymptotic expansion near t = 0: 

(6.3.5.2) tr*(e-*^) - at'^'^ + bt'^^^ + ct'^''' log(i) +d+ 0{t^'^), 

We do not need the explicit values of the constants a, &, c, d, although they are 
computable. We define the regularized déterminant of A as usual, but replacing 
the trace of e~*'^ by tr*, i.e. 

(6.3.5.3) logdet*(A) = -^[^^ {v{s)-' {H{t) - H{<x>)y^^ , 

H{t) := tr*(e"*'^),i/(oo) = lim H{t) 

This définition requires a certain amount of interprétation: Split the intégral 
into /i(s) = /q and /2(s) = /]°°. The first term is absolutely convergent for 3fï(s) 
large and (by ( |6.3.5.2 )) admits a meromorphic continuation to 3fî(s) > —1/2 with 



at worst a simple pôle at s = 0; in particular, T{s) ^Ii{s) is regular at s = and so 
^|^^pr(s)~^/i(s) is defined. The second term is absolutely convergent for 3fï(s) < 



1/2 (as foUows, for example, from (6.3.5.4) below and elementary estimâtes) and 
indeed 35 Uo^('^)~^^2(s) = /^°° "^\"^°° ^dt. We interpret ( |6.3.5.3D as defining 
logdet *A as the sum of thèse quantifies. 

This leads us to the définition of the regularized analytic torsion: 



logra„(y) = J^(-l)^+Vlogdet*(A,), 



where Aj dénotes the regularized déterminant on j-forms. 

On the other hand, on the spectral side, we may write (for instance, in the case 
of functions, that is to say, 0-forms): 



10 



This computation of ko foUows easily from the spectral expansion 

1 f°° 

fct(x) = ^e-*^|^;,(x)|2 + _^ / Ê-*(l+^')|i?(/,it){x)|2 



l |6.2.2.2| l. 



t=0 
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(6.3.5.4) 

H{t) - H(oo) = 



-tXi 



1 

2^ 



-^(m)e"*(i+"')du + -e-*traceî'(0), 

ip 4 



where ^{s) is, as before, the déterminant of the scattering matrix, and \j are the 
nonzero eigenvalues of the Laplacian on functions. On the other hand one has 

(6.3.5.5) H{oo) = 6o, 

where 5o is equal to the number of zéro eigenvalues of the Laplacian in the dis- 



crète spectrum, i.e., the number of connected components of M. Both (6.3.5.4) 



and (6.3.5.51 foUow from (6.2.2.41. They mean, in particular, that H{t) — H{po) 
decays exponentially at oo to handle convergence issues in the discussion after 



(6.3.5.31. The case of 1-forms is slightly différent: because lies in the continuons 



spectrum, the decay of H{t) — H{oo) is only as t but that is still adéquate for 
convergence. 

6.3.6. Comparison of regularized trace for two hyperbolic manifolds. 

Suppose M, M' are a pair of hyperbolic manifolds with cusps C,C'. Suppose that 
there is an isometry tr : C — >■ C 

Then one can compute the différence tr*(e~*'^'*^) — tr*(e~*'^Aî') without taking 
a limit, which will be useful later. Indeed we show that 



(6.3.6.1) tr*(e"*'^'0 -tr*(e 



M) = 



kt{x) ^ 

M-C JM'-C 

kt{x) - K{(t{x)) 



k[{x) 



where ail intégrais are absolutely convergent. This holds for the Laplacian on j- 
forms, for any j; we do not include j explicitly in our notation below. 



To verify (6.3.6.1) let Cy = M<y Ci C. We may write 



tr*(e- 



-tA. 



= lim 

Y-s-oo 



kt{x)+ / kt{x)-ko{t)logY 

M-C JCy 



and similarly for AI' . Here fco(^) is as discussed after Définition 6.3.5 The coeffi- 
cients of logy, namely, fco(t) and fcg(i), are identical for M and M'; they dépend 
only on the cusps, and were given after ( |6.3.5.1 1. Subtracting yields the resuit once 
we verify that 



lim 



kt{x) 



K{x)\= / k^{x)-k'M^)). 

Cy / Je 



But it is easy to verify, by the "locality " of the heat kernel, that kt — k[o a is of rapid 



decay on C; in particular it is integrable. That complètes the proof of (6.3.6.1 1 



6.4. Noncompact arithmetic manifolds 

Thus far our considérations applied to any hyperbolic 3-manifold. In this sec- 
tion we specialize to the case of an arithmetic, noncompact 3-manifold. 

Thus G ~ PGL2 and F is an imaginary quadratic field. Recall (§ 3.1.1 1 that B 
is the upper triangular Borel subgroup of G = PGL2 and i^max is a certain maximal 
compact subgroup. 
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6.4.1. The case of adelic quotients. We specify a hciglit function for the 
manifolds M = Y{K) and tlien give adelic descriptions of the objects AIb,M<:t, 
notation as in §6.1.1[ 

Our présentation is quite terse. We refer to |43J page 46] for a more complète 
discussion. Define the height function Ht : G(A) — > R>o via 



m{bkf = \a{b)\ 

for h E B(A),fc e -f^maxi where a : B — > G„i is the positive root, and | • | is the 
adelic absolute value. We dénote the set Ht^"'^(l) by G{AY^\ Warning — this 
is nonstandard usage; also, the square on the left-hand side arises because of the 
différence between the "usual" absolute value on C and the "normalized" absolute 

value, cf. jÏÏXTI 

Recall from § |3.3.3| the définition of the arithmetic nianifold 

(6.4.1.1) Y{K) := G(i^)\H3 x G(A/)/A^ 

We define the height Ht(a;) oi x E y{K) to be the maximal height of any lift 



gx € G(A) (where we think of the right-hand side of (6.4.1.11 as the quotient 
Gi{F)\'G{K)/KryoK). Réduction theory implies this is indeed a height function in 
the sensé of §|6.1.1| more precisely, there exists a unique height function hç) in the 



sensé of § 6.1.1 such that Ht(a:;) = hçi{x) so long as either side is sufficiently large. 



In the notation of § 6.1.1 with M — Y{K), the manifold Mb may be described as 

Yb{K) B(F)\H3 x G{h.f)/K 

The function Ht descends (via the identification 'G{C) / K^o = H'^) to a proper 
function Ht : Yb{K) — > R>o. We write Yb{K)>t for the preimage of (T, oo] under 
Ht. Then, for sufficiently large T, the natural projection 

(6.4.1.2) Yb{K)>t ^ Y{K) 

is a homeomorphism onto its image, and the complément of its image is compact. 
Fix such a T — call it Tq — and define Ht : Y{K) — > [1, oo] to be To ofF the image 



of (6.4.1.2), and to coïncide with Ht on the image. 



6.4.2. Homology and Borel-Moore homology. Let Hc dénote compactly 
supported cohomology. As on page |92] there is a long exact séquence as foUows, 
for any (constant) coefficients: 

W-\dYiK),-) ^ HliYiK), -) ^ H\Y{K),-) ^ H\dY{K), -)..., 

where we set dY = ôF<t for any T; the homotopy class although not the isom- 
etry class is independent of T. Indeed, the inclusion dY<:T ^ Yb is a homotopy 
équivalence. 

As before, we focus mainly on the case K — K^, when we abbreviate the 
cohomology groups H'^{Y{K^), — ) by iî*(E,— ), and similarly for H^. Similarly, 
we dénote H\dY{KY,)-, — ) by iï*(9S, — ), and by i?i*(S, — ) the image of the group 
iî^(5],-)iniîHS,~). 

For homology, we have groups Hf^ and corresponding exact séquences and 
isomorphisms to the gênerai case: 
(6.4.2.1) 

H2{dY{K), -) ^ H,{dY{K), -) ^ H,(YiK), -) ^ H.^BuidYiK),-) 
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In particular, thc cuspidal homology iJij(S,Z) is defined to be thc quotient of 
iîi(S, Z) by the image of iîi(9S,Z), or, equivalently, the image of iîi(S,Z) in 

6.4.3. The homology of the cusps. An often useful fact is that the Hi 
of cusps vanish for orbifold reasons: 

Lemma 6.4.4. Hi{dY{Kj:),Zp) = H^{dY{K^),Zp) = for p ^ 2. 

This is certainly not true for gênerai level structures, i.e., {dY (K) , Zp) can 
certainly be nonzero. This is simply a spécial, and convenient, property of the 
i^E-level structures. Geometrically, the cusps of Y{Ks) are ail quotients of a torus 
modulo its hyperelliptic involution (which is a sphère with four cone points of order 
2), and in particular have trivial Hi in characteristic larger than 2. 

Proof. Cleaiiy, 

(6.4.4.1) Yb{K)= l[ T,\ïl\ 

ze-B{F)\G{Af) / K 

where the union is taken over B(i^)-orbits on G{Af)/K, and for z € Gi{Af)/K 
representing such an orbit, is the stabilizer of z in B(i^). 



a h 
c 

always contains an élément (call it èg) such that q;(6o) 



Write a : B — > G„i for the natural map 



In fact, choose any élément b e B(F) with a(6) = —1. Then the set of a; g 
Fy such that hn{x) lies in gK^g^^ is nonempty open for every v. Indeed, by a 
local computation, the image of B(i^y) H gKg^^ under a always contains, for any 
g G G{Af), the units Ô"^. By strong approximation there exists xq E F such that 
bn^xo) S gKg~^. Then bo = bn{xo) will do. 

This is enough for our conclusion: The élément bg, acting by conjugation on 
:= nker(Q;) = Z^, necessarily acts by négation; in particular, its co-invariants 
on iîi(r^, Zp) are trivial. □ 

Even in the gênerai case, i.e. under no assumptions on the nature of the level 
structure K , the Hecke action on the boundary is simple to compute: 

Lemma 6.4.5. For any Hecke eigenclass h G Hi{dK,C) there is a Grossen- 
characters ijj : Ap/F^ — > C^, such that: 

• The restriction of to F^ = C ^ is given by z ^ ^ z/z; 

• ip is unramified at any prime where K is conjugate to G{Ô'y) or K^^y; 

• The eigenvalue Xq{h) ofT^^ on h is 

(6.4.5.1) N(q)i/2(^(q)+^y 



^^We do not make any essential use of this. For example, we do not assume it is so for our 
main analytical computations, and in the gênerai case § |6.7| givcs a good handle on Hi{dY{K)). 
However, we often use it for essentially "cosmetic" reasons. 
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We omit the proof, which can be given by direct computation or via the theory 
of Eisenstein séries. 

Note the foUowing conséquence: Let S be the set of places at which the level 
structure K is not maximal. For any classes hi, h2 as in the Lemma, with corre- 
sponding characters ipi ip2, there exists q such that 

Aq(/i) ^ Aq(ft,2) mod [. 

whenever [ is any prime of Q above a prime i not dividing hp ■ liges lil ^ 

6.4.6. Relationship between Yb{K) and Yb{K'). The foUowing discussion 
will be used in the proofs of Section § 6.8 It says, roughly, that the cusps of y(SUq) 
are, metrically speaking, two copies of the cusps of Y{T,). 

6.4.6.1. Suppose S is a finite set of finite places disjoint from any level in K, 
and let K' — K O K-^, so that K' is obtained from K by "adding level at S." 

Then there is an isometry 

(6.4.6.1) YBiK')9É{l,2}~ xYBiK), 

where q = that is to say; Yb{K') is an isometric union of 21"' copies of Yb{K). 
Moreover, thèse 2"^ isometric copies are permuted simply transitively by the group 
of Atkin-Lehner involutions (see § 3.4.2). 

In view of the définition, 

Yb{K) = B(F)\H3 X G,{Af)/K 

Yb{K') = B(F)\H3 X G{Af)/K' 
it suffices to construct a B(F)-equivariant bijection 

(6.4.6.2) {1,2}- X G{Af)/K ^ G{A)/K'. 
In fact, the map 

A, : {1,2} X G(F„)/G(^,) G{F,)/Ko,. 



hKa^v, i = l 
bWyKo^v, i = 2 



where Wy = ^ ^ ) ' '^^^'^^^ ^ B(_F!u)-equivariant bijection and we take the 
product of A.y over ail w e S to get a map ( |6.4.6.2 ) that is even B(Ay)-equivariant. 

Remark 6.4.7. Note that this bijection does not préserve the height function. 
In fact, since ïlt{bwy) = ïlt{b)y/q^, we see that the height function on Yb{K') pulls 
back to the function on {1, 2}" x Yb{K) given by the product of the height on Yb{K) 
and the functions 1 i-^ 1, 2 i-^ ^/g^ for each w G S. 



Gcomctrically speaking, the quotient Gi{Fv)/ K^ ,, is identified with arcs on the Bruhat-Tits 
building; the Borel subgroup B(i<V,) is the stabihzer of a point on the boundary dB; the two orbits 
correspond to arcs that point "towards" or "away from" this marked point; and the Atkin-Lehner 
involution reverses arcs. Explicitly, in the action of B(i<V,) on G/i^H,,,, the stabilizer of both K-^^v 

and ( ^ î, ) -R'h v is the same, namely, éléments of B(i<'„) that belong to PGL2(^i,). 
\ roi, / 
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Remark 6.4.8. Choose an auxiliary place v not contained in S; and suppose 
K* C Gr{Fy) is such that K* is normal in Ky. Then Ky/K* acts on both sides 



of (6.4.6.1), where the action on {1,2}" is trivial, and the identification is equi- 



variant for that action. 

6.4.8.1. The topology of the projection dY{Il U q) — > dYÇE) can be deduced 
similarly: 

The preimage of each component P of dYÇS) consists of two components Pi, P2 
of dY{T, U q), interchanged by the Atkin-Lehner involution. The induced map 
H2{Pi) H2{P) are given by multiphcation by N(q) resp. trivial. 

In particular, if Q is any set containing ail but finitely many prime ideals, the 
cokernel of 

0i/2(SUq,Zp)-'^- ^iÎ2(E,Zp), 

where the maps are the différence of the two degeneracy maps, equals zéro unless 
p divides wp. Indeed wp — gcdj|gg(N(q) — 1). 



6.4.9. Congruence and essential homology, split case. The définitions of 
congruence homology of § |3.7.0.2| apply equally well to the compact and noncompact 
cases. 



6.5. Some results from Chapter|4]in the split case 

In this section we discuss the extension of varions results from Chapter Hjtothe 



split case. The assumption on the congruence subgroup property in Lemma 4-1-3 
known unconditionally here for p > 2, making ail the corresponding results uncon- 
ditional. 



• Ihara's lemma (Lemma 4.1.3) applies: the original proof made no restric- 
tion on G being nonsplit. 

• Theorem 4.2.3 still holds; the proof is given in § |6.5.1 below. 



• The level-raising theorem (Theorem 4.3.1) applies, with the same proof, 
since it relies only on Lemma |4.1.3| and Theorem |4.2.3[ 

After we give the proof of Theorem |4.2.3| in the split case, we give results about 
comparison of regulators, of exactly the same nature as Lemma |4.2.1| in the nonsplit 
case. 



6.5.1. Proof of Theorem |4.2.3| in the split case. Note that ail the natural 
maps iî^ — > have become isomorphisms, since we have localized at a non- 
Eisenstein maximal idéal. Indeed, as long as the idéal is not cyclotomic-Eisenstein 
this is true: such a localization kills H^{dY{K)), and in this setting H^{dY{K)) 
vanishes by §|6.5[ 
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Now the proof is exactly as the proof of Theorem |4.2.3| considering now the 
diagram: 

ker($J;;) kei{^m) 



Q,m 



Tl 



' n 



iîl(E, Qp)m 



ifi(S/q,Qp)2, ^ i/i(E/q,Qp/Z,)^ 



i/i(E/q,Zp)^ ^ i/i(S/q,Q,)^ 



coker(i>;î;) 

6.5.2. Comparison of regulators. 

Lemma 6.5.3. Suppose S is a level for which HiÇE, C)i~"®^ = 0, i.e. the level 
raising map : iïi(E/q,C)^ — >■ iîi(E,C) is an isomorphism. Then the cokernel 
of 

:iÎ2,!(S/q,Z)2^if2j(S,Z) 
is of order /iiif(S/q; q), up to orbifold primes. The same conclusion holds with H2\ 
replaced by Borel-Moore homology. 

Here km is as in § |3.7.1.3| 



Proof. As in the proof of Lemma 4.2.1 the map vp^j : iïi(E)tf H> -ffi(E/q)jf 



has cokernel of size iîi(S/q; q), up to orbifold primes. By dualizing (see (6.1.1.41) 

H^^{Y./c\, Z)2 iî|'^(S, Z) also has cokernel of order /iiif(i;/q; q), up to orbifold 
primes. The map H2.\ — >■ iÎ2,BM is an isomorphism with Z[2] coefficients, because 



of § 6.4.3 



□ 



Remark 6.5.4. There is a more robust way to pass from iÏ2,BM to H2,\, even 
if Hi{dY{K) did not vanish for trivial reasons: The Hecke action on the cokernel 
of congruence-Eisenstein, by our argument above; on the other hand, the 



Hecke action on Hi{dY{K)) has been computed in (6.4.5.1 ), and it is easy to show 
thèse are incompatible for most primes p. 

Theorem 6.5.5 (Comparison of regulators). Suppose that q is a prime in S 
and 7ïJ'^"''™(E, C) — {0}. Let bo be the number of connected components of the 
manifold Y (Y,). Let ft-nf be as in § 3.7.1.3 and put 



D = det {T^ - (1 + iV(q))2|ifi(E/q, C)) 



Let I?cusp be the same déterminant restricted to the cuspidal cohomology. Th 



en up 



to orbifold primes: 
(6.5.5.1) 



reg(gi(y(I]/q) x {1,2}) 
reg(iïir(S)) 



D 



|/iiif(S/q;q)r 
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whereas 
(6.5.5.2) 



reg(i/2!(l^(S/q) x {1,2}) _ |/îiif (S/q; q)| 



reg(F2!i^(S)) 
Moreover, in the same notation, 



cusp 



reg(go(y(I]/q) x {1,2}) ^ Yo\{Y{Y.)f/^ 
reg(7ïor(S)) vol(r(E/q)) ' 

and the H^^bm regulators change by the inverse of thèse. 

Note in this theorem that, e.g. Teg{Hi{M x {1,2})) is simply reg{Hi{M))^; we 
phrase it in the above way for compatibihty with some later statements. 

Proof. We first give the proof for Hi, which is very close to that already 
given in Theorem |5.4.1[ For simphcity we write the proof as if there are no orbifold 
primes; the gênerai case, of course, only introduces "fudge factors" at thèse primes. 

By Ihara's lemma, the cokernel of : iïi(I],Z) — > i7i(5]/q,Z)^ is congruence 
homology (at least at primes away from 2). Note that, just as in the compact case, 
the map Q : i/i(S, C) ~> iJi(E/q, C)^ is still an isomorphism; this is not so 
for H2, which is one reason why we work with H2\ rather than H2. In particular, 
the map "iftf : iïi(E,Z)tf — > iïi(E/q,Z)^f is still injective, and, as before we have 
the diagram: 



(6.5.5.3) 



(ker*)t 



Hl{Ti, Z)tors 



ker* 







iïi(S,Z) ^ iîi(S,Z)tf 



iJi(E/q,Z)Ls H,{^/q,Zf i/i(S/q,Z)?f 



coker(î'tors) 



coker(î') 



coker(^'tf) 



As before, the diagram shows that the order of coker(î'tf) equals the order of 
the cokernel of coker(î'tors) — > coker(\I'), equivalently, the order of the cokernel of 
iîi(i;/q,Z)?„,3 iïi(S/q,Z)cong, that is to say /inf (S/q; q). 

In the séquence iîi(S, Z)tf iïi(E/q, Z)^£ -V' HiÇE,, Z)tf , the composite map 
o v]/^ is given explicitly by Lemma |3.4.8[ from that we deduce 

|coker(î'tf)| • |coker(î't';)| = |coker(î'tf o ^t^f)\ = D. 

Therefore the size of the cokernel of î'^f equals D / hnfCS / q; q). 
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Choose an orthonormal basis wi, . . . ,L02k for iï^(S,R), and also choose a basis 
7i,...,72fe forii-i(S/q,Z)2j. Then 

det (7.,<i>^w,) = det (vI/^(7.),^.> = , ^ ' reg(i/i(S)) 

Now |coker(î'^)| = pj^^^^s/^- Also A $^^2 A ...$^t^2fc|| = and 

consequently, 

det (7,;,$^a;j) _„„„/I:r/^^^ 



reg(iîi(E/q))^ = ,|^v,. . .' . '^v,. ii = reg(iïi(E)) 



$^6^1 A$^c^2A...$^W2fc|| ' " /iiif(S/q)' 

which iniplies the desired conclusion 

We now turn to H2, or rather H2\', the proof of (6.5.5.1 1 is very similar to that 
just given. Fix a basis 7^ for H2 i(S, Z/q)®^ and an orthonormal basis wi, . . . , tJ2fc 
for f^Lp(S). Then: 

det (7,,$^c^,) =det (^-^(7,),^^-^) = |coker(î'ni • reg(-ff2!(S)) 

The ^'rWj do not form an orthonormal basis; indced, the map "^'^ multiplies 
volume by ^Dcusp, i-e. H^'r^i A $^a;2 A . . . '^^uj2k\\ = VD- Consequently, 



reg(i/2j(E/q)2 = 



det {"^^,<^'^u 



l^^wi A$^a;2 A ...$^Lj2fe| 



reg(iÏ2!(S)) 



cusp 



where we have used the fact (Lemma 6.5.31 that #coker(î'/) — /iiit(E/q). This 
implies (6.5.5.1 1. 



Finally the iîo-statement is clear. 



□ 



6.6. Eisenstein séries for arithmetic manifolds: explicit scattering 

matrices 

We briefly recall those aspects of the theory of Eisenstein séries. We need this 
to explicitly evaluate the "scattering matrices"; if the reader is willing to accept 
this on faith, this section can be skipped without détriment. What is needed from 
this section, for our later Jacquet-Langlands application, is only a comparison 
between the scattering matrices at différent levels showing that, roughly speaking, 
"everything cancels out;" thus the détails of the formulas do not matter, only that 
they match up at différent levels. 

In principle ail of the computations of this section can be carried out in classical 
language; but the reason we have adelic language is not mathematical but aesthetic: 
it makes the varions notational acrobaties involved in comparing the manifolds at 
two différent levels Y{K), Y{K') much easier. Recall that thèse manifolds are both 
disconnected and have multiple cusps in gênerai! 

The reader who prefers classical language may wish to study the paper of 
Huxley |47j which carries out a similar computation for arithmetic quotients of 
SL2(Z). 

Here is the main resuit of the section: 



Theorem 6.6.1. Equip and F(SUq) with the height function as in § 6.4-1' 

let î'si^'suq be the scattering matrices on functions and ^Sj^'suq the scattering 
matrices on l-forms. (Sec § 6.2.2 for définitions.) 
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Also equip x {1,2} with the height function induced by the identification 

Yb(EU q) ^ Yb{T.) X {1,2} of ( |6.4.6.1[ ), and let *sx{i,2} and $sx{i,2} be the 
corresponding scattering matrices. 

For s e C, z e Write M (s) = ( ] and 



q" 

1 f z^q^^{q—l) l — z^q' 



Here q — N(q). Note that N(z, s)N(l/ z, —s) is the identity and A^(±l, 1) is a 
projection with eigenvalue 1. 

Then there exists a finite set X of Grossencharacter^^ unramified at q, and 
matrices A^{s) (x G X) such that: 

(6.6.1.1) ^>{s) ^ 0A^(s), 

(6.6.1.2) «'sx{i,2}(s) ^ 0A^(s)®M(s), 

(6.6.1.3) *Euq(5) ~ A^(s)®iV(x(q),s), 

where we write ^ for équivalence of linear transformations^^ 

Exactly the same conclusion holds for <i>, with a différent set of Grossenchar- 
acters X. 

In particular the following hold: 
(1) If has size G N, then 

(6.6.1.4) '^''''wii'^) ^ Y[i,r- 



-2„s 



(6.6.1.5) ^^^^ = n(wq)V-^, 

(det *s(s)) \ 1- X{(\rq 

with exactly the same conclusion for allowing a différent set of Grossen- 
characters X. 

(2) Ats = 0, 

(6.6.1.6) trî'Eu{i.2}(0) = trî'suq(O) = 2tr*(0). 

(3) iîs, -Rex{i,2} I -Rsuq are the respective residues when s ~ 1, then iîsuq ~ 
iîs © whereas iîsx{i.2} ^ © qRn © 0, where dénotes a zéro matrix 
of some size. 

(4) Lei p be an auxiliary prime, not belonging to T. U {q}. Then the set of 
Grossencharacters X that arise in the above analysis for ^' is the same at 
levels E and S U {p}. The same is true for <i>. Moreover, the size of the 
corresponding matrices satisfies o^^^''^ = 2a^. 

Note that enunciations (l)-(3) are conséquences of (6.6.1.1 1, and (4) will foUow 
in the course of the proof of (6.6.1.1 1, so we will only prove that. 



-"-■^That is to say: charactors of k/^/F^ . 

^'^Thus, if A : y — )■ y and B : W W, we write A ^ i? if there is an isomorphism V W 
conjugating one to the other. 
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6.6.1.1. Measure normalizations. Wc havc normalized previously measures on 
A and (see § 3.5.2). We equip N(A) with the corresponding measure arising 

from the map y i—> ^ ^ ^ ^ , and we dénote by dib the left Haar measure on B(A) 
given in coordinates ^ ^ ^ ^ as \x\^^dx ■ dy. 

We equip G (A) with the measure defined to be the push-forward of ^dib ■ dk 
under (5, fc) G B(A) x PU2 x PGL2(i^) bk e G(A), where dk is the Haar 
probabihty measure on PU2 x PGL2(^). 

Push forward this measure to G(A) /PU2 x PGL2(^?'). This is a union of copies 
of H'^: for every gf G G(A/)/PGL2(^) we may identify 

G(C) X .g/PGL2(/^)/PU2 x PGL2(^) 

with G(C)/PU2 — H'^. On each such copy of H'^ the induced measure is the same 
as that induced by the Riemannian structure. 

We equip G(A)'-'^' with the measure obtained as the "fibral" measure of G(A) S> 
R>o, where the measure on R>o is dx/x. 

Push this measure forward to G(A)(^)/PU2 x PGL2(^). This intersects each 
component H"^ from above in a level set y = const. The induced measure on this 

j dxidx2 

6.6.2. The induced space. Let ^ be any character of C^. In what foUows, 
the character z 1— >■ = •\/^7^ s-î^d its inverse will play an important rôle, and 

consequently we dénote it by 77: 

rj : z eC^ ^ \J zjz. 

Define Vi{s,K) to be: 

X -k \ \ I |l+s. 



(6.6.2.1) |/ e C-(G(A)/i^) : / (^(^ ^ 1 j j = \x\'^'i{x)j{g), x € C> 

Note that \x\ dénotes the usual absolute value on C, so that, for example, 
|2| — 2; this is the square root of the "canonically normalized" absolute value that 
is defined for any local field, i.e., the effect of multiplication on Haar measure. 

When the compact K is understood, we write simply V^(s). This is a repré- 
sentation of G(R) of finite length (in particular, any Xoo-isotypical component has 
finite dimension). 

Multiplication by Ht(g)'' gives an identification Vç ^ç(s)- We shall often use 
this isomorphism without explicit comment that it is multiplication by Ht (5)''. 
We equip Vç(s) with the unitary structure 

\fi9)\'dg. 

S(_F)\G(A)(i) 

where we normalize measures in a moment; this unitary structure is G(A)-invariant 
for s purely imaginary. 
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6.6.2.1. We relate the spaces just introduced to to the standard présentation 
of Eisenstein séries (see, for example, |9]): 

Note that V^{s,K) décomposes according to Grossencharacters oî F: If we 
dénote by X{s) the set of characters Ap/F^ whose restriction to F^ = is 
^ • I • l — we sometimes abbreviate this simply to X when s is understood — then 



(6.6.2.2) V^{s,K)= I{x) 



K 



where, for x & character of A^, we put 

I(X) - {/ : G(A) ^ C smooth : f{bg) = x{mT 1^9) for h e B(A)}, 
Here we write x.{b) s-^id as shorthand for x.{ot{^)) ^-^id |q!(6)|a, where a is the 



positive root, as in (3.1.1.1 ). The set X{s) of characters is infinité, but only finitely 
many x^ X{s) have I(x)^ ^ 0. 

We will Write X as a shorthand for ^(0). Note that there is a bijection between 
X(0) = X and X{s) given by twisting by | • |^^^. 

We make a similar définition if x is a character of a localization F^ , replacing 
A by Fy on the right-hand side. In that case I{x) is a représentation of PGL2(i^t,), 
and there is a natural map ^yl{xv) ^ 2^(x)i where we use the restricted tensor 
product (see [35j). 

The theory of Eisenstein séries gives a canonical intertwiner Eis : Vç(s) 
C°° {G{F)\G{A) / K) that is meromorphic — that is to say, the composition 

V^{0,K) ^ V^{s,K) ^ C°°{G{F)\G{A)/K) 

is meromorphic, where the first identification is multiplication by Ht'*. If is 
unitary, this map is holomorphic when 5R(s) = 0. This map is uniqucly characterized 
by the property 

Eis(t;)(e) = Y. 

7eB(F)\G(F) 

whenever 3fî(s) > 2. 

There is a standard intertwining operator Vç(s) — >■ Vç-i(— s) given by (the 
meromorphic extension of) 

^ ^ (» " »l(N(^N(A)) U„ ( ; "o' ) ^ 

Then 

(6.6.2.4) Eis(/)jv = / + A^(/). 

where in this context the constant term Eis(/) n is defined, as usual for automorphic 
forms, via voi(N(f )\n(a)) /«gN(f )\n(a) Eis(/) (ng)drt; this will be compatible with 
our other usages of the notation. 

6.6.3. Vç and the spaces C°° (s) , fl"^ (s) . Recall that — for M a hyperbolic 
manifold — we have defined spaces of functions C°°(s) and of one-forms fi* (s) 



in § 6.2.2.1 In the case of an arithm etic M = Y{K), we shall now relate thèse to 



certain V^{s, K), defined as in 5 6.6.2 specifically for Ç = 1, 77 ^,77, where 77 = \^z/z 
as before. 



6.6. SCATTERING MATRICES 



115 



6.6.3.1. ^ trivial. When Ç is thc trivial character, éléments of V^{s, K)^°° de- 
scend to the quotient Yb(K); this gives an isomorphism 

In this identification, the unitary structure on V{s) induces the unitary struc- 
ture on C°°(s) given by 

[PGL2(^) : / 

Jm=Y 

where the intégral is taken with respect to the measure induced by the hyperbolic 
metric. The resuit is independent of Y when s £ zR. In particular it agrées up to 
scalars with the unitary structure previously described on C°°(s). 

6.6.3.2. (, = f]. Recall the notation p from § |3.5[ 
There is an isomorphism 

(6.6.3.1) (K,(s, K) ® p*)^~ n+{s) 

whose inverse is described thus: 

Firstly an élément of il+(s) can be regarded as a 1-form lj on H"^ x G{Af)/K, 
left invariant by B(i^), and satisfying 

(6.6.3.2) J Lu^\x\^+'r]{x)uj^\x\'x-uj. 



Indeed, (6.6.3.21 is just the same as asking that w is a multiple of y'^{dxi + idx2) 
on each H'^ component (embedded into H'^ x G{Af)/K via z H> {z,gfK) for some 
9f e G(A/)). 



Now we can construct the inverse to (6.6.3.11: Given a 1-form a; on H 



G{Af)/K, satisfying (6.6.3.21 and left invariant by B{F) (so in fact by N(A)B(F)), 



we associate to it the p*-valued function on G(A) with the property that 

^(5) = (5*w)|e 

for g G G(A). This therefore descends to an élément (K;(s) ^ p*)^^°° . 

The inner product on f2*(s) for s purely imaginary that corresponds to the 
inner product on K,(s) is given up to scalars by 

(6.6.3.3) / w AÔJ. 



Jm=T 

t-i/ 



In fact, the preimage Ht"'(r) is a 2-manifold, and the resuit is independent of 
T because cj A ô; is closed and [Ht"^(T)] - [Ht^^T')] a boundary. The space 
{V~^{s) p*)^°° is equipped with a natural inner product, derived from that on 
Vri{s) and the Riemannian metric on p. Up to scalars, this coïncides with the norm 



defined in (6.6.3.3 



Indeed, suppose that oj 6 r2+(s) corresponds to A 6 (V,;(s) <E) p*)^°°; then 

l|Af = / Il9*^{l)ll'd9 

But the signed measure ||3*tj(l)|p(ip, pushed down to dYg{K) = _B{_F)\G(A)(-'^' /KooK, coincides 
with the measure uj AU. Indeed, ||g*a;(l)|p = ||aj((ji)|p; on the other hand, we have noted earlier 
that dg pushes down to '^^i,^^^ each component of dYB{K). 
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6.6.3.3. ^ = 77 ^. Similaiiy, if we dénote hy Çl (s) the space of one forms on 
Yb{K) that are multiples of y^'^^dxi — idx2) on each component, then 



The corresponding inner product on D. (s) is given (up to scalars) again by (6.6.3.31. 

6.6.4. Local intertwining operators. For a nonarchiniedean local field fc, 
with ring of integers û, uniformizer w, residue field ff /tt of size p, and z S C ^ , let 
Xz be the character x & ^ ^vaX{x) ^ consider the local induced représentation 

I{z){= I{x.)) := {/ : VGU{k) -> C : / (^(^ 1 ) ■'^) " \x\''^ z"'''''^^ fig).} 

Let M : I{z) — > I{l/z) be defined by the local analogue of (6.6.2.31, taking the 
measure on N{k) to be the one that assigns mass one to N{û). 

Let /o G I{z) be the PGL2(^)-fixed vector that takes value 1 on PGL2(^). 
Set Kq C PGL2(^) to be the inverse image of the upper triangular matrices in 
PGL2(^/tî7), and let /i,/2 G I{z) be so that /i|PGL2(^) is the characteristic 
function of and /i + /2 = /o • Then 

(6.6.4.1) M{z)h = \~^'{^ /. 







matrix of M{z) in the basis {/i, /2} is given by 
M{z) 



the constant of proportionality here may be more familiar as — and the 



2^ 



\-Z^IP 1 / Z^{p^\) 



1 - z2 p - z2 \ p(l - Z^) p-l 



det M{z) 



X — z^IpS^ fp—Xjz^ 
p — z^ 



Moreover the eigenvalues of M{z) are ^^^r^ and 1 



6.6.5. Proof of theorem 6.6.1 Let Ç € {1,77,77^^}. Let S be a finite set 
of places, disjoint from any level in K. Let K' — K D K-b. We first analyze the 
scattering matrix for Y(K'), then for Y{K), and then by comparing them we obtain 
the statements of the Theorem (the Theorem foUows, in fact, from the case S = {q} 
and K = K^). 

6.6.5.1. Analysis of the scattering matrix for Y (K') . The scattering matrix for 
Y(K') can be computed by Computing the composite: 

a{s) : V^{K\0) ^ V^{K',s) A V^-i{K',~s) V^-r{K\0). 



After splitting Vç into spaces I(x) according to the décomposition (6.6.2.21, 
and decomposing each I(x) into a tensor products of local représentations I{xv) 
(defined as in the prior section), computation of a(s) above reduces to Computing 
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in particular for places w G ^. Hcrc, Hty is the local analogue of the function Ht, 
so that Ht = Ylv -Ht„, and Xv is the local constituent of a character x G X. 

This composite - with respect to the standard basis (/i, /2) for both the source 
and target prescribed in the prior subsection — is given by the matrix M(z) of the 
prior section, where z is the value of Xv on a uniformizer of Fy, and p = q-u, the size 
of the residue field of . 

This proves (after interprétation) the assertions of the Theorem concerning 
SU{q}. 

6.6.5.2. Analysis of the scattering matrix for Y{K) x {1,2}". Now let Ht be 



the puUback of Ht to Yb{K) x {1, 2}" under the isometry specified in § 6.4.6.1 



We analyze the scattering matrix for Y{K) x {1,2}" with height Ht' un- 
der (6.4.6.11. For this write H = (C^)*^", and regard it as the space of functions 



on {1,2}"; in particular H has an algebra structure by pointwise multiplication. 

We may identify Vi{s, K)®H with functions on {1, 2}" x Yb{K). In particular. 
Ht'" may be considered as an élément of Vi(s, K) ® H, and mutiplication by Ht''* 

defines a map V^{K, 0) ® H ^ V^{K, s) (E) H. 

With thèse identifications, the scattering matrix for Y{K) x {1, 2}" is given by 
the composite 

a{s) : V^{K, 0) (E) H ^ V^{K, s) (E H V^-i {K, ~s)(E)H^ V^-i (0) (g) H. 



Now we have an identification, as in (6.6.2.21, 



where Hy — C^^^^^ for w e S and Hy = C for ?j ^ S. With respect to this 
factorization. Ht' factors as the product (Ht„ ® {l,y/q^)), where {l,y/q^) G H 
is the vector that has value 1 on the first C factor and value on the second C 



factor (See Remark 6.4.71 



Accordingly, Computing a{s) reduces to Computing the local maps 

a„(s):I(x«) "®C — >X(xv\-\v' ) "®C I(Xv \ ■ \v ' ) ®C — > I{Xv ) 

for Xv a local constituent of some character % G X, and f G S. 

Recall that Ky — PGL2(^«) for v G S, for we are supposing that 5 is disjoint 
from any level in K. Write /o for the élément of I(X'u) that takes value 1 on Ky. 
Let 61,62 be the standard basis of C^. Then ay{s), expressed with respect to the 
standard basis fo®ei, fo®e2 for the source and target — is expressed by the matrix 

M[ \ "1 Y where M is now the scalar by which the intertwining operator acts 



ql^ , 

on /o (see ( |6.6.4.lD ) 



This proves (after interprétation) the assertions of the Theorem concerning 
Ex {1,2}. 



118 
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6.7. Modular symbols and the Eisenstein regulator 

In this section, we work with an arbitrary opcn compact subgroup K C G(Ay), 
and discuss the issue of "integrality" of Eisenstein séries. In other words: the 
Eisenstein séries gives an expHcit harmonie form on Y{K); which multiple of that 
form is cohomogically intégral? 

This is actually not necessary for our results on Jacquet-Langlands corre- 
spondence, and also is vacuous in the case of K = Ky, level structure in view 



of Lemma 6.4.4 However, it is interesting from two points of view: 

- The methods of this section should allow a complète understanding of the 
Eisenstein part of the regulator - in that sensé the présent resuit properly 
belongs to Chapter[5j 

- The methods lead to a bound on the cusp-Eisenstein torsion (notation 



of § 3.8.11, i.e., the torsion in Hi{Y{K)^7i) that lies in the image of 



Hi{dY{K),Z). 

We do not strive for the sharpest resuit; we include this section largely to illus- 
trate the method: We use "modular symbols" (that is to say: paths between two 
cusps, which lie a priori in Borel-Moore homology) to generate homology. When 
one intégrâtes an Eisenstein séries over a modular symbol, one obtains (essentially) 
a linear combination of L- values, but this linear combination involves some denom- 
inators. The main idea is to trade a modular symbol for a sum of two others to 
avoid thèse denominators. Since working out the results we have learned that simi- 
lar ideas were used by a number of other authors, in particular Sczech in essentially 
the same context. We include it for self-containedness and also give a clean adelic 
formulation. 

One pleasant feature of the current situation is that the harmonie forms associ- 
ated to Eisenstein séries have absolutely convergent intégral over modular symbols. 

Dénote by Z the ring of algebraic integers. In this section we shall define a 
certain integer e in ternis of algebraic parts of certain L- values (§ |6.7.3 1 and prove: 



Theorem 6.7.1. Let 

s e H\dY{K)M) 

be a Hecke eigenclass which lies in the image of H^(Y{K),Cl). Ifs is intégral (i.e., 
lies in the image of H^{dY{K),7j)) then s is in fact in the image of an Hecke 
eigenclass s G H^Y (K) ,Z[l]) . 

The integer e is the product of certainly easily compréhensible primes (as men- 
tioned, thèse could probably be removed with a little effort) and a more serions 
factor: the numerator of a certain L-value. We have not attempted for the most 
précise resuit. In particular, the method gives a précise bound on the "denominator" 
of s, rather than simply a statement about the primes dividing this denominator. 
In any case, let us reformulate it as a bound on torsion: 

The image oîHi{dY{K), Z) in Hi{Y{K),Z) contains no £-torsion 
unless i di vides e or is an orbifold prime. 

Proof. It is équivalent to consider instead the image of H^{dY{K),Z) in 
H^AYiK),Z). 



6.7. MODULAR SYMBOLS AND THE EISENSTEIN REGULATOR 



119 



Let i he a prime not dividing e. Take s e H^{dY{K),Z) whosc image m 
H^(Y{K),Z) is ^-torsion. Let sq be the image of s in (dY (K) ^ Q). The theorem 
applies to sq. Although sq may not be a Hecke eigenclass, we may write sq = 
^a^Si, where the Si G H^{dY{K),Q) are Hecke eigenclasses and the have 
denominators only at e, as foUows from the discussion after Lemma |6.4.5[ Then, 
according to the theorem, there is N such that e^Si hfts to H^{Y{K),Z). In 
particular, s maps to zéro inside H^{Y{K),Z). That proves the claim: the 
image of s in could not have been ^-torsion. □ 

Remark. One can in some cases obtain a much stronger resuit towards bound- 
ing the image of Hi{dY{K), Z). One method to do so is given by Berger (5 who 
uses the action of involutions, related to the Galois automorphism, on the manifold 
in question. Another method which is apparently différent but seems to have the 
same range of applicability, is to construct enough cycles in Hi(dY{K),Z) as the 
boundary of Borel-Moore classes in H2^bm{Y{K), Z), by embedding modular curves 
inside Y(K). We do not pursue thèse methods further here; in any case the latter 
method, and likely also the former, is fundamentally limited to the case when ail 
Eisenstein automorphic forms are invariant by the Galois automorphism o/i^/Q. 



6.7.2. Let X — Xq be the set of characters defined after (6.6.2.2), 
sponding to s = 0, and let X{K) be the subset with T{x)^ 7^ 0. Let 77(2) = 
as before. For x G -'^ let /(x) be t^c norm of the conductor of x, so that /(x) is a 
natural number. 

The formulation of the theorem involves an algebraic L-value. In order to 
make sensé of this, we need to define first the transcendental periods that make it 
algebraic. 

6.7.3. Periods and integrality of L-values. To each imaginary quadratic 
field F we shall associate a complex number Çl G C* that is well-defined up to units 
in the ring of algebraic integers: 

Let E = C/Û'f, considered as an elliptic curve over C. Then there exists a 
number field H C C such that E is defined over H, and has every where good 
réduction there. Let tt : S' Ûh be the Néron model of E over Ûh- Then tt^îI^ 
defines a line bundle on û^j. After extending H, if necessary, we may suppose this 
line bundle is trivial. Having done so, we choose a generator w for the global sections 
of that bundle; this is defined up to Ô"^. On the other hand the first homology 
group of the complex points of E{C) are free of rank one as an ^i?-module. Choose 
a generator 7 for Hi[E{C),Z) as ^F-niodule, and set 

Î7 UJ. 
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Let X- According to a beautiful resuit of Damerell 

is algebraic, and, in fact, intégral away from primes dividing 6/(x)- The same is 
true for 

L-^^(l/2,x^):= ^(^g^') . 

If S* is a finite set of places, we dénote by L'^^^'^ {l^x) the corresponding définition 
but omitting the factors at S from the L-function. 
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6.7.4. Définition of the integer e. If a is algcbraic, wc dénote by num(a) 
the product of ail primes p "dividing the numberator of a": that is, such that there 
exists a prime p of Q(û;) of residue characteristic -p so that the valuation of a at p 
is positive. 

Let S be the set of finite places at which the compact open subgroup K is 
not maximal, i.e. the set of v such that PGL2(^„) is not contained in K. Set 
ei = 30/iF • disc(F) • Hues Iviflv - !)• Now put 

e = einnum(L-'s,S(i^^2)). 

this involves the much more mysterious (and important) factor of the numerator of 
an L-function. 

As mentioned, we have not been very précise in our subséquent discussion; we 
anticipate most of the factors in e could be dropped except the numerator of the 
L- value. 

6.7.5. Modular symbols. Lot a, ,5 e P^(F) and .g/ G G{Af)/K. Thcn the 
géodésie from a to /3 (considered as éléments of P^(C), the boundary of H'^), 
translated by Çf, defines a class in iîi^BM(^(-^)) (a "modular symbol") that we 
dénote by {a,P;gf). Evidently thèse satisfy the relation 

{a, /3; Qf) + {P, 7; gf) + (7, a; Çf) = 0. 

the Icft-hand sidc bcing the (translate by (?/ of the) boundary of the Borel-Moore 
chain defined by the idéal triangle by a, j3, 7. 

If there exists e S G(F) with the property that €.{a,gfK) = {j3,gfK) - that is 
to say, ea = /3 and egfK = gfK wc tcrm the triple (a, j3; gj) admissible; for such 
the image of {a,j3,K) under iîi,BM — > Ho{d) is zéro, and consequently we may lift 
this to a class [a,P,K] G Hi{Y{K),Z); of course we need to make a choice at this 
point; the lifted class is unique only up to the image of Hi{dY{K), Z). 

Lemma. Classes [a, /3, K] associated to admissible triples, together with the 
group Hi{dY{K),Z), générâtes Hi{Y{K),Z). 

Proof. Put F = G{F) (IgfKgJ^. Then the connected component of Y{K) 
containing 1 x gf is isomorphic to M := r\H^. 

Fix zq g H^. Thcn Hi{M,Z) is gcncratcd by the projection to A" of géodésie 
between zq and 7^0. Taking zq towards the point 00 yields the resuit: the géodésie 
between zq, "fzo defines an équivalent class in iîi,BM to the infinité géodésie 00, 700. 

□ 

We now introduce the notion of the "denominator" of a triple, which will cor- 
respond to "bad primes" when we compute the intégral of an Eisenstein séries over 
it: 

We say a finite place v is in the "denominator" of the triple (a, ^; gf) if the 

géodésie between ay,f3v G P^{Fy) inside the Bruhat-Tits building of G{Fj.) does 
not passes through gfPGL2{Û'v)- This notion is invariant by <G(F), i.e., if we take 
7 e G {F), then v is in the denominator of {a,j3;gf) if and only if v is in the 
denominator of ^{a, (3; g f) . 

Note that, because G(i^) acts 2-transitively on P^(F), we may always find 
7 e G{F) such that 7(a, = (0, 00); thus any modular symbols is in fact équivalent 
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to onc of thc form (0, cxd; gy) for suitable gf. Now v does not divide the denominator 
of the symbol {O,oo;gf) if and only iî gf G A{Fy) •PGL2(^t,). 

The key point in our proof is the foUowing simple fact about denominator 
avoidance. Let p > 3 be a rational prime. 

(Ç) We may write (a, /?; 5/) ë Hi^bm as a sum of symbols whose 
denominators do not contain any place v with either or — 1 
divisible by p. 

In our application the ~ l appears to be unnecessary. It may be useful in 
other contexts where one has a poorer a priori control on denominators. 

Proof. By our prior remark it suflîces to check the case when a = and 
P — oo. Now Write 

(0,oo;5/) = {0,x;gf) + {x,(X);gf). 

for a suitable x e P^(F). We claim we can choose x so that, for every v in the 
denominator of either symbol on the right-hand side, neither q^ nor Qt, — 1 is divisible 
by p. 

In fact, among the places with gy G PGL2(^^), any place in the denominator 
of either (0,x;g/) or {x,oo;gf) satisfies v{x) ^ 0. 

On the other hand, if v is amongst the finitely many places such that g„ ^ 
PGL2(^^), the requirement that v not bein the denominator of either symbol 
amounts to requiring that x have a certain (non-zero, non-infinite) réduction in 
P^{Ô'y/Wy^Ô'y), for suitable Uy (in fact, the distance in the building between gv^y 
and the géodésie between and oo). 

So, our assertion foUows from the foUowing (taking x — a/b): Given an idéal 
no and an élément A G {ûp/'^o)^ , there exists éléments a, 6 G ffp such that: 

• p doesn't divide q{q — 1), where q is the residue field size of any prime 
divisor q of either a or h; 

• a = Xb modulo riQ. 

In fact , by the analogue of Dirichlet 's theorem, one can lift any class in {û p / xn)'^ , 
for any idéal m, to a generator of a principal prime idéal. Write no — nin2 where ni 
is prime-to-p and n2 is divisible only by primes above p. Choose â,b £ {^f /p^2)^ 

such that a = Xb modn2 and the norms of a, b (under the map G'f /p'(^2 /p 
'L/p'L) are not congruent to 1 mod p. This can be donc, for the image of the norm 
map 

{0Fipr ^ (z/p)" 

has size strictly larger than 2, as long as p > 5. Now take for a a lift of 

A X â G (^F/ni)"" X {ûp/pn2V - (^J^Mnap)'' 
to a generator tt of a principal prime idéal, and take b similarly. □ 

6.7.6. Eisenstein intégrais over modular symbols. Let X, x <= and 



J(x) as in ( |6.6.2.2[ ) and u G Hom^^ (g/ê,I(x))^. We dénote by w G Hom/^^ (fl/ê,I(x~^)) 
the composition of v with the standard intertwiner I(x) — > 1-{x~^) (defined by 
the analogue of formula (6.6.2.3)). Note that, for I{x)^ to be nonempty. 



(6.7.6.1) X must be unramified at places v for which Ky is maximal. 
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We dénote the automorphic représentation which is the image of I(x) under 
Eis, by the letter H. 



We define a 1-forni fi(Eis v) on Y{K) as in § 5.3.1 
1 t 



Put n{t) = ^ g 1 y ■ "^^"^ ^^'^ algebra of N as an F-algebraic group is nat- 

urally identified with F, with trivial Lie bracket (identify x Çz F with the one- 
parameter subgroup 1 1— >■ n(xt)). 

For X F we write Vx G ^ix) for the évaluation oi v at x (considered in 
Lie{N) fl/ê). Therefore, for example, vi makes sensé as an élément of I(x); it is 
in particular a function on G(A). 

Lemma. If the restriction o/il(Eis v) to dY{K) is intégral, i.e. takes Z-values 
on 1-cycles, then vi{k) and Vi{k) takes values in N^^Ti whenever k G PGL2(^) 
where N is divisible only by primes that are nonmaximaf^ for K and primes di- 
viding the discriminant of F. 

Proof. Let gf G G(A/) and n{t) G N{F) n gJ^Kgf, we identify t with an 
élément of the Lie algebra of N. The pair {t,gf) defines a 1-cycle C in the cusp of 
Y{K): namely the projection of X — > n{tocX).gf : < X < 1 to Y{K); here too is 
the image of t under F ^ C. 

We compute 

f^(Eis v) = vt{gf) + vt{gf); 



this is a routine computation from ( 6.6.2.4| . Thus Vt{gf) + Vt{gf) G Z whenever 
n{t) G gJ^Kgf. 

For fixed g G G(A/), the map x H' Vx{g), considered as a map F — > C, is 
i^-linear, whereas x t-^ Vx{g) is i^-conjugate-linear. 

For each place v, choose ruy > such that the principal congruence subgroup 

of level rriy is contained in Ky. Then {AGi^ui^^ l)^ 9^9^^} stable by 

the order Z„ + vu^^ûy (here Z^, is the closure of Z in Let O = {x G Û'p : x E 
+ zu^^â'y for ail v}; it's an order in â'p, and its discriminant is divisible only 
by the discriminant of F and by primes at which K is not maximal. 

Then {x G F : n{x) G gKg^^} is always O-stable; let l,t be a Z-basis of O. 
Theni;+û(a;) € Z and tv+tv{x) G Z implies that u G (t-t)-'^Z C disc{0)-'^Z. □ 

In what foUows we suppose v to be intégral in the sensé above. We shall verify 



then the foUowing statement, which clearly impies Theorem 6.7. 1 in view of § |6.7.5| 
especially (Ç). 

(*) The intégral of ri(Eis v) over any modular symbol (a,/3; g/) 
is intégral away from primes dividing e and primes in the de- 
nominator of the modular symbol. 



We proceed to the proof of (*). Let X be as in defined after (5.3.2.11, taking 
(in that discussion) the isomorphism G(Foo) = PGL2(C) to be the canonical one 
in this case. Thus X is a a generator for the Lie algebra of A(C)/A(C) n PU2. In 

fact X — ( |^^2 j (where we identify pgl2(C) with trace-free matrices). 



^^By this we mean: primes p such that there exists a finite place w of residue characteristic 
p, with ^ PGL2(<?F,»)- 



6.7. MODULAR SYMBOLS AND THE EISENSTEIN REGULATOR 



123 



6.7.6.1. Some measure normalizations. Fix an additive character ip oi Kp/F: 
for definiteness we take the composition of the standard character Aq/Q with the 
trace. Fix the measure on Kp that is self-dual with respect to '0, and similarly 
on each F^. This equips N(i^t,),N(A) with measures via x i— >■ n{x)\ the quotient 
measure on N(A)/N(F) is 1. 

For each v we dénote by the absolute discriminant of the local field F„ , so 

— 1/2 

that the self-dual measure of the ring of integers of F„ equals d^ . 
We dénote by the size of the residue field of F„ . 

6.7.6.2. Normalization of F{X). Now put vx '■= v^X) G we may suppose 
without loss of generality that it is a factorizable vector Here, /œ lies in the 
unique Hoc H K^-&xed line in the unique -fCoo-subrepresentation isomorphic to g/É. 
We normalize it so that the map g/ê — > I(xco) that carries X to foo carries the 
image of 1 G Lie (TV) to a function taking value 1 at 1. 

We can be completely explicit: We can décompose g/1 as the direct sum f) © n, 
where thèse are (respectively) the Lie algebras of Hao and the image of the Lie 
algebra of N(C). Then foo can be taken to be given on PU2 by the function 

k G PU2 n-component of Ad{k)X. 

and the image of any other Z G fl/É is given by the corresponding function 
wherein we replace X hy Z. 

We may also now suppose that fv takes intégral values for ail finite v. 

6.7.6.3. The Whittaker function of vx- The Whittaker function of Eis(ux), 
defined by the rule 

Eis{vx){ng)^p{n)dn = J| W^t,(gi,), 

V 

where Wy = J^^p fv{wn{x)g)tp{x)dx. This intégral is "essentially convergent," 
i.e. it can be replaced by an intégral over a sufficiently large compact set without 
changing its value. Thus Wy is valued in dy^ • Z[(7^^] , as foUows from the fact that ip 

— —1/2 

is Z-valued and the self-dual measure gives measure dy to the maximal compact 



subring (see § 6.7.6.1). If /„ is spherical one may compute more precisely that Wy 



takes values in ^ ^ ^.^ ^2-^ Z[g,„ 

Now, let u!y be a unitary character of Fy and gy G PGL2(F-u). 

Write ly Jy(=p>^ W {a{y)gy)ujy{y)d'^ y, where d^y = |||^. We assume that the 
defining intégral is absolutely convergent. Then 

(6.7.6.2) ly G d-^Ly{^,Ily X UJy)Z[q-^]. 

Indeed, L„(^,n„ x ojy)~^ J^^^x Wy{a{y))u!y{y)d^y is in effect a finite sum, with 

coeSicients in Z[g~^], of values of WyUjy, each of which lie in dy^Z[q^^]. (The 
multiplication by Ly has the effect of rendering the sum finite.) 

Let S be the set of finite places that lie in the denominator of the modular 
symbol, together with ail places v at which K is not maximal. Thus (for v ^ S) fy 
is spherical and gy G A{Fy) ■ PGL2(^^) From that we deduce that 

(6.7.6.3) ly - /,(e)L(^,n,„ x V.)A(l,x') 

for V ^ S. Since /,„ is intégral, /„(e) G Z is an algebraic integer. 
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6.7.6.4. Intégral of Çl{Eiis v) over a modular symbol. We are now ready to attack 
(*). Without loss of gêner ality we may suppose a = 0, /3 = oo. 

The intégral of ri(Eis v) over the modular symbol {0,oo; gf) can be expressed 

as 



/(6.7.6.4]R(Eis t;) f / 

J(0.oc:o,) "-F ,. JA 



'(0,oo;s/) 

(6.7.6.5) 



(b) 



hp 
2' 



'Eis{vx){tg)uj{t)dnT 

'A(F)\A(A) 

L(i,n X uj) 



n 



L-is(i,xxw)L-is(i,X-i 



ii,(i,n X w) 

X uj) 



n 



L„(i,n X w) 



where, at step (a), we used (5.3.3.1 1 in the case where E 



ves 

F(BF, and summation is 

taken over characters uj of A(A)/A(i^) that are trivial on A(A)n^A(Foo) • gJ^Kgf^ ; 

at step (b) we unfolded the intégral and used the rcsults of the prior subsection for 
V ^ S, and m G Z is an algebraic integer. 

Note that the index of the subgroup A(A/) n gJ^Kgf in the maximal compact 
of A(A/) is cancelled by a corresponding term in ( |5.3.3.1 ). Also note that any w as 
in the prior summation is unramified at places v that do not lie in the denominator 
of the modular symbol. 

Now consider the terms: 

- We will see in a moment (§ 6.7.6.5[ ) that I^o is intégral; 

L^is(i X X a;)L^^s(i x u) 

- The second term „ jr- is intégral after bcing 

7^6,alg(1^^2) 

multiplied by the numerator of L'^'^'^(l, x^) and a suitable power of 6/(x)/(w). 
As we observed ail primes dividing f{x)f{^) a-re primes below éléments 
of 5*. In particular, ail primes dividing f{x)f{^) a^so divide e. 

- We saw in (6.7.6.2 1 that the final term is intégral after being multiplied by 
a suitable power of disc(-F) and Ilties 1v- And, by choice of e, ail primes 
dividing disc(F) or HtieS ^^^^ divide e. 

This concludes the proof of (*), and so also of the Theorem. 
6.7.6.5. Integrality of loc- 

f 1 \ / 1 _^ \ / ^1 

wn(x) 





-1 




and we compute that the projection to n of Ad{k)X is given by simply 2x. Thus 
foo{wn{x)) = x{\ + |a;p)~^, and we wish to compute: 

(6.7.6.6) 



f{wn{x)a{y))'4!{x)x{y)d^y - 



xeF^ 



(6.7.6.7) 



= y 



1 



xeF^ 
^{xy)x{y)dxd'^ y = 



î{a{y ^)wn{x))\y\^ip{xy)d'^ y 

yp2^PY)2^(^y)^^^''y 



Now, the Fourier transform of y/\y\'^ (by homogeneity) is 7a;/|a;p with respect to 
the self-dual Haar measure; since the measure on differs from this by a factor 
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Cc(l) = 7'' ^, and therefore our intégral becomes 

This concludes the proof of p-integrality. 

6.8. Comparing Reidmeister and analytic torsion: the main theorems 

We have previously defined notions of analytic torsion ran(^) and Reidemeister 
torsion RT(y) in the non-compact case. It is an interesting question to relate them, 
but it is not quite necessary for us to completely carry this out. 

We will consider the case where we compare levels S, S U {p}, E U {q} and 
E U {p, q}. More generally, we do not restrict to the case oi K = K^; let K be an 
arbitrary compact open subgroup of G(Aj) which is maximal at p, q, and set 

(6.8.0.8) r = r(i^)x{i,2}2, y, = y(i^nX{,})x{i,2}; 

Fp - Y{K n i^{p}) X {1,2}, Y,, = Y{K n /^{p,,}). 

Note that ail statements and proofs will carry over to the case when {p, q} is an 
arbitrary set of primes of size > 2. 

Thèse will always be equipped with hcight functions normalizcd as foUows: 



equip Y{K^) and Y{Kp^) with the heights of ( [ëXÎ) , and = Y{Kq) x {1,2} 
with the hcight that restricts to this on each component, and similarly for Ypq; this 



spécifies a hcight on Yq, Ypq. Now recall that we have specified (§ 6.4.61 an isometry 

Y{K,)b = Y{K)bx{1,2},Y{K,,)^Y{K,)bx{1,2} 

and now pull back heights via this isometry to obtain heights on Y and Yp. This 
définition seems somewhat idiosyncratic, but it has been chosen so that: 

The cusps of Y and Yq are isometric in a fashion preserving the 
height function; the cusps of Yp and Ypq are isometric in a fashion 
preserving the hcight function. 

What we will actually show is: 



Theorem 6.8.1. Notation and choices of height function as above, 
(6.8.1.1) 



RT(Ypq) RT(Y) _ Ta„(Ypq) Ta„(Y) 



RT(Yp) RT(Yq) Ta„(Yp) Tan(Yq) 

up to orbifold primes. 



(6.8.1.1 1 will prove to be easier than understanding the relation between each 
separate term Tan/RT. Indeed, it is well-known that it is much easier to handle 
ratios of regularized déterminants than the actual déterminants. 

The next CoroUary propcrly belongs in the next Chapter, but we give it here 
to simplify matters there: 

COROLLARY 6.8.2. Let Y' be the arithmetic manifold associated to the division 
algebra D' ramified precisely at p,q and the corresponding open compact subgroup 
K' ofG'(Af). Then, up to orbifold primes, 
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By "corresponding open compact subgroup if'" we mean that K'^ is thc image 
of imits in a maximal order for v dividing p,q, and K'^ corresponds to for v 
not dividing p,q. In particular, if K is simply a level structure of type K^, then 
the corresponding K' is also the level structure K^, and the Y, Y' are a Jacquet- 
Langlands pair in the sensé of § |2.2.7 



Proof. Fix any < j < 3. If - 



are the déterminants of the scat- 



tering matrices for j-forms on Y,Yp,Yq,Ypq then our prior computations (specifi- 
cally (6.6.1.41 and (6.6.1.51, as well as assertion (4) of Theorem 6.6.11 show that 



(6.8.2.2) 



Also, we have seen that, if is the scattering matrix on functions, then, in similar 



notation, 
(6.8.2.3) 



tr ^-(0) - tr ^'p(O) = tr «-,(0) - tr ^'pq(O). 



Now consider our définition (6.3.5.31, (6.3.5.4) of analytic torsion in the non- 



compact case. (6.8.2.2) and (6.8.2.3) show that ail the terms involving scattering 



matrices cancel out, and we are left with: 



(6.8.2.4) 



log ■ 



(Yp,) ran(r) 



2E(-l)'^'-?l°gdet*(A 



new 

j 



), 



where Aj dénote the Laplacian on j-forms on Y(Kpq) but restricted to the new 
subspace of j-forms on Y(Kp(^). The Jacquet-Langlands correspondence (skip ahead 
to § 



7.2 



'j'^^ coïncides with 



for a review in this context) asserts the spectrum of A 
the spectrum of the Laplacian A^ on j-forms, on Y'{K). Thus the right hand side 
equals log ran(i^'(-fi^)), and applying the Cheeger-MûUer theorem to the compact 
manifold Y'{K) we are done. □ 



We deduce Theorem |6 . 8 . 1 1 from the foUowing resuit. 

Suppose we are given two hyperbolic manifolds M, M' such that AIb and M'^ 
are isometric; we suppose that we have an isometry a : Mb M'g and height 
functions on M, M' that match up with respect to a. We suppose that M, M' 
are of the form Y(K) for some K; this arithmeticity assumption is almost surely 
unnecessary to the proof, but it allows us to be a bit lazy at various points in the 
proof (e.g., we may appeal to standard bounds for the scattering matrix.) 

Theorem 6.8.3. (Invariance under truncation) As Y ^ oo, 

logran(M)- log Ta„(My)- (logRT(M)- logRT(My)) 

-(logTa„(M')- logra„(A4))+ (logRT(Af')- log RT(Af;.)) 0, 

where we understand the computation of analytic torsion on My to be with respect 
to absolute boundary conditions. 

When dealing with manifolds with boundary, we always compute analytic tor- 
sion with respect to absolute boundary conditions in what follows. 

Indeed, the foUowing observation was already used in Cheeger's proof: when 
studying the effect of a géométrie opération on analytic torsion, it can be checked 
more easily that this effect is independent of the manifold on which the géométrie 
opération is performed. In Cheeger's context, the surgery is usual surgery of man- 
ifolds. In our context, the géométrie opération will be to truncate the cusp of a 
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hyperbolic manifold. Cheeger is able to obtain much more précise results by then 
explicitly Computing the efFect of a particular surgery on a simple manifold; we do 
not carry out the analogue of this step, because we do not need it. This missing 
step does not seem too diflîcult: the only missing point is to check the short-time 
behavior of the heat kernel near the boundary of the truncated manifold; at présent 
we do not see the arithmetic conséquence of this computation. 

The actual proof is independent of the Cheeger-MûUer theorem, although it 
uses ideas that we learned from varions papers of both of thèse authors. It will 
be given in § |6.10 after the necessary preliminaries about small eigenvalues of the 



Laplacian on Mt, which are given in § |6.9[ We warn that the corresponding 
statement is not true for the logdet * or the RT terms alone, although we precisely 
compute both: indeed, both terms individually diverge dsY^oo. 
For now we only say the main idea of the proof: 

Identify the continuons parts of the trace formula for M, M' 
as arising from "newly created" eigenvalues on the truncated 
manifolds My,M{,. 

During the proof we need to work with j-forms for j e {0, 1, 2, 3}. Our gênerai 
policy will be to treat the case j = 1 in détail. The other cases are usually very 
similar, and we comment on différences in their treatment where important. 

6.8.4. Proof that Theorem |6.8.3| impHes Theorem |6.8.1[ For M = 

Y{K)^ Y{Kp)^ ... or any compact manifold with boundary, put 

-an (M) 



a{M) 



RT(M) ' 



in the cases of Y{K) etc. the définitions of Tan and RT are those of § 6.3 and dépend 
on the choice of height function. Recall that we understand Tan to be computed 
with référence to absolute boundary conditions in the case where M is a manifold 
with boundary. 

For the moment we suppose that ail thèse manifolds are genuine manifolds, i.e., 
do not have orbifold points. We discuss the necessary modifications in the gênerai 
case in § |6.8.5 



According to Cheeger [221, CoroUary 3.29] a{M) dépends only on the germ of 
the metric of M near the boundary. The metric germs at the boundary being iden- 



tical for F, Yq (see comment before (6.8.1.1 1), and similarly for Y^,Y^(^, Cheeger 's 
resuit shows that: 

(6.8.4.1) ^ - 1 . 1. 

Here, we understand Yt to be the manifold with boundary obtained by truncating 
at height T, etc. Now Theorem |6 .8 . 3| implies, after taking the limit, 

a{Y^) a{Yç) 



this proves (6.8.1.1 1 



6.8.5. Modifications in the orbifold case. Our discussion in the prior sec- 



tion § 6.8.4 concerned only the case when Y{K) is strictly a manifold, i.e. has 



no orbifold points. Let us see why (6.8.1.11 remains true in the gênerai case 



i.e., when Y{K) has orbifold points - up to a factor in "supported at orbifold 
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primes", i.e. whose numerator and denominator is divisible by' primes dividing the 
order of some isotropy group. 

First of ail, we note that the proof of Theorem |6.8.3| is entirely valid in the 
orbifold case. Indeed, the proof of this theorem is in fact entirely about properties 
of Laplacian eigenvalues and harmonie forms, and is insensitive to whether or not 
M and My are manifolds or orbifolds. 

Now the reasoning of the prior section § |6.8.4| goes through word-for-word in 
the orbifold case, except for (6.8.4.1 1; this remains valid only when 1 is replaced by 
a rational number supported only at orbifold primes, according to (<0>) below. Note 
that that indeed the orbifolds Y{K) as well as any orbifolds obtained by truncating 
it are indeed global quotients, i.e., admit finite covers which are manifolds. 

We now check 



(<0>) Suppose given two manifolds with boundary Mi,M2, iso- 
metric near the boundary, and whose boundaries have zéro Eu- 
1er characteristic. Suppose also given a finite group A acting on 
Mi preserving this isometry. Define M, as the orbifold quotient 

m/A. 

Then the ratios of analytic and Reidemeister torsion for 
Ml , M2 differ by a rational number supported only at orbifold 
primes. 



We proceed similaiiy to the previous discussion (§ 5.1.21, but use the work of 
Liick |52| . Note that Liick's torsion is the square of that of [51] , which causes no 
problem for us; this is stated in (4.8) of f52'. In fact, Lûck studies such equivariant 
torsion under the foUowing assumptions: 



(i) the metric near the boundary is a product; 

(ii) A certain assumption of cohérence; the latter is automatically satisfied 
when the fiât bundle under considération is trivial (or indeed induced by 
a G-representation) . 



Indeed we may first compatibly deform the metrics on the Mi so the metric 
near the boundary is a product. The ratio of Reidemeister and analytic torsion 
changes in the same way for Mi , M2 when we do this (this argument is just as in 
[221 CoroUary 3.29]). 

This does not change the purely topological statement the Mi can be expressed 
as global quotients, and we then apply Lûck 's results. 

In this case, the equivariant Reidemeister and equivariant analytic torsions are 
not literally equal; they difi^er by two terms, one measuring the failure of equivariant 
Poincaré duality, and the second proportional to the Euler characteristic of the 
boundary. The latter term vanishes in our case, as we will be dealing with certain 
truncated hyperbolic 3-manifolds; their boundaries are unions of 2-dimensional tori. 
As for the former term: the term measuring the failure of equivariant Poincaré 
duality is supported entirely at primes dividing the order of some isotropy group, 
that is to say, orbifold primes for M/A. That foUows from |521 Proposition 3.23(a) 
and Proposition 5.4] and the fact that Poincaré duality holds "away from orbifold 
primes" in the sensé of § |3.4.1.l[ 
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6.9. S mail eigenvalues 



We are in the situation of Thcorem 6.8.3 We dénote by $ the scattering 



matrices for l-forms on M, and by ^! the scattering matrix for functions; thèse 
notations are as in § |6.2.2 



Write Ù^My for the Laplacian on l-forms, on the truncated manifold My, with 
absolute boundary conditions. The key part of the proof of Theorem |6.8.3| is the 
foUowing resuit, which describes the small eigenvalues of I^My precisely. Through 
the proof we will make the abbreviation 

This détermines the upper threshhold to which we will analyze eigenvalues, i.e. we 
will not attempt to compute eigenvalues of My directly that are larger than 



max" 



Theorem 6.9.1. [Small eigenvalues.] Put 

f{s) = det(Id - y-4"$-(-s)4'+(s)), 



Let Q < ai < a2 < ■ ■ ■ be the union (taken with multiplicity) oj the non-negative 
real roots of t t-^ /(*^) '^^d, the set 

{t £ R>o : t'^ is the eigenvalue of a cuspidal co-closed 1-form on M}, 

both sets taken themselves with multiplicity. Set Xj — a|. 

Let < Al < . . . be the eigenvalues, with multiplicity, of 

|ker d*, 

i.e. Laplacian eigenvalues on co-closed l-forms on My satisfying absolute boundary 
conditions. 

There is a > such that, with, S — exp(~aY) and for Y suffîciently large (this 
depending only on M): 

(a) (This is trivial:) Lf b = dim iJ^(Af, C), then Ai = • • • = Ab = and 
Xb+i > 0- The same is true for A^. 

(b) \Xj -Xj\<S for any j with VWf ^ T'max- 

(c) The same assertion holds for the eigenvalues of A on 0-forms (—co-closed 
0-forms) with absolute boundary conditions, replacing /(s) by the function 

g(s)=det(Id+i-^r-2^vl/(s)), 
1 + s 

but taking only roots of g(it) where t is strictly positive; also replace b by 
H" {M, C) (and A~ by 1 - a].) 

(d) A similar assertion holds for eigenvalues on co-closed 2-forms with abso- 
lute boundary conditions (equivalently: for eigenvalues on closed l-forms 
with relative boundary condition^^ where we now replace the function 
f{s) by the function 

g'{s) =det(Id + r-2sî'(s)) 

we replace b by dhn {M , C) , and we make the following modification to 
the définition of Xj : 

^^Note that the nonzero such eigenvalues are just the nonzero eigenvalues of the Laplacian 
on 0-forms with relative boundary conditions. This is why ^ intervenes. 
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Let < ui < ■ ■ ■ < Uh < l be the roots, with multiplicity, 
of g'{t) for t e (0, 1] together with parameters of cusp forms 
{t g [0, 1] : 1 — is the eigenvalue of a cuspidal 3-form on M}, 
and let aj = iuj for 1 < j < h. 

Let < ah+i < ah+2 < ■ • ■ be the positive real roots ofti~> g'{it) 
together with parameters of cusp forms; and put \j — \ + a^y 

Warning: There exist roots aj oi g' = Q very close to i = 1 rclatcd to the 

residue of î*; see discussion of § |6.9.10 



What is perhaps not obvious from the statement is that this description "matches" 
in a very beautiful way part of the trace formula for M. The proof of the theorem 
foUows along hnes that we learned from work of W. MûUer (see [60j ) and we présent 
it in § |6.9.4 We first give the proof of Theorem 6.8.3 using Theorem 6.9.1 In fact, 



we will prove in détail only (a), (b), the other parts being similar; we will however 
discuss in some détail the "extra" eigenvalues of case (e) . Thèse eigenvalues play an 
important rôle in accounting for the failure of Poincaré duality for the non-compact 
manifold M. 

For the moment we try to only give the main idea by describing: 
6.9.1.1. Plausibility argument for (b) of the Theorem. Consider, for uj G il+(0) 
and û) € ri~(0), the 1-form F — E{s,uj) + E{—s,ijj); we shall attempt to choose uj,ûi 
so it almost satisfies absolute boundary conditions when restricted to My- Then 
in any cusp 

F ^ y^uj + ^^{s)y^''uj + y'^ûi + {- s)ûj . 

The sign ^ means, as before, that the différence is exponentially decaying. The 
contraction of F with a boundary normal is automatically of exponential decay; on 
the other hand, up to exponentially decaying factors, 

s-i • dF - {y'uj - y-''$-(-s)w) A — + [y'C) - y-'^+{s)uj) A ^. 

y y 

Note that the on the left-hand side suggests that we will have to treat the 



case when s is near zéro separately, and indeed we do this (§ 6.9.6). 

In order that the contraction of this form with a normal vector at the boundary 
be zéro, we require that both the "holomorphic part" (y^tj — y^'^^^ {s)ûj) and the 
"anti-holomorphic part" {y^ïo — y~'^^~''uj) be zéro at the boundary, that is to say, 

(6.9.1.1) UJ = Y-^''<î>-{-s)ûi and Y'û = r"''$+(s)w, 

which imply that ui is fixed by F^*''<i>^(— s)<i>+(s). For such oj to exist, we must 
indeed have /(s) = det(Id - r-4''$-(-s)$+(s)) = 0. 

Of course, this analysis is only approximate, and we need to both verify that 
a zéro of /(s) gives rise to a nearby eigenfunction satisfying absolute boundary 
conditions, and, conversely, that any eigenfunction satisfying absolute boundary 
conditions "came from" a zéro of /(s). 

For later use, it will also be helpful to compute the inner product (A^F, a'^'F) 
notations as above. We have: 

(6.9.1.2) Il F||i.(,,) = Il A^ E{s,^)\\l.^,,^ + Il A^ E{~s,û)\\l.^,,^ 

+Re {A^E{s,Lu),A^E{-s,û})). 
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Assuming that (6.9.1.11 holds, the second line vanishes identically. Indeed, ac- 



cording to the Maass-Selberg relation (see before (6.2.2.11)), the inner product in 
question equals ^Ç— {uj , ^~ {s)ûi) + ^„ {s)ui,ûj) , and (6.9.1.11 means that this 



is purely imaginary . Therefore (after some simplifications) one obtains 

(6.9.1.3) Il = ((41ogy - A(,s)-i^)c.,c.), 

as 

where we have abbreviated A(s) := 'I>^(— s)<i>+(s). This expression will recur later. 

6.9.2. Analysis of zeroes of /(s) and g{s). Before we proceed (and also 
to help the reader's intuition) we analyze the zeroes of /(s) and g{s). We discuss 
/(s), the case of g and g' being similar. 

Write 

A{s) = $-(-s)$+(s) : n+{s) -> n+{s). 

Recall /(s) — det(l — Y^'^'' A{s)). Let h^^i be the size of the matrix A{s), i.e., the 
total number of relevant cusps of M. 

Recall that a continuously varying family of matrices has continuously varying 
eigenvalues (in the "intuitively obvions" sensé; formally, every symmetric function 
in the eigenvalues is continuons). Consequently, we may (non-uniquely) choose 
continuons functions : R — > R/Z with the property that {exp(wi(t))}i<i<^ is 
the set of eigenvalues of the unitary matrix A(it), where the eigenvalues are counted 
with multiplicity, for every t G R. At s = 0, we have A{0) = 1 so every eigenvalue 
is 1; we normalize, accordingly, so that i>i{0) = for every i. 



In what foUows, we write 4- for A ■ j' when A is a matrix-valued function 

' A as 



of s 

The functions are real analytic away from a discrète set of points. Moreover, 
—v' = — ^ is bounded below whenever differentiable, as foUows from the almost- 



positive definiteness (see (6.2.2.51 and its analogue for 1-forms after (6.2.2.11)) of 



— ^^gj '■ At any point at which the eigenvalues are distinct, ^i^l is computable by 
perturbation theory: if Vi is an eigenvalue corresponding to Ai — exp^ivit), then 



dXA _ . {A'v.i, Vi 



i- 



Note that \[ (and also v'j) dénote the derivative with respect to the variable t, where 

i /A Vi,i 



A' dénotes the derivative with respect to s = it. This gives iv[ — ^ — ^{AIAjEiiEA 



So — f ■ = (— ^Wi, Wi)/||wi|p, but the Maass-Selberg relations (see (6.2.2.5 1 and page 



98|) imply that this is bounded below. Note for later use that 

A' {àetA)' 



(6.9.2.1) y -1/,' = trace , j . . ■ 

We may also give upper bounds for | — vH, although thèse are more subtle. In 
the arithmetic case, at least, there exists for every j constants A,B such that 

(6.9.2.2) ||($±)(^)(s)|| < A|log(2+|.s|)|^, s e ^R. 



Indeed, it is sufficient to check tliat this is so in a neighbourhood of every point; shrinking 
the neighbourhood appropriately, we may suppose (multiplying by a constant if necessary) that 
— 1 is never an eigenvalue, and now simply take the i/i to be the arguments of the eigenvalues, 
taken so that i/\ < ^2 < ■ ■ ■ < i^h- 
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See |70j for a proof of the corresponding fact about L-functions. (It is most unlikely 
that we really need this estimate, but it is convenient in writing the proof with more 
explicit constants.) In particular, 

(6.9.2.3) '^(-u.+itlogY) = 41ogy + 0(a(loglogy)h 
dt 

X (logF) 

(and thus a similar bound for A), for suitable constants a, b, whenever 

(6.9.2.4) |i|<r„,ax:=(logy)^°°. 

We will often use T^ax as a convenient upper bound for the eigenvalues that we 
consider. Its précise choice is unimportant (although if we only had weaker bounds 
for the size of we would use a smaller size for T^ax)- As usual the notation x 
means that the ratio is bounded both above and below. 

There are corresponding estimâtes for the Eisenstein séries itself. What we 
need can be deduced from the fact that the Eisenstein séries E{s, f) and E{s, v) 
have no pôles around s = it va s. bail of radius > ;og([^|f|) (see jTÔ) for a proof of 
the corresponding fact about L-functions) and also the bound there: 

(6.9.2.5) \\E{cr + itJ)\\L^(M.)<a{{l + \t\)Yf (\^\ < ^^^J^^yj ^ 

for suitable absolute a, h. Similar bounds apply to any s-derivative of E{s,f). To 
obtain, for instance, an estimate for the derivative of E, one uses Cauchy's intégral 
formula and (6.9.2.51. 

We are interested in the solutions s — it {t E TV) to 

f{it) det(l - Y-'^"^A{it)) = 0, 

that is to say, those s = it for which there exists j with 

(6.9.2.6) - i^j{t) +Atlog{Y) e 2nZ. 

Now — for sufhciently large Y — the function —Vj{t) + 4tlog(y) is monotone 
increasing, with derivative bounded away from zéro. This implies, speaking infor- 
mally, that the solutions to (6.9.2.61 are very regularly spaced (see figure for an 
example which was actually computed with the scattering matrix for functions on 
SL2(ZH).) 



Lemma 6.9.3. There exists Yq such that, for Y >Yo: 

(i) The numher of solutions to (6.9.2.61 in the interval < t < T is given by 

' 4Tlog(y)-i.,(T) 1 

(ii) Every small value of /(s) is near a root: 

If \f(it)\ < e and \t\ < r,„ax; there exists i' € R with f{it') — and 

(iii) Nearby solutions are almost orthogonal: 

Suppose G R- with |io| < îlnax/ ^ei [x,y\ be the positive definite 
inner product on f2+(0) defined as 

A'{ito) \ 



4iogr 



A{ito) J 
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Figure 1. What the function -Vj{t) + U\og{Y) looks like, modulo 27r 

we will sometimes omit the subscript Hq where clear. 

(As previously remarked, we interpret the fraction as A(ito)~^ A' (Hq) . 
It is an endomorphism o/f2"'"(0). This inner product arises naturally from 
the Maass-Selberg relations; see ( |6.9.1.3 ). In particular one vérifies that 



it is positive definite so long as Y is large enough.) 

Suppose ti ^ t2 satisfy \ti ~to\ < e, and we are given Vi satisfying the 
relations Y^*''*^ A(iti)vi — Vi for i — 1,2. Then 

[v^,Wi\^to = 0(||wJ||Wî||(l0gr)^e). 

(iv) Every almost-solution to Y^^'^ A{s)v = v is near (a linear combination of) 
exact solutions: 

Suppose that \t\ < Tn^axi ||''^|| — 1 such that 

(6.9.3.1) \\Y-'^'*A{it)v-v\\ <e. 

Then there exists pairs (ti G R, G î7+(0)) : 1 < i < m, with m < h^^ = 
size(A), and an absolute constant M, such that: 

- Y~^'*'A{iti)w, = w,; 

- \\t - tj < e^/^'^; 

- WrnW < (logYf. 

Proof. We note throughout the proof that the assumption that we are con- 
sidering iyi{t) when \t\ < T^ax implies |t'-(t)| = o(logy): indeed \A'{s)\ + \A"{s)\ = 
o(logy) for such s by choice of Tmax- So for suflîciently large Yq we may certainly 
assume: 

(6.9.3.2) (-i/i + 4ilogy)' > logF 
under the same conditions. 

(i) foUows from monotonicity and our assumption that — ^'^(0) = 0. 

(ii) : if \f{it)\ < e, then there exists an eigenvalue A of A{it) satisfying |1 — 
^"■^''Al < e^/''. Thus A — exp(27rwi(t)) for some i. The resuit foUows from the 



lower bound (6.9.3.2) 
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(iii): Set Ag :— Y ''''A(s) and consider 

= 

{Au^v, Au^w) - {v, w) = {{A^^lAu, - l)v, w) 

= i{t2~h)[v,wUo+Oi\h-t2\''ilogYf\\v\\\\w\\). 
where the factor of log Y rcsults from cstimating the second derivative of i Ai- 



cf. (6.9.2.2 1. In any case the claim foUows immediately by rearranging this équation. 



(iv): This proof is a httle bit ugly. 

Notice, first of ail, that we may (by adjusting the constants C, M) always sup- 
pose that e is smaller than any fixed power of (logy)^^. Otherwise the statement 
simply asserts that there exists ti close to t such that Y~'^'^^' A{iti) has a fixed vector 
— the assertions about the position of that vector becomes vacuous — and this 
foUows easily from what we showed in (ii). 

Choose S > ^ such that Y~^^^A{it) has no eigenvalues satisfying |A — 1| S 
[5, ^/5) . Clearly we may do this with 5 < by considering the intervais 

[e^/^, e^/^], [e^/^, e^^*], ... in turn, and there are at most /iid eigenvalues. 

Let W be the span of ail eigenvectors of whose eigenvalue satisfy 

|A — 1| < 5; suppose that thèse eigenvalues correspond to i^i^it), . . . , Vi^{t) € R/Z. 
Then the orthogonal projection of u to 14^ — call it vw - satisfies \\v — vw\\ < 



e5 ^ y/e. Here v is as in the statement (6.9.3.1 1 



By the monotonicity and (6.9.3.2), there exist solutions ti, . . . ,th to 

-lyjix) + 4j:log(r) e 27rZ 

satisfying \ti — t| <C ^^^y ■ ^'^^ ^in ■ ■ ■ be corresponding fixed vectors for 
Y~'^*^ A{iti), normalized so that \\v7\\ = 1. 

We have seen in (iii) that [vi^, Vi^] <ti S for a ^ h. This implies in particular that 
the V-} are linearly independent. Even more precisely, there is an absolute constant 
C such that 

(6.9.3.3) det[w„t;j] > (logy)-*^, det(w„ w^) > (log F)"^, 



where the second inner product is the standard one introduced on C°°(0) in (6.2.2.1 1. 
For the first inequality: the diagonal entries of the matrix are in size ^ (log y), its 
off-diagonal entries are ^ 5, and we may suppose, as we stated at the start of the 
proof, that 5 smaller than any fixed power of (logl")^^. For the second inequality: 
The ratio [v^v]/ {v^ v) is bounded above and below by constant multiples of (log Y). 
Therefore the passage between the (— , — ) metric and [— , — ] metric distorts volumes 
by a factor that is bounded above and below by constant multiplies of (log F)''. 

Let us now compute the projection of each onto the orthogonal complément 
of W . Let u = for some a, and write 

u = uw + u'y/ [uw G W, m'vi/ -L w) . 



Since \t — Si\ <^ S/logY, it foUows from the remarks after (6.9.3.21 concerning the 



Y-^'^A{it)u~u\\ <(5. But, ail the eigenvalues of y ~4'*A(ii)-l 
on are > \/ô, and thus it foUows that H^'^yll ^ V^. 

Let Vi^^w be the projection of Vi^ to W with respect to the standard metric 
(-,-). Then 

(6.9.3.4) det{v,^,w,v,,^w) » (log Y)-^' + CVô, 
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That foUows from thc second incquality of (6.9.3.31 together with the fact we have 
just proved: — ^iaW ^ V^- Indeed, ail the entries of the matrix {vi^,Vi^) 

are at most 1 in absolute value, and we then are modifying each entry by at most 
a constant multiple of ^/5, whence the déterminant changes by at most a constant 
multiple of ^/5. 

We may suppose that 5 is smaller than any fixed power of (logK), as before; 
so we can suppose that the right-hand side of (6.9.3.41 is ^ (logF)^*-^. Thus vr^w 
span W. Let G W dénote the dual basis with respect to the (— ) inner 

product. It also foUows from ( |6.9.3.4[ ) that \\v*J\ < (logF)"^'. 

We may now write: 



iv-vw) + vw 



Vw) 



0(^/i) 



We have shown that there exists absolute constants C, M and constants |ca| < 
(logy)*^ such that: 

lkw-^wl|«(iogy)V/^'^ 

□ 



6.9.4. Beginning of the proof. Important notational warning. In this 
section, when we write exponentially decaying we shall mean: bounded by aexp(—bY) 
where a, b are constants depending only on M. For example, when we say "i^ is ex- 
ponentially close to G" for two functions F, G G L'^{M), we mean, unless otherwise 
stated, that they are close in L^-norm: 

\\F-G\\L2ÇM)<aexp{-bY), 

for absolute constants a, b. The précise values of a, 6, however, may vary from 
one instance of this phrase to the next. This convention, we hope, improves the 
readability of the text. Similarly, it will often be necessary for our argument that a 
quantity that is exponentially decaying be less than (say) Y^^ . Such an inequality 
is automatically valid for large enough Y . We will often proceed implicitly assuming 
that Y is large enough. This is certainly no loss, since the statement to be proved 
allows us to suppose that Y is larger than a fixed constant that we may choose. 
We apologize for the implicit imprécision, but again we hope this improves the 
readability of the text. 

We shall carry out the proof in the case of co-closed 1-forms, proving assertion 
(b) of the theorem; the other cases (c) — (e) are handled in the same way and are 
discussed briefly in § |6.9.10| 

Dénote by N{x) the number of eigenvalues of the Laplacian on co-closed 1-forms 
for My with eigenvalue in [0, a;^], and N{x) = Mi{x) + M2{x), where 
Mi{x): the number of zeroes of 1 1-> f{it) in [0, x\\ 

M2{x): the number of eigenvalues in [0, x^] of the Laplacian on co-closed cuspidal 
1-forms on M. 
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Thcn wc shall prove that, for certain absolute constants a,b we have 



(6.9.4.1) 



iv(r- 



ae -■)< N{T) < N{T + ae"" ), 



where we interpret T — ae as if T < ae . This proves Theorem 6.9.1 (b). 



The first inequality will corne in 5 6.9.5 ('there is an eigenfunction of My near 



any root of /) and the second equality will be proved in 5 6.9.8 ("any eigenvalue 



of My is near a root of /(s).") And the intervening section 5 6.9.6 explains what 
happens when treating eigenvalues very close to zéro. 



Recall (§ 6.2.2.31 that to each lu S ri"'"(0), we have associated an "Eisenstein 



séries" E{s, uj), which is a 1-forni on M with eigenvalue —s under the form Lapla- 
cian (and eigenvalue —is under the operator *d). Moreover, there exists inverse 
linear operators <&±(s) : — > Çl^ so that <i>_|_(s)<i>_(s) = id, and so that the 
restriction of E{s) to the cusps looks like: 

E{s) y'^uj + y^''^+{s)uj. 

We Write, as in the statement of the Theorem, 

/(s) = det(Id - Y-^'^-{-s)^+{s)). 

For short we write <i>(s) = <(>+(s). 

In Lemma 6.9.3 we introduced an inner product on ri+(0), which is 

A-^A'{lto))oJl,L02) 



(6.9.4.2) [wi,w2]zto = ((41ogy 

and the inner product on the right hand side is the standard one introduced 



in (6.2.2.11. Again, this inner product arises naturally when Computing the norm 



of the truncated Eisenstein séries, as in (6.2.2.3) 



Remark. Some remarks on small eigenvalues will be useful: 
At s — 0, Y^^^^^ {~s)^^{s) is the identity transformation, and consequently 
f{s) — 0. Indeed, the derivative ofId — Y^'^'^^^{~s)^^{s) with respect to s is easily 
seen to be invertible for large enough s, and thus /(s) has a zéro of order equal to 
the size of which also equals the number of zéro eigenvalues for the Laplacian 
on co-closed l-forms. 

It will be useful to note that smallest nonzero eigenvalue Ai of the Laplacian 
on zero-forms on My , satisfying absolute boundary conditions (i.e. the smallest 
Neumann eigenvalue) is bounded below as Y varies, as we see by an elementary 
argument; ail we need is the weak bound 

(6.9.4.3) Al > const • (logy)-^ 

6.9.5. There is an eigenfunction of My near any root of /. We show the 



first inequality of (6.9.4.1 1, based on the idea sketched in § 6.9.1.1 of constructing 



"approximate eigenfunctions." 

Let T < Ti-aay^. For each s e îR>o with /(s) = 0,|s| < T, we choose an 
orthonormal basis for the set of solutions to 



(see (6.9.4.2) 



(6.9.5.1) UJ = Y-^'<^-{~s)Ûj and Y'^ûj = y"''$+(s)w 

where orthonormality is taken with respect to the inner product [— , 
for définition). 

Let .Scusp be a basis for the set of coclosed cuspidal l-forms on M with eigen 
value < T^, and set 

Se,. = {(s,c^) :/(s) = 0,c^eSJ; 
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^ — ^eis \^ ^cusp 

We shall associate to each élément of B an élément of L'^{My) that lies in the 
subspace spanned by co-closed 1-forms of eigenvalue < T + acxp{—bY), for some 
absolute positive constants a, b, and then show that the resulting set J- is linearly 
independent. 



Let (s, uj) e Beis, and let w be the other component of the solution to (6.9.1.1 1 



We normalize so that ||w|j — 1; the same is true for u because is unitary. Set 



F = E{s,uj) + E{—s,bj). We saw in § 6.9.1.1 that F "almost" satisfies absolute 



boundary conditions, in the sensé that, for example, the contraction of dF with a 
boundary normal is exponentially small in Y . 



Remark. When s = 0, then the set of solutions to (6.9.5.1) consists of ail of 
f]+(0); moreover, uj = $+(0)w and F = 2E{Q,uj). 

The next step is to modify F slightly so as to make it satisfy absolute bound- 
ary conditions, but losing, in the process, the property of being an exact A- 
eigenfunction. This can be donc in many ways; for definiteness one can proceed 
as foUows: fix a smooth monotonically increasing function : R — ^ C such that 
h{x) = 1 for a; > 1 and h{x) — for a; < 0, and let hy '■ y ^ h{Y/2 — y). Now, near 
each cusp , considered as isometric to a quotient of H'^ ■ y < T, write 

F = y'uj + $+(s)y"'*a; + y^ûi + y^'^^{s)Lj + Fq, 

and replace Fq by Fq ■ hy', thus we replace F by the form F' which is given, in each 
cusp, by 

F' = y^'uj + $+(s)î/"''w + y'^ûj + y"''$"(s)â) + Fq ■ hy, 
Then F' satisfies absolute boundary conditions. On the other hand, it is clear that 
(6.9.5.2) ||(A + s^)F'\\ < exp(-6r) 

for some absolute constant b. (Note that F' is no longer co-closed, but it is almost 
so, as we shall check in a moment.) 

We now see there is an co-closed eigenfunction close to F': Set e = exp(— 6y), 



where b is the constant of the estimate (6.9.5.2 1, and let W be the space spanned by 



co-closed 1-forms on My with eigenvalue satisfying ||A-|-s^|j < ^/ë and let F = F< 
be the projection of F' onto W. We refer to F^^uj as the eigenfunction associated 
to (Sjw); this is a slight abuse of terminology as Fg^^^ need not in gênerai be a 
Laplacian eigenfunction, but it behaves enough like one for our purposes. 
Then: 

(i) Fs^u is exponentially close to E{s,lS) + E{~s,lj), where (D is defined 



by ( |6.9.1.1[ ); in particular, \\Fs^^\\l^(My) ^ C^ogY). 
(ii) -Fs,w is a linear combination of eigenfunctions with eigenvalue exponen- 
tially close to — s^. 

In order to verify thèse, we need to check that F' is "almost co-closed", so that 
the projection onto co-closed forms does not lose too much. 

Indeed, first of ail, the orthogonal projection of F' onto the orthogonal complé- 
ment of co-closed forms has exponentially small norm. This orthogonal complément 
is spanned by df, for / a function satisfying absolute (Neumann) boundary condi- 
tions and orthogonal to 1; now 



{F',df)MY = {d*F'J)M, = {d*{F'^F)J) 



M- 
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where we used the fact that d* F ^ 0. But F' — F is supported entirely "high in 
cusps;" we may express the last quantity as a sum, over cusps, of terms bounded 



by ||d*Fo(l - Now > 1 1 / 1 1 / log F because of (|6. 9.4.31. So 



{F\df)<^{\ogY)\\d*Fa{l-hY)\\-\\dfl 

Since d*F{){\ — hy) is ccrtainly exponcntially small, we arrive at the conclusion 
that the projection of F' onto the orthogonal complément of co-closed forms has 
exponcntially small norm. Similarly, the orthogonal projection of F' onto the span 
of eigenvalues not in [— — ^/e, — + -/e] has, by (6.9.5.21, a norm ^ ^/e. 

This concludes the proof of claim (i) about Fs^^i] claim (ii) foUows directly from 
the définition. 

In an exactly similar way, we may associate to every co-closed cusp 1-form tj) a 
co-closed F^ on My satisfying corresponding properties: 

(i) F^ is exponcntially close to 'iI^\my') 

(ii) F^ is a linear combination of eigenfunctions on My with eigenvalue ex- 
poncntially close to the eigenvalue of ^j:. 

The maps (s, w) i— > Fs.uj,ip i— > F^ give a mapping from B = Beis U Scusp to the 
vector space spanned by ail co-closed forms on My of eigenvalue < T^-t-aexp(— 61^), 
for some absolute a, h. Call the image of this mapping F. We argue now that F is 
linearly independent: 

Indeed, in any relation 



(6.9.5.3) 



fe 



bkF^„^Q, (O^aj G C,0^6fe G C). 



we may suppose (by applying an orthogonal projection onto a suitable band of 
Laplacian eigenvalues) that ail the Sj are "close to one another," i.e., there exists 
Tg < T -|- 1 so that \sj — zTqI and \s^^ — zTgl are ail exponcntially small. 
By § 



6.9.2 



the number of solutions to f{sj) = in the range |Tq 



■ ■ ;i < 

aexp(— 5F) is absolutely bounded for Y large enough. As for the number of V'fc 
that may appear in (6.9.5.31, this is (by the trivial upper bound in Weyl's law) 
polynomial in Tq. Therefore the number of terms in the putative linear relation is 
at worst polynomial in T^ax- 

We shall dérive a contradiction by showing that the "Gram matrix" of inner 
products for Fg-^uj- a nd F.^. is nondegenerate (here j, k vary over those indices 
appearing in (6.9.5.31). Clearly {Fsj.u:j,F^^) is exponentially small and {F^-,F^^) 



differs from Sjk by an exponentially small factor. Thèse statements foUow from the 
property (i) enunciated previously for both Fs^u and As for the terms, 



(6.9.5.4) 



[coi, ujj] + exponentially decaying 



by the Maass-Selberg relations; this is proved as (6.9.1.31 



But by the analysis of zeroes, assertion (iii) of Lemma 6.9.3 [wjjWj] is itself 
exponentially small if i ^ j. Consequently, the Gram matrix is nonsingular by 
"diagonal dominance;" contradiction. 

We have now exhibited a set of linearly independent co-closed 1-forms with 
eigenvalue < T'^+ exponentially small. This establishes the first inequality in (6.9.4.1 1 



(the précise value of the constants a, b in that équation are obtained by tracing 
through the estimâtes mentioned here). 
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6.9.6. Analysis of eigenvalues on My near by passage to combina- 



torial forms. We continue our proof Theorem 6.9.1 (a). 

We will argue that any "very small" eigenvalue of the Laplacian on co-closed 
1-forms on My is in fact exactly zéro. We prove in fact a stronger statement: 

A. Any eigenvalue A on co-closed forms on My satisfying A < AY^^ is 
actually zéro, for suitable constants; 

B. If wi, . . . , form an orthonormal basis for f2+(0), then the functions fo.wi 
constructed in the previous sectiorp^ are a basis for harmonie forms on 

My. 

For this discussion, it does not, in fact, matter whether we discuss only co- 



closed 1-forms or ail 1-forms, because of (6.9.4.31: any 1-form with eigenvalue 
polynomially close to zéro must be co-closed. As always, however, we work with 
respect to absolute boundary conditions. 

We will compare the analysis of j-forms and of comhinatorial j-forms, that is 
to say, the cochain complex with respect to a fixed triangulation. 

Fix a triangulation of M<y where each triangle has hyperbolic sides of length 
< 1. This can be done with OilogY) simplices, and for definiteness we do it in the 
foUowing way: first fix Fq ^ 1 sufficiently large, then triangulate M<Yp for some 
fixed Yq (this can be done — any differentiable manifold may be triangulated) . 
Now to triangulate the remaining "cusp région" Cy^ — C, split it into régions of the 
type M < Ht(a;) < 2M plus an end région 2^ M < Ht(x) < Y; we will assume that 
2^M e [Y/2, Y/4:]. Each such région is difi'eomorphic to the product R^/L x [0, 1] 
for a suitable lattice L, simply via the map (xi,X2,y) i-> {xi,X2) x (with the 

obvions modification for the end cylinder) ; we fix a triangulation for the latter and 
pull it back. 

We equip the resulting cochain complex with the "combinatorial" inner product: 
The characteristic function of distinct simplices form orthonormal bases. This being 
done, we define a "combinatorial" Laplacian on the cochain complex just as for the 
de Rham complex, i.e. A := dcd* + d*d, where d^ is the differential and d* its 
adjoint with respect to the fixed inner product. 

Suppose given an N x N symmetric integer matrix, ail of whose eigenvalues 
fi satisfy the bound \fi\ < A, where A is real and larger than 1. Then also every 
nonzero eigenvalue satisfies the lower bound > A~^ if /x ^ 0; this is so because 
ail eigenvalues are algebraic integers, and in particular they can be grouped into 
subsets with intégral products. On the other hand, every eigenvalue of the com- 
binatorial Laplacian is bounded by the maximal number of simplexes "adjacent" 
to any given one: if we write ont the combinatorial Laplacian with respect to the 
standard basis, the i^-norm of each row is thus bounded. The same goes for d^dc 
and dcd*. Therefore, 

(6.9.6.1) Any nonzero eigenvalue A of the combinatorial Laplacian, 

or of d^dc, or of dcd^, satisfies |A| 3> 

for some absolute constant m. This simple bound will play an important rôle. 



^^A priori, thèse functions were not guaranteed to be Laplacian eigenforms; however, the 
preceding statement (A) guarantoes that they are in this case. 
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Any j-form w on Af<y induccs (by intégration) a combinatorial form, denoted 
Wc, on the j-simplices of the triangulation. If duj = 0, then coc is closed, i.e. vanishes 
on the boundary of any combinatorial (j + l)-cycle. 

Let us now consider V{e), the space spanned by 1-forms on M<cy of eigenvalue 
< e. For topological reasons, 

dimV{e) > dimy(O) dimi7^(M<y), 

no niatter how small e. We shall show that dimy(e) = dimiï^ holds if e < aY^^ 
for some absolute constants a, b. In particular, this shows that ail eigenvalues less 
than aY~^ are identically zéro. 

Suppose to the contrary that diml/(e) > dim _ff ^(M<y). Consider the map 
from V{e) to ker((ic)/ini(dc) given by first applying uj h- > Uc, then taking the or- 
thogonal projection onto ker((ic), and finally projecting to the quotient. Since we're 
assuming that dimy(e) > dimiJ^(M<y) this map must have a kernel. Let lu be 
a nonzero élément of this kernel. The idea is to construct a combinatorial anti- 
derivative for w, then to turn it into an actual "approximate" antiderivative; the 
existence of this will contradict the fact that uj is (almost) harmonie. 

There is an absolute m > such that, for any lj e V{e), we have: 

(6.9.6.2) ||4Wc||l? «e^/2ym||^||^ 

where dénotes the combinatorial inner product and a is an absolute constant. 
Indeed, if K is any 2-simplex, we have {dciUc, K) = {ujc,dK) = Jqk^ ^ Ik'^^' 
But 

(6.9.6.3) \\du\\L^ < e^/^Y"''\\uj\\, 

as foUows from (say) the Sobolev inequality; the factor Y"'-^ arises from the fact 
that the manifold Af<y has injectivity radius x Y^^. That shows (6.9.6.2). 
Now (6.9.6.1) shows: 

dist(a;„ker(4)) < e^/^F™^ 

for some absolute constant m2; here the distance dist is taken with respect to the 
L^-structure on the space of combinatorial forms. In fact, write lOc — ujc^k + ^'c 
where Wc,fc G ker(dc) and _L ker(dc). Then ||rfcwé|| ^ e^/^F™||a;||; in particular 
(d*4wé,t^c> < (e^/^>"™l|wf ), and then we apply ( |6.9.6.1| ). 

By our choice of w, the orthogonal projection Wc,fe of Wc to ker((ic) belongs to 
image((ic)- So, there exists a combinatorial 0-form such that: 

(6.9.6.4) \\oJc~dJ,\\ «ei/2y™2||^||, 

We now try to promote the combinatorial 0-form to a function, which will be an 
approximate antiderivative for w. 

Let us now fix a base vertex of the triangulation, Q. For any other three- 
dimensional simplex cr fix a path of minimal combinatorial length ^„ from Q to a 
vertex of the simplex. For every point in cr, fix a linear patlKj7p from to 



The notion of linear dépends on an identification of the simplex with a standard simplex 
{xi g R : l'i > 0, ^ Xi = 1}. For our purposes, the only requirements on thèse identifications is 
that their derivatives with respect to standard metrics should be polynomially bounded in Y; it 
is easy to see that this is achievable. 
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P. Now define / : M<y C via 

where 70- + 7p dénotes concaténation of paths. 

This defines / ofF a set of measure zéro; / has discontinuities, i.e., doesn't 



extend to a continuons function on M, but they are small because of (6.9.6.3) 



and (6.9.6.41. Precisely, for any point P on M and a sufïiciently small bail B about 
P, we have 

sup £1/2^^3 ii^ii 

x,y£B 

for suitable TO3. 

On the interior of every simplcx S, df is very close to w: precisely, 
(6.9.6.5) ||d/-c.|Uoo(so)«ei/2y'"^||c.||. 



Again this foUows from Stokes' formula and (6.9.6.31. 

Finally, / almost satisfies absolute boundary conditions: if we dénote by 9„ the 
normal derivative at the boundary, we have 

(6.9.6.6) |a„/Uoo <el/2ym5||^||. 



This foUows from (6.9.6.31 and the fact that uj itself satisfies absolute boundary 
conditions. 



Now it is routine to smooth / to get a smooth function / that satisfies ( 6.9.6.6 ) 
and (6.9.6.51, perhaps with slightly worse 7713,7714 and implicit constants, j^]] 



Now 

(6.9.6.7) {uj,uj) = (df.uj) + {df -uj,uj) 

(6.9.6.8) = (/, + boundary tcrm + (rf/ — ijj, cj). 

But (/, d*uj) vanishes because w is co-closed; the boundary terni is bounded by 
gi/2yin6 ||j^|j2 bg^ausc / almost satisfies Neumann boundary conditions, i.e. (6.9.6.61. 
So 

for suitable B. This is a contradiction whenever e < AY^^ for suitable A, B, and 
complètes the proof that 

dimy(e) = dimy(O) (e < F"-^). 

Remark 6.9.7. For later usage we compute the asymptotic behavior of the 
regulator for M<y; we'U show 

(6.9.7.1) reg(iïi(M<y)) ^ reg(iîi(M))(logy)-'''- 

where hrc\ is the number of relevant cusps of Y, and ^ dénotes that the ratio 
approaches 1 as F — 00. 



We explain how to do this in some détail in a coordinate chart near the boundary. One 
then splits / into a part supported near and away from the boundary; the part away from the 
boundary can be handlcd by convolving / with a PU)2-bi-invariant smooth kernel on PGL2(C). 
Let {x,y,z) 6 S = R/Z x R/Z x [0, 1]. Given a function / : 5 — C that satisfies fz{x,y, 1) = 0, 
we extend it to a function /' : R/Z x R/Z x [0, 2] — > C by forcing the symmetry f{x, y,2 — z) = 
f{x,y,z). Now let u) S CJf'(R^) bc such that J uj = 1, and let lljs{x) = 5~''^u}{x/S). Now set 
f = f * LU (convolution on the abelian group (R/Z)-^ x R). Note in particular that df = df -ku). 
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Let ipi, . . . ,Tpk be an orthogonal basis for coclosed harmonie cusp forms on M. 
(Thus, k = dim 7î^(M, C)). Let i^i be the eigenfunctions associated to ipi under 



the niap S — >■ of § 6.9.5 (Again, we emphasize that we only know that thèse are 



eigenfunctions because of what we proved in this section 5 6.9.6 ) 
Let ujk+i, ■ ■ ■ , '^fe+/irci be a basis for fl — n^{0); note that 
1 _ Y''^''^-{-s)^+{s) = 

for 3 = 0, because $~(s) and $"'"(s) are inverses; thus we may form the eigenfunc- 
tion i^i := Fo^uji on My associated to (0,0;^) for each fc + l<î<fc + hrei- We set 
ipi := E{0,u!i) îor k + 1 < i < k + /ij-ci. Then ui is exponentially close to tpi. (As 
usual, this means: in norm on My). 

Again i^i, . . . , Vk+hrai Hnearly independent and are harmonie. Since dim H^{My, C) 
dimiJi(M, C) = fc + /ii-ci, therefore, 

The Vi, for l < i < k + h^d, form a basis for harmonie forms. 



Let 7i, . . . , jk+h^^i be a basis for Hi{M<y, Z) modulo torsion. Then, to check (6.9.7.1 1 



we note first of ail that vj ipj for each i, j, i.e. the period matrix for 

My approaches that for M. This requires a little more than simply the fact that 
Vj is exponentially close to "(/j^which is, a priori, a statement only in L^-norm. We 



omit the easy proof. Now (6.9.7.11 foUows since 

det ((l^,;, '^j))i<,^j<k+h,^, ~ (logy)^"' det ((V'^>J))l<.J<fc+h,^, , 

as foUows from the fact that the Viyipi are exponentially close, and the défini- 



tion (6.3.1.1) of the inner product on Eisenstein harmonie forms for M. 

6.9.8. Any eigenvalue of Aly arises from a root of /(s) or a cusp form. 

Again T < T„iax- 



Let be as constructed in § 6.9.5 the set of (near)-eigenforms associated to 
^cuspU Beis- Let J-o be the set of eigenforms of eigenvalue belonging to i.e., 
the harmonie forms. 

Let 

(6.9.8.1) eo = AY-^ 

be as in § |6.9.6[ i.e., such that any coclosed eigen-l-form of eigenvalue A < êq is 
known to satisfy A = 0, and therefore to belong to the span of J-q. As in the 
statement of the theorem, we write S = aexp(— 6y); the constants b will be chosen 
sufficiently small to make varions steps in the proof work. 
We shall show that — for suitable b: 

(*) any co-closed eigen-l-form on My with eigenvalue in (éq, (T— 
(5)^] that is orthogonal to ail éléments of — J-q is identically 
zéro. 

Since we already know that any co-closed 1-form with eigenvalue in [0, eo] belongs 



to the span of J-q, this gives the second inequality of (6.9.4.11, and complètes the 



proof of Theorem 6.9.1 part (b). 

The idea of the proof: the Green identity (recalled below) shows that any 1- 
form / on My that 's a Laplacian eigenfunction cannot have constant term which 



is "purely" of the form y '^(adxi + bdx2); its constant term must alsq | contain a 



"^■^This corresponds to the fact that an "incoming" wave reflects and produces an "outgoing" 
wave. In other words there is a symplectic pairing on the possible asymptotics, with respect to 
which the possible realizable asymptotics form a Lagrangian subspace. 
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pièce y^{a'dxi + b'dx2)- But by subtracting a suitable Eisenstein séries (rather: its 
restriction to My) from / we can arrange that the constant terni of / indeed looks 
like y~'^{adxi + bdx2)- This leads to a new function A'Iy whose constant terni is 
very close to zéro; we then seek to show it is very close to a restriction of a cusp 
forni froni M. This we do by spectrally expanding / on M. The trickiest point 
is to control the inner product of / with an Eisenstein séries E{uj,t) when their 
eigenvalues are very close; for that, we use a pole-free région for Eisenstein séries. 

Let us suppose that rj = rjs is an co-closed eigenfunction of the 1-forni Laplacian 
on AI<Y with eigenvalue — S {eo,{T — S)'^] and with ||77|| — 1, that is to say, 
Jj^j^{ri,ri) = 1. Note we are always assuming T < T^ax- Suppose that _L J-"; we 
shall show 77 = 0. 

The Green identity gives 

(6.9^.2) (a;i,Acj2) - (Awi,cj2) = B1 + B2, 



Bi = / (d*c^i,W2W)-(c^iW,d*(c^2)), 

JOMy 

B2 ^ I {X.du!i,UJ2) - {uJi,X.du!2). 

where X is a unit normal to the boundary - in our context it is simply ydy - and 
uj{X) means the évaluation of cj on X, while X.duj is the resuit of contracting dio 
with X. 

At first, we do not use the fact that rj satisfies absolute boundary conditions. 



Consider a fixed cusp of M, and write the constant terni of ry (see (6.2.1.11 for 
définition) as 

(7/) AT tJçsî/" + + (D^y'* + (D-sj/"" 

where u>s,uj-s G — Î^^(O), w^, G ri^(O). Note that assumption that rj is 
co-closed, i.e., that d*r] = 0, imphes that tjn does not contain terms of the forni 
y'^dy. 

Define 

= ?7 - {E{s,ujs) + E{-s,ùjs))) \my, 
a co-closed form on My whose constant ternis equals 

In this way we have killed the y^ part of the constant terni of 77. 



We apply the Green identity (6.9.8.21 with uji = uj2 = oj and also with Y 



replaced by Y' := Y/2. The left-hand side equals zéro. By (6.2.1.21, we deduce 
that 

k(^)|L~(aAf^/,) < exp(-&r). 



on the other hand, IjX.dw — sw^vH^oofa^f^^^) ^ exjp{—bY) by the sanie (6.2.1.21 



The Green identity iniplies that (s — 'S)||a;Ar||^2(gjv,f^^2-) exp(— 6y); to be explicit, 

the norm here is simply \\y^''{adxi + bdx2)\\L^(dMY/2) ^ + I^P); the constant 
of proportionality being the area of the cusp. 

This estimate implies (by assumption, — < epi which gives a polynomial-in-y 
lower bound on s — s): 

(6.9.8.3) llwAff <exp(-6y/2). 
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Making (6.9 



3l explicit (by splitting into dxi 
parts): 



idx2 and dxi — idx2 parts, i.e. 



"holomorphic" and "antiholomorphic'' 
(6.9.8.4) \\uj^, ~^-{~s)ûs\\, - $+(s)w,|| < exp(-6r/2). 



In words, (6.9.8.41 says that the constant terni of 77 resembles the consant terni 
of E{s,u!s) + E{—s,Ljs)- We now want to check that s needs to be near a root of 
/(s), which we will do by seeing what the boundary conditions tell us; we then want 
to argue that 77 itself differs from E{s, ojg) + E{—s, Wg) by (something very close to 
the) restriction of a cusp forni from M, which we will do by spectral expansion. 

We now use the absolute boundary conditions on rj: they mean that di] con- 
tracted with a boundary vector should be zéro, which implies that s{Y'^uJs + Y''ûis — 
y~''a;_s — Y^'^ûi^s) — 0. Note that we have exact equality here: integrating X.drj 
over the boundary picks up solely the constant term of 77. (Thus, the boundary 
conditions gives one constraint for each Fourier coefficient, and this is the zeroth 
Fourier coefficient.) 

Thus, considering "holomorphic" and "antiholomorphic" components. 



(6.9.8.5) 



Taken together, ( |6.9.8.4[ ) and ( |6.9.8.5| imply that 
WY'lj, - Y-'^-i-s)ûsl\\Y'^s ~ Y~'^+is)uj, 
and since <i>* are unitary, we deduce that 



= 0. 



<exp(-6y/2). 



(6.9.8.6) 



y~4"$-(-s)$+(s)w,|| <exp(-6r/2). 



This shows (more or less - détails below) that s must be near zéro of /(s). 
We now show estimâtes: 

(6.9.8.7) ||w,|| » ciy-^M|w|U2(M^) «jv Y-^ 

for suitable constants ci,C2 and for arbitrary N. 



The proofs of both parts of (6.9.8.71 have the same flavor: we need to show 



that for any co-closed 1-form Ç (namely, either 77 or w) , then ^ is small if its constant 
term is. More precisely, we will prove 

Lemma 6.9.9. For any L > l, there are constants a, h, a' such that, for ^ G 
U\\mM^)^aY''\\^N\\+aY-'^M 



where the norm on S,N'is defined in (6.9.9.51 



as 



We prove this in § 6.9.9.1 Of course ||77|| is supposed to be 1, but we write it 
|7;|j to préserve homogeneity of the équation. 



The second assertion of (6.9.8.71 is directly the Lemma applied to ^ — uj, 



together with (6.9.8.31; the first assertion of (6.9.8.7) by applying this Lemma to 
^ = 77 together with (|6.9.8.4| and ([6.9.8.5^. 



But (6.9.8.7 1 concludes the proof of (*) (on page 142 that is, the main assertion 



of the présent section). In détail: The first estimate implies via Lemma 6.9.3 part 



(iv) that ojs is close to a linear combination of solutions where (s^,a;^) is 

an exact solution of F^'''''((>^(— s ■)<!>+ (s-)w- = and ail the s'^ are very close to 
s (in particular, s[ ^ 0). The cited lemma gives certain bounds on the norms 
of the w', which we use without comment in what foUows. The second estimate 
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of ( |6.9.8.7[ ) implics that \\ri - E{s,ujs) - E{-s,uJs)\\l^(My) is < >^ ^, and so alscj^ 
\\r] — X] -^si,"i lU^CMi-) ^ Y^^ . In particular, if rj were orthogonal to ail e 
T — then ?7 = 0, as claimed (since the matrix of inner products is nondegenerate 
- see discussion around ( 6.9.5.4[)). 

6.9.9.1. Proof of Lemma 6.9.S\ We apologize for not giving a unified treatment 
of Ç = ?7 and ^ = w, but the two cases are slightly différent because rj satisfies 
boundary condtions and uj does not. 

We regard Ç as a 1-form on AI by extcnding it by zéro; call the resuit Of 
course ^ is not continuons, a point that will cause some technical trouble in a 
moment. 

Outline: We shall expand ^ in terms of a basis of 1-forms on M and take 
i^-norms: 
(6.9.9.1) 



dt 
2tx 



E 



Vl + 27r 



where the i/-sum is taken over an orthonormal basis for ri+, the /-sum is taken over 
an orthonormal basis for C°°(0) (see § 6.2.2 for discussion) and the first i/^-sum is 
over cuspidal forms; we use the fact that arithmetic hyperbolic 3-manifolds have no 
discrète spectrum on forms, except for the locally constant 0- and 3- forms. 

In fact, we later modify this idea slightly to deal with the poor convergence 
of the right-hand side, which behaves like the Fourier séries of a non-differentiable 
function. 

Preliminaries: Note that in either case — at is "small": for Ç = 77 the esti- 
mate ( [6.2.1.3 1 apphes directly: 

(6.9.9.2) \t]{x) - t]n{x)\ < exp(-6 m{x))\\T]\\L2 , m{x) < Y. 

Note that the left-hand side only makes sensé when x belongs to one of the cusps, 
i.e., Ht(a;) > 1. For £, = i^i one has 

\uj{x) - ujn{x)\ < \ri-riN\ + \E{s,ùj)- E{s,uj)n\ + \E{-s,l:))- E{-s,ùj)N\ 



(6.9.9.3) 



< 



^-fcHt(x) 



\7j\\l2, m{x)<Y. 



where we used now (6.2.1.2) for the latter two terms, taking into account the Maass- 
Selberg relation (6.2.2.111, (6.9.2.21, and the fact that \\Lds\\ and ||â)s|| are bounded 
by constant multiples of |jî7||L2. 

There are bounds of a similar nature for duj — dio^ and drj — drjpf. 

For any form, let ||F||bdy be the sum of the L°°-norms of F,dF and d*F along 
the boundary dMy- (6.2.1.31 and variants imply that for ^ G {Vi'^} have, for 
suitable a, b, c, 

Iie||bdy«>^1ieik + «e-^''l|î7ll, 



(6.9.9.4) 

where we define 
(6.9.9.5) 



,'|2 



23lndeed, put Hi'^ = Y-'^''<S>+ {s'Jlo'-, so that uis is exponentially close to then also 

E(s,(jJs) + E{—s,ùjs) is exponentially close to ^ E{s'^,ùj'^) + ^ E{—s'^,iIi'^). To check the latter 
assertion one needs estimâtes on the derivative of the Eisenstein séries in the s-variable; see 
discussion around ( |6.9.2.5| l for this. In turn, each E(s^,uj^) + E{—s^,(I;^) is exponentially close to 
Fgi ^1 , and no s'^ is zéro. 
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for = y'^{adxi + hdx2) + y~'^{a'dxi + h'dx2)- (This norm is not "good" near 
s = 0, but we have in any case excluded this.) 

The Green identity imphes that if F is an eigenform of eigenvalue —t^ < 
and Ç e ui}: 

(6.9.9.6) (f,e)M.«^^fp^^|^, 



The spectral expansion: We now return to (6.9.9.1 ). To avoid the diSiculties of 
poor convegence previously mentioned, we replaced ^ by a smoothed version. We 
choose a "smoothing kernel": take a smooth self-adjoint section of H.^ Kl (Çl^)* on 
H'^ X H'^, invariant under Gœ, and supported in {{P,Q) : d{P,Q) < C}, for some 
constant C. Then (the theory of point-pair invariants) there exist smooth functions 
Ki,Kq such that K -koj = Ki{s)uj whenever w is a co-closed 1-form of eigenvalue 
— s^, so that d*u) = 0, and K -kui = Kç){s)uj whenever uj is of the forni df , where / 
has eigenvalue 1 — s^. We can arrange matters such that K± takes value in [0,2], 
Ki{s) = 1, and so that the decay is rapid: 

(6.9.9.7) Ki 2{u) decays faster than any positive power of (T/u). 

Now convolving with K and applying spectral expansion: 



ip coclosed 



(6.9.9.: 



E 



E 



" dt 



Y, \K,{s^)Wl^l^)\' 

î/i-L coclosed 



t—^oo 

dt 



2tï 



K,{it)\' \{^,E{v,it))\ 



Here — s| is the Laplacian eigenvalue of ?/;. The inclusion of the factors |if (• • • )p 
makes the right-hand side rapidly convergent. 
We will now show that, for ^ = 77 or ^ = cj, 

(6.9.9.9) Wl^^L- «aF'||ei|bdy + a'y-^||r;|U2(M,) 

for arbitrary N , and a, fe, a' possibly depending on N . This is ail we need to 
finish the proof of the Leninia: Note that (, -k K agrées with ^ on M<cy (for 
a suitable constant c S (0,1) depending on the support of K). Now (6.9.9.2) 
and (6.9.9.31 imply that the i^-norm of ||^|| in the région cY <y<Yis bounded 
by aexp{-bY)\\'n\\ + a'Y''' Un\\- Therefore, 



« \\i*K\\L2 

« asY'^UNl 



/cY<m<Y 

a'Y"-' 



£,N\\+aexp{-bY)\\f]\ 



a^Y 



-Ni 



where we used, at the last step, (6.9.9.91 and (6.9.9.4). Again, a,b,a',... are 
suitable constants, which niay dépend on N. 



So, a proof of (6.9.9.8) will finish the proof of Lemma 6.9.9 



We discuss each term on the right-hand side of (6.9.9.8) in turn. In what 
foUows, when we write "exponentially small" we mean bounded by e^''^||?7||i2; we 
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shall use without comment the easilv verified fact that — h^i/^'^'^' is bounded bv a 
polynomial in Y . 

• Large eigenvalues: Either for Ç = 7/ or Ç = the total contribution to the 



right-hand side of (6.9.9.81 of ternis with eigenvalue "large" (say > Y^l^^') 
is ^ for any TV > 0; this foUows by the assumed decay (6.9.9.7) 

i.e. that i^o,! decays faster than any positive power of (T ju). 

In what foUows, then, we may assume that we are only considering 
the inner product of Ç with eigenfunctions of eigenvalue < Y^l^'^ . In 



particular, we may apply (6.2.1.21 to such eigenfunctions. 
Coclosed cuspidal with eigenvalue in [eo,T^]: 

To analyze (77, ■0), when i/) is co-closed cuspidal, we recall that 77 _L 
and F^, is exponentially close to ■0, at least whenever the eigenvalue of 
1/) lies in [eo,T^]. Thus such terms are an exponentially small multiple of 

hll- 

To analyze 

dicular on My : for i\} is exponentially small on M - 
Coclosed cuspidal 1/) with eigenvalue not in [eo,T^]: 



w, we simply note that i/' is perpendicular to 77 — w = 
s,â)) on M, and so (because V' is cuspidal) almost perpen- 

My. 



An application of Green's theorem (6.9.9.6) shows that (^,'0) is an 



exponentially small multiple of ||^||bdy for such t\). 

Also, the number of such eigenvalues which are < y^/^^ is at most a 
polynomial in Y . 

Cuspidal V' that are perpendicular to co-closed: 

To analyze (ry, 7/;) when ^ = df for some cuspidal eigenfunction /, we 
note that in fact (77, df) = {d*r], /) = 0; the boundary term Jgj^j^ *7y A / is 
identically zéro because 77 satisfies absolute boundary conditions. 

As before, ip is exactly orthogonal to 7/ — tj, so almost orthogonal to it 
on My, and so again (w, ip) is bounded by an exponentially small multiple 
of II77II. 

Eisenstein terms: 

From ( 6.9.9.6| we get the estimate 



(6.9.9.10) 



\{i,E{,y,t))M^\'t:aY' 



ll^Ubdy 



and there is a similar expression for the other Eisenstein term. 

This estimate is not good when t is very close to s (say, when |s — 1| < 
1). To handle that région, use Cauchy's intégral formula and analytic 
continuation in the i- variable to compute (^, E^v, t)), this expression being 
antiholomorphic in t; this shows that the estimate 

(6.9.9.11) \{iE{i^,t))M^\'^ a^^'lieilbdy, 

continues to hold when |< — s| < 1. Here we have used the fact that there 
exists a small dise around any t G iR such that E(v, t) remains holomor- 
phic in that dise, together with bounds on i?(7^, t) there; see discussion 



around (6.9.2.5) 



bution to (6.9.9.8) 



Now (6.9.9.10) and (6.9.9.11) suflîce to bound the Eisenstein contri- 



□ 
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6.9.10. Modifications for functions, 2-forms, and 3-forms; conclusion 
of the proof. Since the proofs for (c) and (d) of the Theorem are largely the same 
as the proof of part (b), which we have now given in détail, we siniply sketch the 
différences, mostly related to behavior of î'(s) near 1. 

6.9.10.1. Informai discussion. Recall that î'(s) acts on an /i-dimensional space, 
where h is the number of cusps. At s = 1, it has a pôle whose residue is a projection 
onto a èg-dimensional space, where fep is the number of components. The behavior 
of near 1 gives rise to two spaces of forms on My of interest, one of dimension 
h — bo and one of dimension bo. Thèse two spaces are closely related to the kernel 
and image of H^{dM) H^{M), which are h — bo and &o dimensional respectively. 

(a) For / that belongs to the kernel of the residue of ^'(s) at s = 1, the 
function s i— )■ E(s,f) is regular at s = 1. The 1-form dE(s,f) is then 
harmonie. It (approximately) satisfies relative boundary conditions. 

Thèse give rise (after a small modification) to an /i — bg dimensional 
space of forms spanning the image of H'^^dMy) inside H^{My, dMy); or, 
more relevant to us, the 2-forms *dE{s, f) give rise to an /i— èg-dimensional 
space of forms in H^{My) that map isomorphically to ker(iî^(i9My) — > 



This space was already used (see ^ 6.3.1 1. 
(b) The residue of \E' at 1 means that one gets bo solutions to det(l+y^^'*^'(s)) = 
very close to s = 1. 

This gives rise (after a small modification, as before) to a 6o-dimensional 
space of functions on My with very small eigenvalues (proportional to 
Y~^), and satisfying relative (Dirichlet) boundary conditions. Roughly 
thèse eigenfunctions "want to be the constant function," but the constant 
function does not satisfy the correct boundary conditions. 

Thèse give the "extra eigenvalues" in part (d) of the Theorem. 

6.9.10.2. Part (c) of the theorem: co-closed 0-forms with absolute conditions. 
One way in which the case of 0-forms is substantially casier: the "passage to com- 
binatorial forms" is not necessary. For 1-forms, this was necessary only to handle 
eigenvalues on My very close to zéro; on the other hand, in the setting of 0- 
forms and absolute boundary conditions, the lowest nonzero eigenvalue is actually 
bounded away from 0. 

More precisely, the analog of statement (*) from ^6.9.8 now holds in the fol- 
lowing form: 

(*) Any eigenfunction on My with eigenvalue in [0, (Tmax — <5)^] 
which is orthogonal to ail cléments of the (analog of the sets) 
is in fact zéro. 

In the current setting, J- is the set of near-eigenforms constructed from cuspidal 
eigenfunctions on M, and also from Eisenstein séries at parameters where g{it) — 

for i > 0. H 

This is proved exactly in the fashion of §6.9.8| with no significant modification 



Let / be any eigenfunction on My with eigenvalue 1 — s , and we apply (6.9.8.2) 
with uji replaced by / and UJ2 replaced by the Eisenstein séries E{s). There is no 
i3i-term, and thus the identity simply shows that the constant terms of / and the 



24 



A priori, one needs to consider here not only s £ iR but also s 6 [0,1]; however, for 

l-s, 



sufficiently large Y there are no roots of g in [0, 1], because Id dominâtes tjt^^^ ^"^(s) 
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constant ternis of E{s) almost be proportional. One subtracts a suitable multiple 
of E(s) froni / and proceeds as before. 

Note that in the prior analysis - e.g. prior to (6.9.8.31 - some of our estimâtes 
degnerated when s was close to zéro, but this was just an artifact of using a poor 
basis; it is better to replace the rôles of ,y^^ by the nondegenerate basis = 

+ y~'^ , fs — ^ ~^ — , which éliminâtes this issue. This is related to the issue of 
why we do not include s = as a root of g{s) = in part (c) of the Theorem, i.e. 
why we only consider roots of g{it) for t > 0. 

6.9.10.3. Part (d) of the Theorem: co-closed 2-forms with absolute conditions. 
By applying the * operator this is the same as Computing eigenvalues on closed 
1-forms with relative conditions, that is to say, away from the zéro eigenvalue, the 
same as Computing eigenvalues on functions with relative boundary conditions. 

The analysis is now similar to that of the previous subsection, again now re- 
quiring considération of se [0, 1]; but now there is a significant change related to 

se [0,1]. 

Namely, g' has roots for large Y in the région s e [0, 1], unlike g{s) or /(s). 
The reason for this is the singularity of î'(s) at s = 1; this didn't show up for g (s) 
because of the factor in front. 

l+s 

It will transpire that the number of such roots s is, for large Y, precisely the 
number of connected components of M, and they ail lie very close to 1. The 
corresponding "monster eigenvalues" 1 — s^ are thus very close to zéro. 

Let R be the residue of î'(s) at s — 1; we have computed it explicitly in 
§ |6.2.2.5| it is a projection with nonzero eigenvalues parameterized by connected 
components of M; the eigenvalue corresponding to the connected component N is 
area(9iV)/vol(7V). 

Now, the solutions to 

det(l + î'(s)y"2s) ^ 

very close to s = 1 are well-approximated, by a routine argument, by the solutions 
to 

det(i + ^^r-2.)^o. 

s — 1 

There is one solution to this for each nonzero eigenvalue A of R, very close to 1 — 
(up to an error o(l/Y'^)). In particular the corresponding Laplacian eigenvalue is 
very close to 1 - s^ w 2^ + o(l/F^). 

We note for later référence, then, that the product of ail nonzero "monster 
eigenvalues" is given by 

(6.9.10.1) dét(2iî/y2)(i + o(l)), 

where again det' dénotes the product of ail nonzero eigenvalues. 



This concludes our sketch of proof of parts (d), (e) of Theorem 6.9.1 



6.9.10.4. Asymptotic behavior of regulators. We now consider the relationship 
between the regulator of My and that of M. 
Clearly 

reg(iïo(My))-^reg(iJo(Af)), 

as y — 7> oo. 

We have seen in ( 6.9.7.1[ ) that 

(6.9.10.2) reg(iîi (My)) ~ reg(iïi(Af))(log y)-'*-', 
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where h^ci is thc numbcr of relevant cusps. 

As for the i/^-regulator, the analogue of (6.9.7.1) is the foUowing, which is 
proved in a siniilar way (using the space of forms described in part (a) of 5 6.9.10.1 1: 

(6.9.10.3) reg(iÏ2(My)) - reg{H2{M))Y~^'^'' 

where h' — dim(ff2) — dim(7Î2!), and ~ dénotes that the ratio approaches 1. In- 
deed, ( 6.3.1.3[ ) was chosen in such a way as to make this relation simple. 
On the other hand, we have seen that 



reg(iÎ2(M)) =reg(ff2!(M)) • ^ ^[J 2area(C) j vol(7V)-i • det '(2iî)-i^ 



1/2 



where the C product is taken over ail cusps, the A^-product is taken over ail compo- 
nents A'' of M, and vol(A'') dénotes the volume of N. Finally, because iÎ3(My,C) 
is trivial, 



(6.9.10.4) reg(JÎ3(My)) ^ reg{H3.BM{M))Y[vol{N)~'/^ 

N 



Consequently — by (6.3.3.31 — the ratio 

1/2 



n 2area(C) j (det ' i2R))-^/\log Vf-^Y-^'^' , 

where the product is taken over ail connected components and taking the ratio for 
M and M' we arrive at: 

reg(M) reg(M;.) ( àei' {2R')Y^''' ^^^'A^'^ 



(6.9.10.5) 



reg(My) reg(M') l det'(2iî)y2'î'(Af) I 

/ det'(2i?Vy2) ^ 
\àet'{2R/Y^) 



since the terms J|area(C) and logF terms cancel and also h' {M') — h{M) 
-bo{M) + bo{M'). 



6.10. The proof of Theorem [ÔTsTsl 

Notation as in the statement of the Theorem. 

In what foUows we fix two truncation parameters l < Y' < Y . 

Let K(t; x, y) be the the trace of the heat kernel on j-forms on M, and kt{x) — 
K(t; X, x). We suppress the j for typographical simplicity, but will refer to it when 
différent js are treated difîerently. We define similarly K' , k' for M' , and Ky, ky for 
My, Ky, k'y for My- Recall our convention: in the cases of My, My we compute 
with absolute boundary conditions, i.e. we work on the space of differential forms 
LU such that both uj and dio, when contracted with a normal vector, give zéro. Set 
also koc{x) = limt_5.oo kt{x). Define similarly k'^ (for M') and fcoo,y,^oo,y' for My 
and My respectively. 

Set 

5t{x) = (fct(x) - fcy,t(x)), {x e My) 
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where we idcntify My with a subset of AI. We define 5[ similarly. Set 
(6.10.0.6) Ij{Y,t) (tr* exp(-tAM) - tr exp{~tAMy)) 

- (tr* exp(-tAAf') - trexp(-tAM' ) 



where thc Laplacians are taken on j-forms, and Ij{Y, oo) := limt^ac Ij (Y, t)', for 
the définition of regularized trace see Définition |6.3.5[ 

If we put t) — ^ J2j j{~^V^^^j0^j then that part of the expression of 
Theorem |6.8.3| involving analytic torsion equals 

H f°° Ht 

(6.10.0.7) __|,^or(s)-iy^ {l4Y,t)-I4Y,^)rj, 

Note that, a priori, this should be understood in a fashion similar to that described 
after (6.3.5.3), that is to say, by dividing into intervais [0, 1] and (l,oo) separately. 

In what follows, we fix j, and write simply I(Y,t) for Ij(Y,t); this makes the 
équations look much less cluttered. Then, using § |6.3.6( we may write 

(6.10.0.8) IiY,t) = / St{x)- [ S'tix) 

JxeAlY' M'^, 

{h{x)-K{x)). 



and /(y, oo) is obtained by substituting koo for kt at each point. Note, in the 
third intégral on the left hand side, we have used the natural identification of 
M[Y',Y] with Af'y, Y] to regard k' as a function on M[y/ yj. Now we have computed 
linit_j.oo tr*e^*'^**^ in (6.3.5.51; it equals 

(bo = diiaHo{M,C), j = 0,3 
[dimi/jj(Af,C), j = l,2. ' 

and similarly for M'. On the other hand, hmt_).oo tr e'^'^^^y = dim Hj{MY,C) 
which equals dimiîj(M, C), and 

fidimi/i(aM), j^l, 



dim Hj (M, C) - dim i/j, i (Af, C) 



dim iÏ2 {dM) -bo{M), j = 2 



so that I{Y, oo) — for j ^ 2, 3 — since the boundaries dM and dM' are homotopy 

équivalent, and we get 

(6.10.0.9) 

' (log(T) + 7)(6o(A'/) - bo{M')) {j = 2) 



^^„=or(s)-M /(r,œ)t^-- <^ (logT + 7)(6o(Af)-6o(A//')), (j - 3). 

.0, je {0,1} 

We claim that for any fixed T > 

(6.10.0.10) lim / I{Y,t) = 0. 

Indeed, reasoning term by term in (6.10.0.81 (and, where necessary, first taking Y 
to oo and then Y'), 
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• St{x), ôf{x) both approach zéro uniformly for x G My , Y > 2Y' , t G [0, T]. 
This is a conséquence of the locality of the heat kernel. This disposes of 
the first two ternis. 

• The terms kt{x) — k'^^x) is independent of Y, Y'; uniformly for t G [0,T], 
it approaches zéro as lieiglit(x) oo. Since the nieasure of M[y',y] is 
bounded above, this disposes of the second terni. 

• As y — ^ oo, kt Y^x) — fcj y(a;) approaches zéro uniformly for x G M[y',y]i 
t G [0,r]; this foUows from the locality of the heat kernel. 

• Similarly, for x G Cy, kt{x) — kt(x') approaches zéro as y — > oo, uniformly 
for t G [0, T]; this is just as in the case of the second term. This disposes 
of the final term. 



This proves (6.10.0.101. In combination we have shown that for any fixed T 
(6.10.0.11) 



lim - 



ds ' 



U=or(s)~i / (/^(r,t)_/^(y,oo))f 



dt 



1 



{logT+j){bo{M)-bo{M')). 



Now let us turn to the analysis of t G [T, oo); we shall show (using crucially the 
analysis of small eigenvalues) 

(6.10.0.12) 

--U.or(s)-i j ^j^^Y,t) - /.(y, ^)t^j + - (logdet '(F-^iï) - logdet '{y-^R')) 



1 



(logr + 7)(6o(Af) - 6o(M')), as Y - 



Recall that we are using det' to niean the product of nonzero eigenvalues, and R 



was defined after (6.3.3.31 Since we already saw (6.9.10.5) that 



(logRT(M) - logRT(Afy)) - (logRT(M') - logRT(A/(,)) 
1 



logdet(y"2^) -logdet(y"2^'; 



0. 



this, together with (6.10.0.91, will concludc the proof of the thcorem; note that 



the analytic torsion quotient differs from (6.10.0.12) by a sign, owing to the sign 
difi^erence between logdet A and C'(0)- 

Now each term of Ij(Y,t) can be written as a summation (or intégral, in 
the case of continuons spectrum) of e~^* over eigenvalues A of j-forms on one 
of M, My , M' , My- We define /|°<=iosod gjjnpiy bg restricting thèse summations or 
intégrais to be over co-closed forms, that is to say, the kernel of d* . Then one can 

cocloscd . 



Write each 1^ in terms of J^cociosod. f^^^^^ Ij{Y,t) - Ij{Y,oo) = (/]=°'=i°"°'i(y, i) 



TCOC 
j 



loscd 



(y,oo)) + (/j_i(y,t)™'='°"°^-/j_i(y,oo)™'=^°""'^). In this way we reduce the 



analysis of ( [6.10.0.12 1 to the coclosed case. 

FoUowing our gênerai policy of treating 1-fornis in détail, we shall now show 



(6.10.0.13) 



ds 



cocloscd / 



dt 



(y, t) ~ /™cl°«<=d(y^ ^-j^ ^ g 



(i.e., the contribution of coclosed 1-forms.) We shall then explain how the modifi- 



cations of part (e) of Theorem 6.9.1 causes a slightly différent analysis for j ^ l, 



giving rise to the terms on the right of (6.10.0.12) 



Write N{x) for the number of eigenvalues on co-closed 1-forms on My in (0, x^]; 
enumerate thèse eigenvalues < Ai < A2 < . . . Define correspondingly N^^spix) 
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for thc number of such cigcnvalucs on co-closed cuspidal 1-forms on M. Note, in 
both cases, we are not counting eigenvalue 0. 

Set E{x) to be the "error" when we approximate N(x) by means of Lemma 

Km 



(6.10.0.14) 



E{x) = N{x) 



(4x/irciiog(r)-Eti 



27r 



where /iroi is the size of the scattering matrix and Vi is as defined as before (cf. 
Lemma 6.9.3| (i)). 

Write ijj{s) = det(<i>^(-s)<i>+(s)). Since <i>+(s)<i>^(s) is the identity, it foUows 
that ijj{s)uj{-~s) = 1; in particular, as we will use later, the function w'/w is even 
(symmetric under s i— > —s). 

According to part (i) of the Lemma and Theorem 6.9.1| or more directly 
(6.9.4.11, E{x) is bounded when in the range x ^ ^max — ^max(^)7^ ^ even 
more precisely E{x) is "well-approximated" by — ^ 1 4ziogy^ u^(x) | — ^^^^ sensé 
that 

(6.10.0.15) 



çX + l 

Jx 



Eix)+J2{ 



4a;log(y) - 
2tt 



< aexp{—bY) 



for some absolute constants a,b, whenever X < Tmax- Here {•} dénotes, as usual, 
fractional part. 



Now let us analyze ^ 
of 1-forms on My- 

(6.10.0.16) 



the sum being taken over ail nonzero igenvalues 



'dN{x) 



(a) 



N{x) ■ 2xte^'' *dx 
-MO) ,1 



27r 2tt 

E{x) ■ 2a;te""="* 



4/i,e,log(r)--(ïx)+27r'^ 
U! dx 



dx 



(c) 



1 

2^ 



2/i,eiiog(r) 



{ix) ) + Y. 

A^O,cusp eig. 



At 



E{x) ■ 2xte' 



dt 



dt, it should be understood as a distribution (it 



Note when we write, e.g. 
is, in fact, a measure). 

Step (a) is intégration by parts. At step (b), we first expanded N{x) according 
to (6.10.0.14), then used intégration by parts "in the reverse direction" and the 
observation that the derivative of ^ is — ^ by (6.9.2.1 1. In step (c) we used the 
fact that ail Vi{0) = 0, this because 2<i>"(-s)<i>+(s) is the identity when s = 



^^Were this not so, this term would be ^tr(/ — # $+(0)), which is related to a similar 
term in the trace formula. 
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and unfolded the intégral from [0,cxd) to (— cxd,cxd), using the fact that w'/w is an 
even function. 



The prior équation (6.10.0.16 1 says that the heat-trace on My is closely related 



to the regularized heat-trace on M, up to an error terni controUed by E(x). 
To proceed further we need to analyze the behavior of E, using: 

Lemma 6.10.1. Suppose I is an open interval in R and m a monotone increas- 
ing piecewise differentiable function from I to (—1/2, 1/2), satisfying m' G [^,5] 
where B — A> 1. Suppose that : / — > R is smooth and \<j)\ + |ç!)'| < M . Then 



{x) ■ m{x)dx <^ M 



B-A 
A^ 



Proof. Translating /, we may suppose that / = (a, b) and to(0) = 0, with 
a < < 5. Now Ax < m{x) < Bx for x > 0; therefore, b e [jg, jj]- Similarly, ~a 
belongs to the same interval. 

Also 

4i{x)m(x) = / Ax(l){0)dx + / Ax{(l){x) - 0(0)) + / {m{x) ~ Ax)(j){x)dx 
I Ji Ji Ji 

= A(j>{0){b^ -a^)/2 + 0{A.M. J \xf) + 0{iB-A)M J \x\) 
= 0{{B- A)M/A^). 



where we used the fact that Jj\x\ <C ^ 



□ 



Return to (6.10.0.131. In view of ( [6.10.0.16 1 and its analogue on the manifold 
My ( Write E' for the analogue of E on My), together with ( 6.3.5.4| describing the 
regularized trace, we may express (Jf 



coclosed 



(6.10.1.1) 
(6.10.1.2) 



dt 



E{x) - E'{x) 2xe 



rcoclosc( 

^1 



'dx 



dt 



as 



{E{x) - E' {x))e~'''^ 



dx 



indeed this is absolutely convergent, so the interchange in order is justified 

< ] 

[0 



Fix < e < 1. We estimate (6.10.1.21 by splitting the intégral into ranges of x: 
1 



1 



, e) U [e, Tinax) U [T^ax, oo). 



lOOlogF' 4001ogr' 

Recall that T^ax was a parameter defined in (6.9.2.4), and our analysis of sniall 
eigenvalues works "up to eigenvalue T^ax" 

- The intégral is handled by trivial estimâtes. Indeed, E{x) and E'{x) 
are easily bounded by a polynomial in x ail of whose coefficients are at 



worst polynomials in logF. But, given the explicit définition (|6. 9.2.41 
the size of Jr 



decays faster than any polynomial in logY. 



The intégral is seen to be Oe^rii^ogY) ^/^) 



We approximate E and E' by nieans of (6.10.0.15). Thus the intégral 



in question becomes a sum of intégrais of the form 



2rp dx 



Ax log(y ) - lyj 
2tt 



}, 
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up to an exponcntially small error. We handle the intégral for each i 
separately in what foUows. 

Now split the range of intégration (e,T) as a union \J-{aj,aj+i) so 
that iog{Y)-ui | ^^^^ from —1/2 to 1/2 as x increase from ai to Oi+i. 
The number of such intervais is 0(rniax 'log Y) . (At the endpoints, one can 
move e and T^ax by an amount w l/logK to ensure this is true; the inté- 
gral over thèse small "edge interva is" has in any case size Oe((log F)"^.) 

to each 



We now apply Lemma 



6.10.1 



By virtue of ( |6.9.2.3| , 

we may take A ~ 4 log F — a(loglogF)'' and B = 4 log F + a(loglogy)'' 
for appropriate a, b, and also M to be the maximum value of /x + 

{e~^ /x)' in the range (ejTniax), which is bounded by Oe,T(l)- 
- To handle /o™^ note that 

(6.10.1.3) \E{x)-E'{x)\<Y,\v,\ + \u[\ 



for X < iog Y ' ^^^^ foUows from the définition (6.10.0.14) of E,E' to- 
gether with the fact that there are no nonzero cuspidal eigenvalues x'^ 
on M, or any eigenvalues x'^ on My, for this range of x. Since \i'i{x)\/x 
is bounded for x £ {0, loo log y ) ' independent oî Y, it foUows that the 

intégral /o™^ is bounded by 0((logr)-i/2). 
It remains to consider i . 



By using ( 6.10.0.15| it suffices to bound instead 



dx 

X 



E 



4g; log(y) - y, 
27r 



4a; log(y) 
2^ 



the différence between the two intégrais going to zéro as y — oo. 

To bound this it will suffice to bound, instead, the corresponding 
différence of integer parts 



/: 



dx 

X 



E 



ix log(y ) - lyj 
27r 



E 



4.xlog{Y) - 1^1 
27r 



because the différence is bounded, up to constants, by the sum of quan- 
tifies |z^i(a;)/a;|; and the intégral of |z^i(a;)/x| over the région in question 
is bounded by 0(e) - after ail, \i'i{x)/x\ is again absolutcly bounded for 



x G 



, e), independent of Y. 



noo log y 

Now the functions 4a:;log(y) — Ui or 4a;log(y) — f'^, considered just 
in the région [0, e), are ail monotonie, and they ail cross 27rZ,47rZ etc. 
"at nearby points." More precisely, if we write ai.„ for the solution to 
4a;log(y) — h'i^x) — 2?™, then |ai^„ — aj,„| <C (^lagvy ' ^ similar rcsult 
holds comparing Ui^n and the analogously defined a^- „ for i/'^. Each such 
value of n up to 0(logy • e), then, contributes at most ^i^^y)^ ' ^^n^ ~ 
0{ jQgy ) to the above intégral. In this way, the intégral above is bounded 
above by 0(e). 
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Thèse bounds show that 



hm sup 



(Il 



coclosed 



0{e) 



but e is arbitrary; so the hmit is zéro. We have concluded the proof of (6.10.0.131. 

To check (6.10.0.121 we now outhne the changes in the prior analysis in the 
other case (i.e. co-closed j-forms for j 7^ 1). 
6.10.1.1. The analysis for Ij for j ^ 1. 

• The analysis of 0-forms, i.e. /™cioscd^ ^^le same, indeed simpler. 

The rôle ^~{—it)^^{it) is replaced by 'î'{it). The main différence: 
the lowest eigenvalue on the continuons spectrum of M is now not zéro, 
and also the nonzero eigenvalue spectrum of My is bounded away from 
zéro uniformly in Y . This avoids many complications in the above proof. 

is slightly differently owing to the 



TCQC 
^2 



losed 



The analysis of 2-forms, i.e. 
différent formulation of (d) of Theorem 6.9.1 



Indeed, Theorem 6.9.1 (d) and the discussion of § 6.9.10 especially 



f 6.9.10.3 describes certain co-closed eigenvalues on 2-forms for MyjMy 
that are very close to zéro. Dénote thèse "monster eigenvalues" by Ai for 
My, and /ij forA/y. 

The same analysis that we have just presented now shows that 



(6.10.1.4) 

dt 
~t 



{ rcocloscd /TA 4\ rcocloscd /"v/- 



-Ait 



3 



Recalling that e-^*f = f ^^ '^d u - - log(rA) - 7 + o(l), for small 
A, and using the analysis of § ]6.9''l0 (see (6.9.10.11) we obtain that the 
left-hand side (6.10.1.4) equals 

- (logdet'(2y~2^) -logdet'(2y-2^')) + (^o(Af) - &o(M'))(log T + 7) 
as y — >■ 00. This accounts exactly for the extra terms in (6.10.0.121. 
Coclosed 3-forms are simply multiples of the volume and ail have eigen- 
value 0. 



0(1) 



This finishes the proof of (6.10.0.121 and so also finishes the proof of Theo- 
rem H^l 



CHAPTER 7 



Comparisons between Jacquet— Langlands pairs 



Our main goal in this chapter is to compare the torsion homology of two man- 
ifolds in a Jacquet-Langlands pair Y, Y'. 



We begin with notation 7.1 ), recollections on the classical Jacquet-Langlands 
correspondence ( ^7.2[ ), and on the notion of newform ( ^7.3[ ). 

After some background, we state and prove the crudest form of a comparison 



of torsion homology (^7.4 Theorem 7.4.1 1 and we then interpret "volume factors" 
in that Theorem as being related to congruence homology, thus giving a slightly 
refined statement (^7.5[ Theorem 7.5.31. Thèse statements are quite crude - they 



control only certain ratios of orders of groups, and we dévote the remainder of the 
Chapter to trying to reinterpret them as relations between the orders of spaces of 
newforms. 

In § |7.6| we introduce the notion of essential homology and dual-essential ho- 
mology. Thèse are two variants of homology which (in différent ways) "eut out" 
congruence homology. We observe that Ihara's lemma becomes particularly clean 



when phrased in terms of essential homology (Theorem 7.6.41. 

In § |7.7| we start on the core business of the chapter: the matter of trying to 



interpret Theorem 7.5.3 as an equality between orders of newforms. To do so, we 
need to identify the alternating ratios of orders from Theorem |7. 5. 3 with orders of 
newforms. In § 7.7 we consider several spécial cases (Theorem 7.7.2 7.7.6 7.7.8) 



where one can obtain somewhat satisfactory results. 



In the final sections ( § |7.8| and § 7.9), we attempt to generalize § 7.7 using 



the spectral séquence of Chapter |4] The strength of our results is limited because 
of our poor knowledge about homology of S'-arithmetic groups; nonetheless, we see 
that certain mysterious factors from § |7.7| are naturally related to the order of 
We advise the reader to skip § \7.8\ and § \7.9\ at first reading - proceeding directly 
to § |7.10| where we summarize the results of thèse sections. 



7.1. Notation 



Recall that we have defined the notion of a Jacquet-Langlands pair in § 2.2.7 
and we recall here: given sets S, S, T, 5', T' of finite places satisfying: 



we take G, G' to be inner forms of PGL(2)/F that are ramified at the set of finite 
primes S and S' respectively and ramified at ail real infinité places of F. Let Y{K^) 
be the "level S" arithmetic manifold associated to G and Y'{K^) the analogous 



construction for G' (see § 2.2.2 for détails) 



We refer to a pair of such manifolds as a Jacquet-Langlands pair. 
We recall that F(S) and Y' {Y.) have the same number of connected components 
(see (3.3.4|). We refer to this common number as 6o or sometimes as = ■ 
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7. COMPARISONS BETWEEN JACQUET-LANGLANDS PAIRS 



7.2. The classical Jacquet Langlands correspondence 

As mentioned in thc introduction to this Chaptcr, the comparison of torsion 
orders rests on the classical Jacquet-Langlands correspondence. Accordingly we 
recall a coroUary to it, for the convenience of the reader. We continue with the 
notation of § |7.1[ 

For every j, let W {Y (K^))''^'^'" dénote the space of new cuspidal differential 
j-forms on Y{K^). By this we shall niean the orthogonal complément, on cuspidal 
j-forms, of the image of ail degeneracy maps Y{Kfi) — ?> Y{K^), 5 C iî C S. If 
y(i^s) is noncompact (i.e., S is empty) then we restrict only to cuspidal j-forms. 
Then the Jacquet-Langlands correspondence implies that 

The Laplacian Aj acting on the two spaces of forms Çl^ {Y {K^^))^™ 
and Çl^ {Y' {K-^))^™ are isospectral] more precisely, there is, for 
every A G R, an isomorphism of A-eigenspaces: 

n\Y{K^)Yr n^{Y'{Kj:)rr 

that is equivariant for the action of ail Hecke operators outside 
E. 

For the Jacquet-Langlands correspondence in its most précise formulation, we 
refer to |49|, Chapter 16]; for a partial translation (in a slightly différent context) 
into a language doser to the above setting, see |80j . 

Specializing to the case A = 0, we obtain the Hecke-equi variant isomorphism 

iîJ(y(i^s),C)"™ ^ W{Y'{Ky.),CY'''". 
We recall the notion of new in the (co)homological setting below. 



7.3. Newforms, new homology, new torsion, new regulator 



Recall ( 5 3.10 ) that the q-new space of the first homology Hi(Y{K^), Z) is the 
quotient of ail homology classes coming from level E — q. 

So C)"°" wiU be, by définition, the cokernel of the map 

iïi(S-M,C)2i^i/i(S,C) 

which (since we are working in characteristic zéro) is naturally isomorphic to the 

kernel of the push-forward map HiÇE, C) — — {v}, C)^. However, when 
we work over Z, the cokernel définition will be the correct one. 

The classical Jacquet-Langlands correspondence (that we have just discussed) 
proves the existence of an isomorphism 

iîi(r(/fs), C)"™ ^ H,{Y'{K^),Cr^, 

which is equivariant for the action of ail prime-to-E Hecke operators. 

In the next section we shall formulate certain corresponding theorems for tor- 
sion, but on ly at a numerical level. To motivate the définitions that foUow, note 
(see f 3.10.3) the existence of a séquence, where ail maps are degeneracy maps: 

(7.3.0.51 



H-l(E - S,C) = '^' > Hi{S - {v,w}.cf Hi(S - {v},cf Hi(S,C 



7.4. TORSION JACQUET-LANGLANDS, CRUDEST FORM 
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It lias homology only at the last term, and this homology is isomorphic to iîi(S, C)"° 
Therefore, HiÇS, C)"°^ can be decomposed, as a virtual module for the (prime-to- 
S) Hecke algebra, as an alternating suni of the left-hand vector spaces. 
We now define: 

Définition 7.3.1. If S dénotes the set affinité places of F which ramify in D, 
we define the new regulator, the new naive torsion, and the new volume as follows: 

S\H| 



reg"^"(S) 

vor™(E) 

reg^<'-(iîi(S)) 



SCKCE 
SCRCT. 

n voi(y(x(iî))(-2)'"^"' 

ScflCE 

reg"^^(5]) 

vor'="(E), 



If we wish to emphasize the dependence on Y in this définition (with S explicit) 
we Write reg'^™{Y), etc. etc. Observe that /i™'" is not, a priori, the order of any 
group; indeed much of the later part of this Chapter is concerned with attempting 
to relate and the size of a newform space. 

The above définitions are equally valid in the split or non-split case; however, 



the définition of regulator varies slightly between the two cases (compare § 5.1 



and § 6.3.21 



The quantity reg|P* is meant to signify the "essential" part of the regulator, i.e. 
what remains after removing the volume part. One computes from the définition 
that: 



reg^"' 



n 



Scfl.CS 



n 



SCB.CS 



reg(gi(fl,Z)) 
vcg{H2{R,Z) 

reg(gi(fl,Z)) 
reg(i/2!(iî,Z) 



(-2)1 



(-2) 



J nonsplit, 
split. 



7.4. Torsion Jacquet Langlands, crudest form 

We continue with the previous notation; in particular. Y, Y' are a Jacquet- 
Langlands pair. 

Theorem 7.4.1. The quantity 



(74 11) — 

^ ' vor™(y)reg^™(y) 

is the same with Y replaced by Y' . 

Our goal in the foUowing section is to refine this statement by trying to interpret 
this numerical value in terms of quantities that relate, conjecturally, to spaces of 
Galois représentations. 
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7. COMPARISONS BETWEEN JACQUET-LANGLANDS PAIRS 



Proof. (of Theorem 7.4.1 1. 

We first give the proof in the compact case, i.e., both S*, S' are nonempty. First 
note that there is an equality of analytic torsions 



(7.4.1.2) 



Because of the séquence (7.3.0.5), it is sufficient to show that the spectrum of the 



Laplacian A^- acting on new forms on Y{K^) and Y'{K^) coincide. But that is a 
direct conséquence of the Jacquet-Langlands correspondence as recalled in §|7.2[ 
Since we are in the compact case (that is to say, both S, S' are nonempty) (7.4.1.21 



given in § 5.1 



(7.4.1.1 1: this foUows directly from the Cheeger- Millier theorem, in the form 



Otherwise, we may suppose that S* = and S" 7^ 0, so that Y is noncompact 
but Y' is compact. If we suppose S' = {p, q}, then the statement has already been 
shown in CoroUary 6.8.2 For 5 = 0, arbitrary S', the proof is essentially the same 
as for the quoted CoroUary: indeed, that coroUary foUows in a straightforward way 
from Theorem |6.8.3| and that déduction can be carried through in the same fashion 
for arbitrary S". 

□ 

7.5. Torsion Jacquet Langlands, crude form: matching volume and 

congruence homology 

We now return to the gênerai case and show that the "volume " factors in the 



Theorem 7.4-1 are accounted for by congruence homology. 

Write E = S' U T, and R = S UV, where Ç F Ç T. We now prove an 
elementary lemma. Recall that wp is the number of roots of unity, and that wp 
di vides 4 unlcss F = Q(\/^). 

Lemma 7.5.1. The groups iJi^cong(-R7 Z) and i/^^ (iî, Q/Z) have order 



J{{Nq+l)-\{{Nq-l) 



\ S V / 

up to powers of £\wp, where ^Y is the number of connected components ofYÇS). 

Proof. Recall that we have described the connected components of Y{K^) in 
Remark [3X4I 

y{Kj:) = U^o(^' = IIro(S, a)\H^ 

A A 

Thus, (by définition, as in § 3.7.0.2[ ) it suffices to compute the product of the orders 
of the congruence groups iîi,cong of Yo{T,, a) for ail a G A. 

By strong approximation this amounts to Computing the size of the maximal 
abelian quotients of for ail places v which come from abelian quotients of Ky 
(that is, the inverse image of the map K^'""^ K^^). The independence of the 
intermediate choice of K foUows from the fact that K is "p-convienient" (see Dcf- 
3.7.31. In particular, (foUowing Lemma 3.7.4 as well as équations [3.7.3.1 



inition 



and 3.7.4.1 1 this computation is independent of the choice of connected component. 



and the answer, up to the exceptional factors above, is 



[inverse image of K^^ in 



l,ab| 



7.5. TORSION JACQUET-LANGLANDS, CRUDE FORM: MATCHING VOLUME AND CONGRUENCE HOMOLOtBf 



For V Cz S, thc levcl structure Ky arises from the maximal ordcr in a quaternion 
algebra over â'y, and when v £ V, Ky is of "ro(w)-type" in GL2{^v)- If we compute 
with the norm one élément groups K^, we arrive at the answer above. In gênerai, 
we have to ensure that the image of the déterminant (which has 2-power order) 
acts trivially on thèse quotients (equivalently, the abelian quotients of lift to 
abelian quotients of Ky. This foUows by an explicit vérification: in the quaternion 
algebra case, it foUows from the fact that (in the notation of § 3.2.2[ ) that the map 



— > / lifts to a map Ky 
a map Ky (fc^)^. 



P, and in the ro(f)-case because K^ — > 



lifts to 
□ 



Let us make the foUowing définition (cf. Définition 7.3.11: 

Définition 7.5.2. If S dénotes the set of finite places of F which ramify in D, 
we define the new essential numerical torsion as follows: 

.(iî,Z)|(-2)'^^«' 



Hors \^) 

(S) 



LIICW 

"'cong \ 



n 

5C-RCS 

n 



|i/l,co„g(iî,Z)|(-2)l-X«l 



|-ffl,cong(^, Z)| 



(-2) 



5C-RCS 



As in the case of h^™ , the number h^''^™ is not, a priori, the order of any group, 
and again one of our concerns later in this Chapter will be to try to interpret it as 
such. 

Clearly, /i^™(E) = /i|?o™(S) • hlZg{^)- We have the foUowing refined version 
of ThcoremEXH 



Theorem 7.5.3. 



j^E, ncw (Y\ 

The quantity — - — - is the same with Y replaced by Y' . 



regf-(r) 



Proof. In light of Theorem 



is the same when Y is replaced by 



7.4.1 



it suffices to prove that the ratio 



Lncw 
cong 



{Y) 



vor™(r) 

This expression can be written as an 



alternating product, each of whose terms looks like 



\H 



l,cong 



(iî,Z) 



vo\{Y(K{R)) 

to the powcr of (-2)l^\^l = (-2)1^1. Recall th at S S" U T, wher eas R = SV^V. 
By combining Borel's volume formula (Theorem 3.5.41 with Lemma 7.5.1 this term 
(without the exponent) can also be written as the ^l'th power of: 

-1 



M-Cf(2)-Mj^p/^ 

2™(47r2)[-F:Ql-i 



(iVq + 1) -p. (iVq - 1) 
-l-l- (iVq - 1) -U- 



^ (iVq - 1) -1/ (iVq + 1) ' 



(recall that /i e Z dépends only on Let us count to what power each term is 
counted in the alternating product. 



(1) Thc volume (related) term 



VN 



(7r2)[^'^Ql-i 



22 



KF(2)Mi.p/2 
'd 



occurs to exponent 



(1-2)'' = (-1)" 
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7. COMPARISONS BETWEEN JACQUET-LANGLANDS PAIRS 



(2) The factor -, — — }- for q G S' occurs to the same exponent, for the same 
^ ^ (iVq - 1) ^ 

reason. 

(3) The factor 1^*^ ^ for q e S \ 5, which occurs to exponent —1 in the 

expression above and so to exponent —(—2)1^1 in the alternating product, 
but only appears when q (z V, occurs to exponent to exponent 

-1 + 2 7 - 2^ 2 + • ■ • ^ " ^ 

Both the volume terni and the terni -, — ^— !- — ]- for q G S do not dépend on whether 

{Nq ~ 1) ' 

we are considering F or F'. Thus it sufïices to show that in the product above they 
occur to the same exponent. Yet we have just calculated that they occur to exponent 
{~iy#Y and respectively, where d = |S\S'| and d' = We have 

already noted (cf. §3.3.3| that #r = On the other hand, since \S\ = \S'\ 



mod 2, it foUows that d= d! mod 2, and so (—1)'' = (— l)"* ; the resuit foUows. □ 

7.6. Essential homology and the torsion quotient 

In this section we discuss notions of "essential" homology, that is to say, we 
define variant versions of homology which excise the congruence homology. There 
are différent ways of doing so, adapted to différent contexts. 



We have defined previously 3.7 ) a congruence quotient of homology. By means 
of the linking pairing on ifi tors(S, Zp), we may thereby also define a congruence 
subgroup of homology, namely, the subgroup -ffi,cong* orthogonal to the kernel of 

Note that the order of iïi,cong and iïi.cong* need not be the same; they differ 



by the p-part of liftahle congruence homology (see § 3.7.1.3) 



(7.6.0.1) \Hi,cong,\ ^ (equality of p-parts.) 

I -'^ l,cong* I 



Définition 7.6.1. Suppose p > 2 is not an orbifold prime. 
We define the essential and dual-essential homology; 

iïf (S, Zp) - ker(iïi ^ iîi,cong); 



i/f*(E,Zp) = 



l.cong 



We make a similar définition with Zip replaced by any ring in which 2 and 
orbifold primes are invertible. 

The first définition is quite gênerai; the second relies, in the split case, on the 



vanishing of boundary homology of the cusps (Lemma 6.4.4) and thus is well-defined 
when p > 2 and is not an orbifold prime; it has a certain ad hoc feel to it. Although, 
e.g. iff * (S, Z) is not defined for this reason, we will allow ourselves nonetheless to 
Write 

(7.6.1.1) |iïf'(S,Z)tors| 

for the product of orders of \Hi (E,Zp)tors| over ail non-orbifold primes; equiva- 
lently, for the order of (S, Z')tors, where Z' is obtained by inverting ail orbifold 
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primes. This will be a convenient abbreviation since, in the rest of this chapter, we 
will usually work only "up to orbifold primes." 

Note that if the cohomology Zp) is pure torsion, thèse notions are dual, 

i.e. there is a perfect pairing HiÇE,, Zp) x (E, Zp) Qp/Zp. 

Remark 7.6.2. Even if the congruence homology is nontrivial, the essential 
homology may or may not differ, as an abstract group, from the actual homology; 



this is again related to the existence of hftable congruence homology (§ 3.7.1.31 



Remark 7.6.3. The level lowering maps <i>^ and induce maps <i>^ and 
on essential homology, and similarly for dual-essential. By virtue of this remark, one 
can define correspondingly essential new homology, dual-essential new homology, 
and so on. 

Thèse notions have différent utility in différent contexts. In particular, Ihara's 
lemma achieves a very élégant formulation in terms of essential homology, whereas 
dual statements seem better adapted to dual-essential homology: 

Theorem 7.6.4. Suppose p > 3 and assume that the other conditions for 



Ihara's lemma (§4.1) are valid. Then the level-lowering map on essential homology 
vI/:Ff(E,Zp)^7îf(S/q,Zp)2 

is surjective. 

Under the same conditions, assume further that iîi(S, Qp)''^"™ — 0. Then 
the level-raising map on dual-essential homology 

(S/q,Zp)2^iff* (E,Zp) 

is injective. More generally the same resuit holds localized at m a maximal idéal of 
Ts, assuming that iïi(S,Zp)m is torsion. 

7.6.5. The proof of the first statement in Theorem |7.6.4[ First of ail 
note that the number of roots in the Hilbert class field satisfies wh — 2 iî F has a 
real place; otherwise, the only primes dividing wh are 2 and 3. 



The first statement is an immédiate conséquence of Ihara's lemma, (3.7.3.21, 

and 

Lemma 7.6.6. Suppose that p > 3. Under the assumptions of Ihara's Lemma, 
the image of the level raising map on cohomology: 

$ : H\j:/c\, Qp/Zpf -> Qp/Zp) 

has trivial intersection with the q-congruence homology. Similarly, the kernel of the 
level lowering map 

î':i/i(E,Zp)^ffi(E/q,Zp)2 
071 homology surjects onto the congruence homology at q. 

Proof. Let r be an auxiliary prime (différent from q, the primes dividing p, 
and not contained in S) with the property that p \ N{t) — 1 and that r is principal. 
Such a prime exists by the Cebotarev density theorem and the fact that p \ wh. 
Let Et = E U {r}. The prime r has the property that _ff^(Er, Qp/Zp) does not 



have any (p-torsion) r-congruence cohomology, since (§ 3.7.1.11 the r-congruence 



homology has order dividing A^(r) — 1 (as a conséquence of our assumptions on r). 
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We have the foUowing commutative diagram: 



iîi(Sr/q,Qp/Zp)2 ^ ► iïi(Sr, Qp/Z^) 

Here thc map <i>q <i>q is simply thc map <i>q applied to the first and second, and 
third and fourth copy of H^ÇS/q), whereas the map is defined on the first and 
third, and second and fourth factors respectively. 



We first prove that this is commutative. First note that conjugation by 



TTq 
1 



and commute. It follows that the two nontrivial degeneracy maps dq and 

commute (the other degeneracys map are the obvions inclusions which certainly 
commute with everything.) It follows that the composition of maps on the upper 
corner is: 

(a, /3, 7, (5) H> (a + dq/3, 7 + d^^ô) i-> a + dq/3 + d^-f + d^dt^S, 

whereas the lower corner is 

(a, /3, 7, (5) i-> (a + dt7, /3 + d,:S) h> a + d^-f + d^(i + d^d^S. 

Assume, now, that <&q(a, /3) is congruence cohomology at q; to prove the lemma 
it suffices to show that it vanishes. We may choose (a',/?') such that <i>q(a',/3') — 
— [r]<i>q(a, since r is principal, a' — —a and — —(3 will do. Then 

<i>q © <i>q(a, /3, a', /?') = (<i>q(a, /3), -[r]<i>q(a, /?)) 

lies in the kernel of <i>t. By commutivity, 

a'), <î>t(/3,/3')) 

lies in the kernel of <i>q. 

By Ihara's lemma, the kernel of $q consists of classes of the form ([q]a;,— a;) 
where x € H^^^g{j:/q,Qp/Zp). 

In view of our assumptions on r, both of the degeneracy maps 

iïi„„g(S/q,Qp/Zp) ^ i/i„„g(Sr/q,Qp/Zp) 

are isomorphisms. In particular, there exists a g H^^^^ÇE/q, Qp/Zp) such that 

$,(a,a') =$r(a,0) 

and similarly there is b such that <i>r(/3,/3') = ^t{b,0). 

Hence (a — a, a') and {f3 — b, (3') lie in the kernel of <i>r - that is to say, a, /3 € 



iî(^ojjg(E/q). Then the image of (a, /3) under <(>q cannot be q-congruence by (3.7.3.2 1 



The claim about homology follows from an identical (dualized) argument. □ 
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7.6.7. The proof of the second statement of Theorem |7.674l Note that 



the second part of Theorem 7.6.4 is dual to the first statement when Hi(Y., Q) = 0. 
Let us now show that it continues to hold when i/i(S, C)''~"°^ = 0. The argument 
will be the same whether we first tensor with Ts,m or not, hence, we omit m from 
the notation. 

First of ail, to show that : iîf (S/q, Zp)^ iîf Zp) is injective, it is 
enough to verify the corresponding statement on the torsion subgroups (since it is 
clear on torsion-free quotients without any assumptions.) 

On the other hand, the duality on iîi,tors shows that the injectivity of î'^oi-g is 
équivalent to the surjectivity of 

* : -H"l,£;,tors(S, Zp) — > iïi^£;^tors(S/q, Zp)^. 

But we have shown in the first part of the Theorem that ^ : iïi_£;(S,Zp) — > 
-ffi.£;(E/q, Zp)^ is surjective; since it is injective on torsion-free parts (this is where 
the assumption HiÇS, Qp)"™ = is used), it must also be surjective on torsion. 

7.7. Torsion Jacquet Langlands, refined form: spaces of newforms. 

In this section, we outline to what extent we can interpret the a priori rational 
number as the order of a space of newforms. In this section, we will see what 

we can do only with Ihara's lemma in the case 5' = 0, 5' = {p, q}. In particular, we 
will prove "Theorem A" and "Theorem B" from the introduction to the manuscript. 
We do not aim for generality - rather illustrating some situations where one can 
obtain interesting results. 



In the later sections (§ |7.8| and § 7.9) we will attempt to use the spectral 



séquence of Chapter 4 to get results in a gênerai setting. Although conditional, the 
results of those sections are valuable in that they give a much more précise idea of 
what should be true. 

Again, we continue with the same notation as set earlier in the Chapter, so 
that Y, Y' are a Jacquet-Langlands pair. 

7.7.1. The case where H^{Y{i:),C) = 0. Suppose, for example, that H'^{Y{i:), C) 
0. Then we have an equality, from Theorem |7.5.3| 

/itors in = /îtors )• 

Note that H^{Y{R), C) = for ail S* C -R C S, and hence there is an equality: 

Crw- n |iîf(i^(iî),z)|(-2)"^^ 

SCiîCS 

To what extent does this differ from the order of the group HfCE, Z)"™ defined in 
Section [3. 101 and after Remark 17.6.31 ? 

Theorem 7.7.2. Suppose S* = 0, S" = {p, q}. //iîi(E, C) = 0, then there is an 
equality 

|i/f (r(E),z)--| = x-\Hf{Y\j:),z)\. 

for an integer x G Z, and away from primes < 3. 
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Recall (see around (7.6.1.11) that the order of Hf (S,Z) makes sensé away 
from orbifold primes. 

Note that even under this quite simple assumption, we still obtain a factor x 
which need not be trivial. We will see that we expect x to be related to K2 (see 



also § 8.3 and the références to numerical computations there, as well as ^9.7| 



Proof. Ail the statements that foUow are to be understood to be valid only 
up to the primes 2 and 3. 

We have hf^^™{Y) = /i^'^"™(y), and, in this case, hf^'^°'"{Y') is simply the 
order of Tîf '(y'(S), Z). 

It remains to analyze the dual-essential new homology for Y . That group is, 



by définition (see Définition 7.6.1 and subséquent discussion), the cokernel of the 
level-raising map: 

iîf (S/p)2 ©iïf (E/q)2 ^ i/f (S). 



Dualizing (see remark after Définition [7.6.1 1 this is dual to the kernel of the 
right-most map in 

(7.7.2.1) i/f (S/pq)4 4- fff (S/p)2 © i/f (E/q)2 ^ iîf (E). 



Away from primes dividing wh, the left-most map is surjective (Theorem [7.6.4 ) 



and the alternating ratio of orders of the sizes of the groups equals /i^j"°^(S). The 
resuit foUows, where x equals the order of the homology of the séquence at the 
middle term. □ 



7.7.3. The nature of x- preliminary discussion. Let us give a sketch of 
proof of Theorem from the introduction, in particular, yielding a relationship 
between x from the prior Theorem 1 7 . 7 . 2 1 and K2. Some of the ideas that foUow are 



further developed in the subséquent sections 5 7.8 and ^ 7.9 

As in the statement of Theorem we suppose that the class number is odd (so 
that ail the involved manifolds have a single connected component), that S = {p, q} 
(so that we are working "at level 1" on the quaternionic side), and, as before, that 
iïi(E) is pure torsion. We fix a prime ^ > 3, and will compute ^-parts. Set g to be 
the ^-part of gcd(Arp - 1, iVq - 1). 

We will show that: 

(7.7.3.1) the ^-part of #X2(^f) divides x ' 9 

which implies Theorem 

The integer x amounts to the order of the homology at the middle of (7.7.2.1 1. 
Dénote that homology group, tensored with Zg, by the letter M, so that \AI\ is the 
£-pa.rt of X- 

Now consider the square, where ail homology is taken with coefficients in Z^, 
and we impose Atkin-Lehner signs (i.e., ail homology at level S/p should be in the 
— eigenspace for lUj,, ail homology at level S/q should be in the — eigenspace for 
Wp, and at level S we impose both — conditions): 
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Ji'r!tors(S/pq) 



Hl,tora(S/pq) 



Jïl,tora(S/p) eiïl,tors(S/q) 7ïl,tors(S)" 



.(S/pq) i/i,cong(S/p) e-ffl,cong(S/q) Jïi,cong(S)" 



Each vertical row is a short exact séquence, by définition. Also, S = {p,q}, 
so that S/pq is the trivial level structure, but we have continuée! to use S for 
compatibility with our discussion elsewhere. 

When we speak about "homology" of this square in what foUows, we always 
mean the homology of the horizontal rows. For example, the homology at the 
middle term of the bottom row is (^kp ® fc^ ) (g) Ze (recall that there is only one 
connected component). Now let M dénote the homology group at the middle of 
the upper row, and let M dénote the homology group in the center of the square; 
then we have a surjection: 

(7.7.3.2) M ker A (k^ ®k^)® Z^) . 

But M arose already, in the computations of the homology of S'-arithmetic groups 



( ^4.4[ e.g. (4.4.1.11); the spectral séquence of that section shows that we have an 
exact séquence 



a quotient of Ze/g H2{Y{Kj:[—],Zt;) 

pq 



M, 



We have also proven (same proof as Theorem 4.5.1 (i), see (4.5.7.11 1) that there 
is a surjection 



(7.7.3.3) 



pq pq 



Finally, the groups M,H2{. ■ ■ ),K2{^F[j^] ail have maps to {kp(Bk^)<^Ze (the map 



/ from (7.7.3.2), the puU-back of / to iÎ2(- ■ • ), and the tame symbol, respectively) , 



and thèse three maps are ail compatible. That implies that 

the ^-part of #-ft:2(^F) divides \M\- g. 
But M is a direct summand of the group whose order defines x, so we are done 



proving (7.7.3.1 ) 



7.7.4. No newforms. We continue under the assumption of 5 = 0, S" = 

{p,q}- 

Now let us suppose that iîi(S, C) is non-zero, but that iîi(S, C) is completely 
accounted for by the image of the space of newforms of level E/q, that is to say. 
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iïi(E,C) ~ iJi(E/q,C)2. In this case, we see that re£™{Y') = 1, and we may 
also compute reg^™{Y) as well, namely, by Theorem |6.5.5[ 

(7.7.4.1) reg^riY) - 

where A is the order of the cokernel of the map 

({Niq) + 1) T, 
{ T, {N{q) + 1)^ 

on Hl^ÇE/q, Z)^ to itself. Hence in this case, Theorem 7.5.3 manifests itself as an 
equality 

j i?,ncw /-ï^N 

(7 7 A 2) tors [J^ _ ,E,ncwfY'\ 

or equivalently 

(7.7.4.3) /ifofr (r)A = h^^riY') ■ |ffi,iif (E/q; q)^ 

In particular, the factor A manifests itself as torsion on the non-split quaternion 
algebra - for example, if £ di vides |A| but not jiîijif |, then £ must divide the order 
of a torsion Hi group for Y' . 

A rather easy conséquence is "Theorem B" (Theorem 1.1.1 1 from the introduc- 
tion: 

Theorem 7.7.5. Suppose that S* = 0,5' = {p,q}. Suppose that l > 3 is a 
prime such that: 

(1) ifi(r(E/p),zo-o, 

(2) ffi(r(S/q),ZO and Hi{Y{j:),Zi) is torsion free, 

(3) iîi(F'(S),C) = 0. 

Then l can divide Hi(Y' (Y.)^Z) if and only if l divides (iv(p)^T)#^' where ^Y is 
the number of connected components. 

Note that this notation is not precisely compatible with that used in Theorem B, 
but the content is the same (taking account that Theorem B is stated in the context 
of odd class number, so that #F = 1). 

Proof. The assumptions imply that there is no mod-£ torsion at level E, E/p, S/q 
or E/pq. Therefore 

KZiY) = 1. 

Next we must account for congruence homology. Assumption (1) implies that 
there is no congruence cohomology of characteristic l at level E/p, and thus £ 
is prime to iîi,cong(S/p) and 7Ji_cong(5]/pq, Z). That means that the /-part of 
-ffixong(5]/q) and _ffi^cong(5]) arises entirely from p-congruence classes; in particular, 
they have order equal to (the /-part of) {N{p) — 1)^^, where #F is the number of 
components of Y. From that we deduce that 

h'^o7s,EiY) - (Nip) - 1)#^ (equahty of ^-parts). 
As for the quantity -ffijit(E/q; q) which shows up above - our assumption (2) 
implies that it equals simply (A^p — 1)'^^. So (7.7.4.31 shows that the size of 
iïf'(y(E), Zi) (or ; they both have the same order here) equals the £-part of 

A 

(Ap - ■ 
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□ 



Now we pass to a more difficult case, to illustrate the type of results that we 
can still obtain about ncwforms: 

Theorem 7.7.6. Suppose S — fb, S' — {p,q}. Suppose that £ > 3 is a prime 
such that: 

(i) The natural map i7i(S,Q^) — > iïi(I]/q, Q^)^ is an isomorphism, and 
i/i(S/p,Q,) = 0; 

(ii) There are no mod £ congruences between torsion forms at level S/pq and 
characteristic zéro forms at level S/q, i.e. there is no maximal idéal for 
the Hecke algebra T^/q ® that has support both in Hi tors(S/pq) and 

Then, up to £-units, 

|Hf* (r(E),z,)--| - (r'(E),z,)| -x. 

for an integer x G Z. 

Again, the integer x is related to K2, as explained in the next section. 

Proof. In what foUows equalities should be regarded as equalities of ^-parts. 
The proof is a séries of diagram chases, which are discussed in a more gênerai 
context in the next section. Examine the diagram (recall the définition of iïi.cong* 



from § 7.6 1 



-ffl,cong»(S/pq)* -< -/ïl,cong» (E/p)2effi,cong.(E/q)' — iîi,co„g,(E). 



Hl,tors(S/pq)'' ^ Jïl.tors(S/p)'eJïl,tor.(S/q)' ^ Jïl.tor^S). 



Inspecting this diagram, and using (7.6.0.1), we deduce the equahty 
(7.7.6.1) 



"'■^ (...5]/p...f (...S/q---f 

Now consider 



Ht (E,Zr-(...S/pq...r 



•|iîi,M(S,Z)ri-|i/i,nf(S/q,Z) 



^^i%s(S/pq)" -* Hi%,(S/p)"eJïi^L,(E/q)" //ftor,(E) 



H? (S/pq)^ 



(S/p)^ei/f (S/q)^ 



iïi,tf(E/p)'eiïi,tf(S/q) = 



B 



Jïi,tt(E). 
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Taking into account Lemma [4.2.1| to analyze the cokernel of B, and noting that 
Theorcm 7.6.4 and assumption (ii) of the theorem statement prove that A is injec- 



tive away from primes dividing wh, the diagram shows that 



(7.7.6.2) (r(E),Z)"™| = x- ^ 



iîf*(E,Z)*°-(...I]/pq...r 



i/ijif(E/q;q)| (... E/p •••)'(..• S/pq ■ 



n2 ' 



where x G Z. As before, A is the déterminant of (T^ - (1 + iV(q))^) on iîi(S/q, C). 



Combining ( |7.7.6.1[ ) and ( |7.7.6.2[ ), and using the fact (( |7.7.4.1| )) that reg'f "(F) 
/iiif(E;q)2A-i, 



|iïf (y(E),z)--| = x-/ifo£™(n-A- ''"'^^^^"'^^/'''''^ ' 



(7.7.6.3) 



X ■ 



/îiif(S/q)2 

/^fo;r(y) /iM(S)feiif(S/q; q) 
reg|™(y) /iiif(S/q)2) " 



We now need to analyze hftable congruence homology. Consider the commu- 
tative diagram 



//i(S/q,Z)L: 



*tors 



iïi(E,Z) 



iï"l(S/q, Z)cong " ^ ^'^^ //l(S, Z)cong 



ker(vl>t 



Hi(S,Z) 



Hi,iif(S/q)2 Hi,nf(S) 



By a diagram chase using Lemma 7.6.6 - note that ker(^'tors) = ker(^'), by as- 
sumption - the induced map t : iîijif(E) — 7îijif(E/q)2 is injective. Write L for 
image of 7îi(S/q, Z)tors inside iîi(S/q, Z)cong- Then one easily sees that the image 
of L has size equal to the index of L n [q]L in HiÇS/q, Z). So, 



/ii,m(S) 



|iïl(S/q,Z)eong| 



\Ln[q]L\ 
On the other hand, by définition, 



|iîi(E/q,Z) 

cong cong I 



ftiif(S/q;q) = ' '^l ,™ and /.M(S/q) = 



L+[q]i| '"^ \L\ 

Putting thèse together, we see that /iiit(S) •/iiif(S/g; q) — /iiif(E/q)2; and, returning 
to (7.7.6.31 and recaUing (7.7.4.21, we deduce 

|i/r(r(E),Z)"™| = x-hf^riY') 

= X-\Ht{Y'{^),Z)\. 

Note that the change in essential homology exactly accounts for the change in 
regulator, when accounted for properly. □ 
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7.7.7. An example with level-lowering and newforms. As our last spé- 
cial case, we continue to suppose that S' = {p, q} and S — 

Now suppose that iîi(I],C) ^ 0, but that we have iîi(S/q,C) = for ail 
q e E. Recall that Theorem |7.5.3| in this case says that 

hf^r{Y) reg^(y) 

hf^^nv) rcg£(r')' 

We deduce from this the foUowing: Suppose that i7i(r(S),Z) and i7i(r'(E),Z) 
are p-torsion free (or, more generally, that their p-torsion subgroups have the same 
order). Let us also assume that p is co-prime to the order of the congruence ho- 
mology. Then 

p di vides mg^iY) /leg^iY') only if there exists a level lowering 

prime m of characteristic p. 
Indeed, if p is to divide ïeg^{Y) /reg^{Y') , there must be p-torsion at level E/p or 
S/q; Ihara's lemma shows that this must divide a level lowering prime, since there 
is no p-torsion at level S. This provides theoretical évidence towards some of our 
musings in § |5.5| in particular the principle |5.5.2.1 



More generally, one can prove, similarly to the prior rcsults, that: 

Theorem 7.7.8. Suppose 5 = 0, 2. Suppose that i/i(i;/q, C) = for ail 

q G E. Then there is an equality 

|gf' (y(S),Z)— 1 reg^(y) 
^ ■ ■ ■ ^ (r'(E),Z)t-| ■ |^(E)| ^■reg^(r')' 

where p divides -Sf (S) if and only if there exists a prime va. of T of characteristic 
dividing p which occurs in the the support of an eigenform of characteristic zéro 
for Y {Y,), but also occurs in the support of the intégral cohomology at some strictly 
lower level. Moreover, x € Z. 



Our expectation is that the two ternis on the Icft-hand sidc of (7.7.8.1 1 match 
termwise with those on the right-hand side, that is to say: 

(1) The spaces (S, Z)"®^ are the same for Y and Y' , possibly up to factors 
arising from ii'2-classes which correspond to Xi 

(2) The ratio of regulators corresponds exactly to level lowering primes m, 
which are accounted for by the factor ^(S), 

and the theorem above shows that the "product" of thèse two statements holds, 
which can be considered as a consistency check. 

7.8. Newforms and the torsion quotient (I) 

Theorems |7.7.2| and |7.7.6| of the previous section were restricted to the case 
when 5 = and S' = {p, q}. The goal of the following few sections is to generahze 
thèse results to the gênerai case, where 'E = SUT = S'UT' and the cardinality 
of S and S' can be arbitrary. One case is (in most respects) actually simpler, 
namely, when \T\ = \T'\ = 1 (so d = d' = 1). In that case, the "partial Euler 
characterstic" x is trivial — provided that the congruence subgroup property holds 
for the appropriate 5-arithmetic groups (unfortunately the CSP is not known in 
thèse cases). Returning to the gênerai case, the key to such a generalization lies 
is understanding the exactness (or failure to be exact) of the corresponding level 
raising and level lowering séquences. The one tool we have to understand this 
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problem beyond Ihara's Lcmma is the spectral séquence of CoroUary |4.4.2[ which 
we recall below. To a certain extent, however, our understanding of this spectral 
séquence is illusory. The séquence abuts to the cohoniology of a T-arithmetic group, 
which, beyond (where one has access — in the split case — to the congruence 
subgroup property) is itself difïicult to understand. On the other hand, our analysis 
does give some understanding of the factors which niay arise when comparing the 
new (dual-) essential cohoniology of Y and Y' . 

Let us begin by recalling the statement of CoroUary |4.4.2| 

Notation as in that coroUary; in particular, is a certain flat local System 
on Y{K[1/T]), and we write S = 5 U T, and iî = Zl^]. Then there exists an 

spectral séquence abutting to H.^,{Y{K[^/T],T), where 

VCT,\V\=p 

Up to signs, the differential 

di : Hq{S U y U {q}, R) Hq{S U F, 
is given by the two degeneracy maps. In other words the page looks like this: 

H^{S,Rf ^ 0i/3(5U{p},iî)2'" ._0i/3(5U{p,q},iî)2'"' 
H^iS^Rf ^^H^{SU{p},Rf-" .-0i/2(^U{p,q},iî)2'"' 
H^{S,Rf ^0iîi(5up,iî)2'"' 0Hi(5U{p,q},iî)2'-' 



Ri — i — 

We will dénote the Hi row of this by -ffi.,, the H2 row by i/2,»; we dénote 
by H* and H* the sanie complexes but with arrows reversed, i.e., the level-raism^ 
complexes that were previously discussed in § |3.10.3 In what foUows, we will also 
dénote by Fp the local System F Tip. 

We wish to discuss what happens when we complète this at a non-Eisenstein 
prime, more precisely: In this section, the Hecke algebra T will dénote the abstract 
Hecke algebra omitting primes Tp dividing E. It acts on ail terms (and ail pages) 
of the spectral séquence as well as on its abutment. 

For the rest of § 7^ we assume that m C T is a maximal non-Eisensteii|^ prime 



with finite residue field, and will study the localization of the spectral séquence at 
m. We return to the case of an Eisenstein prime in the subséquent section. 

Lemma 7.8.1. The only non-zero terms in the spectral séquence after localizing 
at m occur in the first and second row. Suppose that iïij(S, Q) = — here Hi \ is 
the image of homology in Borel-Moore homology, and so is just Hi in the compact 
case — then the only non-zero terms in the spectral séquence after localizing at m 
occur in the first row. 



^ Here by Eisenstein we mean in the broadest possible sensé, namely, of type "DO" in the clas- 
sification [S^S^ To remind the reader, this is équivalent to the (conjectural) Galois représentation 
: Gp — GL2(Fp) being reducible. 
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Proof. For the first claim, it sufRccs to note that iÏ3(S, Z) and Ho{Y., Z) are 
always Eisenstein. For the second claim, this foUows automatically in the non-spht 
case. In the spht case, it suffices to note that the action of T{g) on the boundary 
terni is — up to the permutation of components induced by det{g) G A = F^\A^ / 
det{K)A^'^ — either via the degree (in degrees or 2) or though a sum of CM 
characters in degree 1 (see Lemma 6.4.51. Since both of thèse actions are Eisenstein 
(of type DO) the resuit foUows. □ 



7.8.2. A guiding principle. A guiding principle when working with the spec- 
tral séquence and with S'-arithmetic cohomology is the foUowing conjecture, which 



we stated previously (Conjecture 4.4.41 



Conjecture 7.8.3. Suppose that \T\ = d. Then H^{K[1/T],J^) is cydotomic 
Eisenstein for ail i < d. 

When i = l, this conjecture foUows whenever one knows the congruence sub- 
group property for Y{K[1/T]). When i = 2, this is related to whether the non- 
trivial classes in H2iK[l/T],Z) ail come from K2. When i = 3, the group H3{K[l/T], Z) 
contains characteristic zéro classes which are associated to K-^^Gp) — thèse are 
cyclotomic Eisenstein. The relevance of this conjecture is as foUows. It implies 
that, localizing the spectral séquence at a non-Eisenstein idéal m, that the spectral 
séquence converges to zéro in the quadrant p + q < d. This puts strong condi- 
tions on the corresponding differentials and often forces exactness. The conjecture 
when i — 1 exactly corresponds to the claim that the cokernel of the level low- 
ering map iïi(S,Z) — > iïi(S/p,Z)^ is congruence Eisenstein, which foUows from 
Ihara's lemma. When i > 2, however, one should not expect that the Eisenstein 
classes should be easily comprehended, given the relation to K2{^f) discussed in 
Theorem 14.5.11 



7.8.4. Some remarks on complexes. Fix a positive integer d, and let % = 
"^é" dénote the category of chain complexes 

C. Co ^ Cl ^ . . . ^ Cd 

such that 

(1) C, dénote a complex of finitely generated T^^-modules. 

(2) AU terms of C, are trivial outside the range [0, d]. 

(3) C, (X)z Q is exact everywhere except possibly at d. 

The morphisms are maps of chain complexes. 

We assume unless otherwise stated that C, € We may also define a category 
'^é"^ , consisting of chain complexes C* satisfying the same conditions but with the 
maps in the opposite direction. 

The point of this définition is to model the complexes (iîi.»)m and (ff2,»)m 
as well as {H^'*)m and {H'^'*)m, and to establish some basic lemmas relating their 
cohomology. In particular, (7îi,,)m and (iÎ2,.)m are éléments of and {H^'*)m and 

(H'^'*)xa are éléments of wherer d is taken to be the number of prime divisors 
of T = E \ S'. 

Every resuit of this section is a trivial diagram chase. 
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Définition 7.8.5. LetÇld{C,), respectively, Çl^{C'*) dénote the following sums 
considered as an élément in Kq of the category of T ^-modules affinité length: 



i=0 

Note that the i = d terni is not included in the sum. This définition makes 
sensc, bccause Hi{C,) is finite for i ^ d, hy définition. The following lemma is a 

diagram chase: 

Lemma 7.8.6. Suppose that C* (g) Q is concentrated in degree d. Then 

i=0 

i=0 i=0 

Of course, Cl^^^ = unless i = d. This lemma is the reason for the définition of 
fl; it shows that the cokernel of the final term of séquence is equal to the alternating 
product of the remaining terms — up to a correction given by fl. 

Givcn a complcx C, such that C, (g) Q = 0, we may define the Pontryagin dual 
complex (C.)^ := Hom(C., Q/Z)[d] e 

Lemma 7.8.7. //C. ® Q = 0, there is an equality ^^{0,^ = n'^{{C,y). 

Lemma 7.8.8. Suppose that ^ A, ^ B, ^ C, ^ is an exact séquence in 

Then 

^d{B,) = ^d{A,) + r!rf(C.) + (-l)'^[coker(i/d(B.) îîa{C,))\ 
= f]d(A.) + + (-l)'^[im(iîd(C.) ^ ifd-i(^.))] 

= + ÇIa{C,) + (-l)''[ker(ffd_i(A.) ^ 

7/0 ^ A* ^ S* ^ C* ^ is an exact séquence in then 

Çl\B') = Q\A') + Q\C') + i-l)'^[keT{HdiA') ^ Hd{B'))] 
= Q\A') + Q\C') + {-lf[im{Hd-i{C.) ^ Hd{A'))] 
= fl'^iA-) + fl\C') + {-l)%okev{Ha-i{B,) ^ Hd-i{C'))]. 

Note that the last term either injects into Hd-i{A,) or is a quotent of iî(j_i(C"), 
and so it is finite. 

Proof. This is clear from the long exact séquence in homology. □ 

Given a complcx C, , wc may form the sub-complcx C*°''^ and quotient complex 
C*^ of torsion free quotients, where clearly C*°'''^, C*^ G ^ . There is a short exact 
séquence of complexes 

(7*°""^ ^- C. ^- 0. 
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Lemma 7.8.9. Suppose that C, Q is zéro away from degree d. Then 
^d{C,) = r!<i(C:°-) + (-l)'^[im(C« ^ Hd-i{C'°n\- 
Suppose that C* Q is zéro away from degree d. Then 

Proof. Because C^^ is concentrated in degree d in this case, il(i(C*^) = 0. 
Since is concentrated in degree d, we have Hd{Cl^) — Cf. Thus we obtain the 
resuit by Lemnia |7.8.8[ For the second case, the argument is the same, except now 
the error terni is a quotient of iîj;_i(C*^^*) = 0. □ 

Suppose that C, is torsion free over Z. Then we may define (C.)* = Hom(C,, Z)[d]. 
Lemma 7.8.10. Suppose that C, is exact, and that C, is fiât over Z. Then 

Proof. This is the torsion shifting in the proof of Poincare duahty. More 
generally, we have isomorphisms 

H,{C.) ~ iT,+i((C.)*), 

and so 

fc fe+i 

Y,{-\ymc,)] ^ (-1) Y.{-mmc,r)]. 



i=0 i=0 



□ 



7.8.11. Relating newforms to the spectral séquence: The case of fi- 
nite homology. Let us assume in this section that Q)m = 0. It foUows 

that, completed at m, the only non-zero terms in the spectral séquence occur in the 
first row. 



Recall (§ 3.10.3) that the space of newforms is defined to be the cokernel of 



the level raising complex H^'' . Localized at m, this is the same as the level raising 
complex {H')m- 

The complexes Hi , and H* are related (via duality) by the relation: 

Since there is only one non-zero row in the spectral séquence, it dégénérâtes im- 
mediately on page 2. Recall that HiÇE, Z)^°^ is defined to be the cokernel of the 
final map in the level raising séquence. Since both thèse séquences consist entirely 
of finite terms, we deduce that, as an élément in Kq of the category of Tm-modules 
of finite length, that: [iîi(S;, Z)^^™] is equal to 

\T\-i 

5] (-2)i^\^^^i[Hi(5ui^,z)„] + (-1)1^1-1 Y. i-mmHi,,u)]. 

VCT i=0 

This formula may be read as foUows: the naive order of the space of newforms 
is the alternating product of the chain complex of which it is the cokernel; the 
failure of this formula is determined by the cohomology of this chain complex. 
Since the chain complex consists of a séquence of finite groups, this cohomology 
can also be computed in terms of the Pontryagin dual séquence, which is exactly 
the level lowering séquence that occurs in the first row of the spectral séquence. 
If we examine the last term in this identity, we note, since the spectral séquence 
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has now degenerated, that this can be written in terms of the limit. Explicitly, we 
deduce the foUowing: 

Lemma 7.8.12. In the Ko-group of finite length T-modules, [iïi(S,Z)^™] is 
equal to 

\T\ 

E (-2)l^\^^^l[iîi(^U y, Z)^] + (-1)1^1 Y.{-mH^{K[l/TlFU. 



VCT 



i=l 



Note that the last term is shifted from the previous sum because the bound- 
ary term Hn{K[l /T]^ F) is related to We see in this formula that if 

Hi{K\l/T],F) is Eisenstein for i in the range {1, . . . , d} (with d = |T|), then the 
space of newforms in the finite case is exactly equal to the alternating products of 
the orders of the homology groups in lower degree. 

7.8.13. Relating newforms to the spectral séquence: newforms with- 
out oldforms. We extend the analysis of the previous section to the foUowing 
case: 

(1) iïij(S,Q)„^0. 

(2) iïi,!(S/q, Q)m = for ail q e S. 

As in the last section, we complète at a non- Eisenstein idéal m. For ease of notation, 
we omit m as a subscript. We have short exact séquences as foUows: 



^ i7î°;" ^ i/i^. 



0, 



^ H] 



By Lemma 



7.8.9 



we deduce that n<^{Hl) = r2''(iïf '*). On the other hand, by 



Lemma |7.8.9| we also deduce that 

na{H\°l^) = na{H,^,) + (-l)^[im(iîi(S, Z)« ^ Ha-i{Hl°:^))]. 

Now (ijtors^.^v ^ ^tois^ 

n\HlY = + (-l)^[im(i/i(S, Z)" ^ Ha-i{HTm. 



Lemma 7.8.14. The support of [im(iïi(E, Z)" Hd^i{Hl°l'-))] as a Tn 
module is nontrivial if and only if the foUowing two conditions both hold: 

(1) There exists a non-zero characteristic zéro form in iîi(5],Z)ni. 

(2) There exists a non-zero torsion class in iîi(E/p,Z)m for some p. 

Proof. There is an exact diagram as foUows: 

/fi(E,Z)*°- 0Hi(E/p,Z)2 . ... 



Fi(I],Z) ► 0Hi(S/p,Z)^ 



iîi(S,Z)'f 
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There is an exact séquence iïi(S,Z)" Hd-i{Hl°^'') Hd-i{Hi^,). A class 
[c] G Hd^i{Hl°^^) may be représentée! by an élément 7 € 0iïi(E/p, Z)^ up to the 
image of HiÇS, 2)*°'''^. To say that it maps to zéro in iJd_i(7îi.,) is exactly to say 
that 7 lifts to a class in iîi(S, Z), that is, HiÇE, Z) ^ 0. To corne from a nontrivial 
class in iïi(S, Z)'^ exactly says that 7 is not itself in the image of iîi(E, Z)*"**. 
Hence any such class satisfies the conditions of the Lemma. Conversely, if m lies 
in the support of the module in question, then it clearly lies (nontrivially) in the 
support of iîi(E,Z)" and 7îi(5]/q, Z). □ 

We deduce the foUowing: 

Lemma 7.8.15. Suppose that iîi(E/p, Q) = for ail p e E. Then there is an 
identity 

VCT 

\T\ 

+ (-1)1^1 j2(-^yiHmi/nTu + mm, 

i=l 

where ^(E) dénotes a finite T -module which is nontrivial if and only if the foUow- 
ing two conditions both hold: 

(1) There exists a non-zero characteristic zéro form in _f/i(E, Z)^. 

(2) There exists a non-zero torsion class in iïi(S/p, Z),t, for some p. 



Proof. We apply Lemmas 7.8.6 and 7.8.8 to the identity rclating Çl''-{H') and 



^d{Hi^,) above. We use the fact that the only non-zero term in the second row 
occurs at (2,(1), and thus the identification of the ternis in Çld{Hi ,) with for 
i < d allows us to compute ri(j(lli,») in terms of the arithmetic cohomology groups, 
as in the finite case. The error term [im(ili(S, Z)*^ — > Hij-i{Hl°^^))] is a genuine 
module (i.e., not virtual), and it is nontrivial exactly under the conditions given, 
as established in Lemma [7.8.141 □ 

7.8.16. Splitting at non level-raising primes. Suppose that m is a maxi- 
mal idéal of T such that T^ — (1 + iV(q))^ ^ m. Then we claim that the maps 

Hi{SUVU{q},Z)^^ Hi{SUV,Z)l 

Hi{SUV,Z)l^ Hi{SUVU{q},Z)^ 

are isomorphisms. This is (essentially) a trivial conséquence of the "only if" part 
of level raising (Theorem |4.3.1 1. Suppose then that m is a maximal idéal of T such 



that - (1 -H ^^(q))^ ^ m for some q € T, where Y, ^ SUT. Then, writing 
iîi^,(S) and H'ÇS) for what we have been calling Hi , and H* respectively, we 
have isomorphisms: 

iJi-(S)^ff-(S/q) + iî-(S/q)[l], 
iîi,.(S) = Hi,.(S/q) + iîi,.(S/q)[-l]. 

In particular, we deduce that 

n^iH,^,) = n'^iH',) = n'^iH^^') = o, 

where the last equality comes from the fact that T^ — (1-1- A^(q)) ^ na implies 
that HiÇE, Z)cong,m = 0. It follows that the only maximal ideals that one need be 
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concerned about are those for which — (1 + A^(q))'^ G m for ail q G T. That is, 
we have the foUowing: 

Lemma 7.8.17. Suppose that m does not contain — (q)(l + N{q))'^ for some 
q £ T = T. \ S . There is an identity 

[i/i(E,z);;™''n = ^(-2)i^\^^^i[iîi(5uy,z)*°"]. 

VCT 

Proof. If m does not occur in characteristic zéro, then the finite case argument 



(§ 7.8.11 1 applies. If m does occur in the support of Hi(S U U, Z) for some U ÇT, 
but T^"^ — (l + iV(q))^ ^ m, then the analysis above shows that the relevant séquences 
do not contribute to the space of newforms at m. □ 

7.8.18. Isolated characteristic zéro forms. We consider the foUowing hy- 
pothesis: 

• After localizing at m, there is a single automorphic représentation occuring 
in cohomology of level dividing E/q for some q. 

• The m-torsion vanishes integrally outside levels S/q and E. 

By assumption, the level raising séquence H' has length 2 in this case. This 
situation was exactly analyzed in § |4.2| in the more difhcult context where m was 
not assumed to be non-Eisenstein. We immediately deduce the foUowing: 

Lemma 7.8.19. Suppose that the only non-zero automorphic newform contribut- 
ing to the cohomology iîi(S, Q) after localizing at m occurs at level S/p. Then there 
is an identity 

[iïi(E,Z)^°''^''^n = ^ (-2)l^\'5u^l[iïi(5uy,Z)*n 

VCT 

+ [iïi(E/p,Z)'V(r^2-(q)(l + 7V(q))^)], 

7.9. Newforms and the torsion quotient (II) 

This section, which is only for the masochistic reader, analyzes certain "ob- 
vions" contributions to the spectral séquence. Namely, the congruence homology 



contributes to the Hi row (§ 7.9.1 ) and the fundamental classes of the relevant 3- 



manifold allow the row to be precisely understood (§ 7.9.61; in the split case the 
fundamental classes of the cusps contribute to the H2 (§ 7.9.9). AU of thèse contri- 
butions were invisible in the previous section, because they vanish after localizing 
at Eisenstein primes. 

Once thèse have been analyzed, we define (in a somewhat ad hoc way) higher 
essential homology by excising thèse. 



The final goal of this section is to prove Lemma 7.9.17 which relates the orders 
of varions spaces of newforms to spaces of oldforms and "correction" factors coming 
from the cohomology of S-arithmetic groups. We are able (mostly) to control ail 
terms only when \T\ = |S \ S'| has order two, and must otherwise avoid varions 
residue characteristics which divide certain factors of iV(p)-|-l for various p. (Indeed, 
if one is content to consider the case |T| = 2 then many difïiculties of this section 
disappear, since only a very small portion of the spectral séquence comes into 
play. This is why we discussed various spécial cases concerning |T| = 2 in previous 
sections.) 
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We continue with the notations of the prior section: the Hecke algebra T will 
dénote the abstract Hecke algebra omitting primes Tp dividing E. 

7.9.1. The iïi-row of the spectral séquence. Let us examine more closely 
the Hi row of the spectral séquence, namely, 

i/i,. := iïi(5, Zpf ^ iïi(5p, Zpf" ^ H,{Spq, Zpf'" ^ • • • 

We have already noted that the first row i/o,» is exact away from i ~ 0, and hence 
for i > 1 there exists a boundary map 

H,{K[l/T],T)^ H,^i{Hi,,). 

On the other hand, there is a surjective map -ffi.» — > iïi.cong,», where iïi,coiig,» is 
the complex 

i/l,co„g(^, Zf ^ i/l,cong(^P, Zf~" ^ Fi,cong(5pq, Zf^" ■ ■ ■ 

The congruence homology is always in the — eigenspace of the Fricke involution, and 
hence this séquence is some distance away from being exact. There is an induced 
map 

H*{Hi^,) — > iï*(iïl,cong,.)- 

We have: 

Lemma 7.9.2. Assume that the conditions of Lemma \ 7. 6. ^| are satisfied; then 
the map -ffi,, — > -ffi.cong.» induces a surjective map on homology. 

Proof. This is an immédiate conséquence of Lemma [7. 6. 6 1 □ 

We obtain a corresponding boundary map 

H,{K[l/T],T) ^ ff^-i(ii'i,co„g,.). 

We have the foUowing: 

Lemma 7.9.3. We have equalities: 

-ffo(-ffl,cong,») = Hi{S, Z)cong, 

iîi(iîi,co„g,.) = 0i/i(5Up,Z)-;; ^ 0(fcpX), 
p 

Hi{Hi,cong,») — 0, i>2. 
The boundary map Hi(K[l/T],J-) — > -ffi-i(-ffi,cong,») is surjective. 

Proof. Note that the map from Hi is surjective by simply considering the 
congruence homology in the arithmetic group, and is trivially surjective for i > 2 
because the target is zéro, so the only subtle case is i = 2. The computation of the 



Hq-tow of the spectral séquence in § 4.5.7.1 implies that E^j^ — f. ~ for any 



k > 1. It foUows that the boundary maps 

^3,0 



- -^3,0 ^ ^1.1' ^1,1-^-^^-1,2-0 



are tautologically trivial, and hence E^i — Ef ^ and E^q — 0. The convergence of 
the spectral séquence implies that H2{K[1/T],J^) admits a surjection to E^q ~ 
whose kernel surjects onto = Ef i = Hi{Hi ,). We deduce that this is a 
surjective map 

H2iK[l/TlT) ^ E^, = 
which then surjects onto -ffi(iîi,cong.») by Lemma 7.9.2 above. □ 
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Remark 7.9.4. The map for i = 2 may bc considered as an S-arithmetic 



analogue of the tame symbol map (discussed in § 4.5.7.31 



Remark 7.9.5. Note that iïi(S', Z)cong is exactly Hi,cong{K[l/T],Z). 

7.9.6. The H^-row of the spectral séquence, non-split case. In this 
section, we assume that the imphcit quaternion algebra D is not spHt. In particular, 
the manifold Y and its congruence covers are compact. Suppose also that p is not 
an orbifold prime. 

There is an isomorphism H3{Y,Zp) ~ Z^, where C dénotes the number of 
connected components of Y{K). In this section, we will be interested in studying 
the level lowering séquence: 



r,d-2 



iÎ3,. :=iÏ3(5,Zp)2 ^0i/3(^P,Zp)2 " ^0ff3(^pq,Zp)2 

Recall that, given a subset {xi, . . . ,Xn} oî Zp, the associated Koszul complex 
IC{{xi,. . . , Xn}) is given by the tensor product of the length 2 complex 

n 

/C({xi,...,ïJ)-(g)[Zp4^Zp]. 

i=l 

Lemma 7.9.7. The séquence H^ ,{Zp) is a direct suni of 2'^ Koszul complexes 
of length < i < d, one for each subset U \ S: 



where Yu = {N{p) + 1 -.p eU}. 



Proof. We note that the fundamental class in H3{Yo{S U T),Z) is invariant 
under the Fricke involution Wp for every p G T. Let e be a choice of sign for the 
Fricke involution for each p G E \ 5. Let U dénote the subset of éléments for which 
this choice of sign is 1. Locahzing at lUp — e(p) for each p G T, the compex H^ , 
becomes: 

peu {p,q}c;7 

where the classes Z for V Ç U correspond to the fundamental class in H^{Yo{S U 
V),Z). If y U p C [/, we are interested in Computing the corresponding map 

Z = HsiS U V" U p, Z) ^ H3{S UV,Z)^ Z. 

This corresponds to the "average" of the two projections coming from the natural 
map Yq{p) — t' y and the corresponding map twisted by Wp. Both maps are multi- 
plication by the degree, so the map above is just multiplication by 1 + N{p). □ 

Using this, we may describe the Eq 3 term of the spectral séquence. It contains 
the foUowing ternis: 

(1) A copy of Z, coming from the Koszul complex of length 0. 

(2) A copy of 

0Z/(iV(q) + l)Z, 
coming from the Koszul complexes of length 1 . 



7.9. NEWFORMS AND THE TORSION QUOTIENT (II) 



181 



(3) More generally, a copy of 

Z/gcd(7V(qi) + 1, N{c\2) + 1, . . . , N{q,) + 1)Z, e U 

for ail U CT. 

There exists a boundary map: 

H,{H,,s) = El, ^ H3{Y{K[1/T],T) 

for ail z > 0. The Z-factor injects. Its existence corresponds to the fact that 
Kj,{Ûf) (8i Q — Q, since F is exactly one complex place. 

It is somewhat of a mystery what the maps Z/(7V(p) + 1) -> H,{Y{K[l/T],T) 
are, and this provides an obstruction to completely analyzing what happens in the 
Eisenstein case. We note, however, the foUowing: 

Remark 7.9.8. Suppose that d = \T\ < 2, or that the residue characteristic of 
m does not not divide N^p) + 1 Jor any p £ T. Then the H^-row has no effect on 
the previous calculations o/ Z)'"'**'"™. This is obvions in the second case, 
and also clear in the first case since the nontrivial terms are too deep in the spectral 
séquence to make any différence. 

7.9.9. The boundary contribution to the H2-vaw of the spectral sé- 
quence, split case. In this section, we assume that the implicit quaternion algebra 
D is split. It foUows that X is non-compact, and that the H^-row of the spectral sé- 
quence vanishes. We shall see here, however, that the same invariants arise (shifted 
by 1) via the boundary cohomology. 

We have the foUowing séquences: 

Hf^ HriS,Z,f ^^HriSp,Z,f-' ^ ^ Hr{Spci,Z,f-' ^ ■ • ■ 
H{d)2^, := H2{dS, Zpf ^ H2{dSp, Zpf" ^ H2{dSpq, Zpf 

H2,, H2{S, Zpf ^ H2{Sp, Zpf ^ H2{Spq, Zp) 

Here, by abuse of notation, we let H2{dS,Z) (etc.) by the cohomology of the 
boundary of the corresponding manifold. There is an exact séquence: 

Hf^ ^ H{d)2,, ^ H2,, 

Lemma 7.9.10. Suppose 2. 



„d-2 



1.9.1 



(i) The is isomorphic to the complex descrihed in Lemma 

(ii) The complex H{d)2^, is isomorphic to: 

K.{Xu)\ 

U(1T,\S 

where Xu = {N{p) + l : p e U} [j{Nip) - 1 : p ^ S \ (5 U U)}, and h is 
the number of cusps ofY{Ks). 

(iii) The image of the séquence H{d)2,» is a direct sum of complexes 

;7cs\s 

where Yjj = {-^(p) + 1 : p G C^}, and Bq is the number of components of 
Y{Ks). 
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We do not give a proof since the détails of this resuit are never used; see, 
however, § |6.4.8.l| 

7.9.11. S-arithmetic essential homology. In this section we give (some- 
what ad hoc) définitions of the "essential" homology of S'-arithmetic groups, roughly 
just by cutting ont ail the contributions which occur for the reasons already de- 
tailed in this section. (We use some of the identifications made in Lemma 7.9.3 and 
Remark 7.9.5 ) 

DEFINITION 7.9.12. Define Hf{K[l/T],F) as follows: 

• Ifi=l, then H^{K[1/T],T) is the kernel of the map 

Hi{K[\/T],F) ^ Ho(i/i,cong,.) ^ ii'i,co„g(i^[l/r], 

This agrées with the usual définition when T = 0. 

• If i — 2, then Hf{K[l/T],T) is the kernel of the map 

H2{K[1/T],T) ^ iîi(iïi,co„g,.) ^ 0(fcp^). 

• If i ^ ^ o^nd G is nonsplit, let Hf{K[l/T],T) it is the cokernel of the 
map 

• * ^ 3 and G is split, it is the cokernel of the map: 

i/,_2(ini(i/(5)2,.) ^ H,-2{H2,,) -> H,iK[l/T],T). 

As we have seen in the prior section, the essential homology can be nonvanishing 
for reasons related to K2. 

Lemma 7.9.13. Ifi<d^ \T\, then the groups H.f {K[l/T], are finite. If m 
is non-Eisenstein, then Hf{K[l/T],J-)m — Hi{K[l/T],J-)m- 

Proof. Considering the spectral séquence over Q, we see that the group 
IIi{K[l/T], is finite for i < d with the exception of i = 3, which contains a 
copy of Z. This copy of Z is accounted for exactly by the fundamental class (in 
the co-compact case (see § 7.9.61 and the image of the boundary map in the non 
co-compact case (see § 7.9.9). □ 

Remark 7.9.14. For 4 < i < d = |T|, the ratio 

Hf{K[l/T],T) 
H,(A'[l/T],.F)t°- 

is only divisible by primes dividing N(p) + 1 for p G T. This follows from the 
arguments of § |7.9.6 and § |7.9.9 For i = 3, however, the situation is somewhat 
more subtle. The torsion free part of Hs{K[l/T], Z) has rank equal to the number 
of connected components of Y(K) providing thatr \T\ > 3. In particular, after 
inverting primes dividing H^lKll /T], J^y°''^ , the group {K[l/T], J^) is given by 
the cokernel of the map 

iï^(X,Z)" H^{K[1/T],ZY^. 

Suppose that Y{K) is connected. If this map was surjective for ail T, then by 
taking the limit, one would also obtain a surjective map 

Z = H^{Y{K), Z)*f ^ i^3(^F)" = Z. 
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However, this is no rcason to expect that the fundamental class of H^{Y{K), Z) is 
not divisible in Kj,{ûp). 

DEFINITION 7.9.15. The partial Euler characteristic x(S) is defined as follows. 
We let x(S) W^Xpi^), where 



and Tp is the localization at p of the sheaf defined before Theorem 4-4-^ We have 

d 

(-1)1^1 ^(-i)^[iîf(A's[i/r],^)] 



1=1 

where the equality holds up to a rational factor divisible only by orbifold primes. 

The group Hi vanishes whenever the congruence subgroup property holds, and 
thus we note the foUowing: 

Lemma 7.9.16. If d — l, and the congruence subgroup property holds for 
K-s[l/T], then = 1. If d = 2, and the congruence subgroup property holds 

forK^[l/T], then G Z. 

It turns ont that for d > 1, the quantity x(^) can diflFer from 1 even when 
Q) = 0; see § 9.6 for numerical examples; as we have discussed, its order is 
related to Cf(— 1) through if-theory. 

We have the foUowing: 

Lemma 7.9.17. Suppose that at least one of the foUowing conditions holds: 

(1) 1^1 < 2, 

(2) m is not Eisenstein, 

(3) m has residue characteristic not dividing N(p) + 1 for any p in T. 
Then the foUowing hold: 

(1) //iîi(E,Q)m ~ 0, there is an identity 

[Hf{^,zrr] = E (-2)i^\^^^i[i?f(^uy,z)„] 

VCT 

i=l 

(2) Suppose that iïi(E/p, Q)m ~ for ail p G S. Then there is an identity 
[i/f (E, Z)ï„°''"'"n = J2 (-2)l^\^^^l [iîf (S* U V, ZY°''] 

VCT 

\V\ 

+ (-l)!"^! E(-l)'[iîf (if[l/T], + 

î=i 

where dénotes a non-negative finite T-module which is nontrivial if 

and only if 

(a) There exists a non-zero characteristic zéro form in iïf'(S, Z)^. 

(b) There exists a non-zero torsion class in iJf'(S/p, Z)^ for some p. 
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(3) Suppose that the only non-zero automorphic newform contrihuting to the 
cohomology HiÇE,Q)m occurs at level S/p, and that Hi(S U V, Z)m = 
unless V = T or T/q. Then there is an identity 

[Ff (S.Z)^"-^^'"™] = ^ (-2)l^\^^^l [iïf (5 U V, Z)^°"] 

V(ZT 

+ [iîf (E/p, Z)*V(T2 - (q)(l + iV(q))2)] - [i/^^ (S/q, Z) J 

+ (-l)l'^IE(-l)''[^f(^[l/T^]:-^)m], 

(4) Suppose that m rfoes nof contain — (q)(l + A^(q))^ for some q G T = 
S \ S*. There is an identity 

[i/f(E,z);;™''n = E(-2)i^\^^^i[iïf(5uy,z)^°'-^]. 

VCT 

Proof. If m is not Eisenstein, then the lemma has already been proven. In 
gênerai, we have to worry about the foUowing two issues: 

(1) Contributions coming from iîs.» in the co-compact case, and the image of 
H{d)2^m in -^2,» in the spht case. 

(2) Congruences between cusp forms and Eisenstein séries in the spht case. 

(3) Congruence homology. 

The congruence homology is dealt with by the modification to the S'-arithmetic 
cohomology in degrees i < 2. The contributions from the higher rows have no 
efi^ect when \T\ < 2, since they are too far out in the spectral séquence. The only 
différence occurs when we allow newforms for |T| < 2, and this is accounted for by 
Lemma 11231 □ 



7.10. The gênerai case 

In this section, we discuss what can be said in the most gênerai framework 
without any assumption, summarizing the prior two sections. 
Consider the foUowing ratio: 

|gf(y(I]),Z)"--^-| regf-(r) 
^ ■ ■ ■ ^ |7îf(y'(E),Z)t°-| regf-(r) ' 

What is our expectation for this quantity? 

We expect that spaces of newforms should be equal when localized at some 
maximal idéal m, with the exception of a correction factor related to ii'-theoretic 
classes. 



Similarly, we also expect (see the discussion in § 5.5.1 1 that the new regulators 
should differ exactly at level lowering primes; that is, p dividing the residue char- 
acteristic of primes m which are supported on the space of newforms which lift to 
characteristic zéro, but are also supported — possibly at the level of torsion — at 
lower level. (Note that, if neither Y nor Y' are split, there can be level lowering 
primes contributing to both the numerator and denominator of this quantity.) 
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On the basis of this discussion, we expect that this quantity (7.10.0.1 1 is always 
equal to: 

(7 10 2) XDOn,m[)\_ 

where ^{Y) and ^{Y') are finite T-modules recording thc level lowering con- 
gruences described above, and xd is related to A'-theory. (In particular, if Y is 
split, then ^{Y') should be trivial and so |^(y)| G Z is divisible exactly by level 
lowering primes.) 

What can we prove? The first point to note is that we have no exact guess 
for the order of X-d(^) or XoiY'), or rather, we have a définition given in ternis 



of the S'-arithmetic cohomology of arithmetic groups (see Définition 7.9.151. The 
5-arithmetic classes corresponding are poorly understood, especially for d large — 
we do not know whether they are Eisenstein or not except (under CSP) when d = l. 

Having said this, the analysis of the prior two sections does iniply that, away 
from orbifold primes, 

|iïf (r(s;),z)"™''°>-"| reg|™(y') _ xd(y) \^{y)\ 



i/f(y'(E),Z)t°-| reg--(r) xd{Y') \^(y') 



where xd is as in Définition 7.9.15 and ^{Y) and J^{Y') are virtual T-modules 
related to Y and Y' with the foUowing property: 

J^{Y) is finite and has support at an idéal m of T only if one of the foUowing 
occures: 

(1) m occurs in the support of -ffi(S, Z)*^, but also occurs in the support of 
Hi{T, Z) for some S" C T C S of smaller level, 

(2) d > 2, m has characteristic p, and p divides N{p) — 1 or N{p) + 1 for some 

pe E\5'n5". 

This is very similar to what we predicted above, but it is weaker for the foUowing 
reasons: 

(1) If d > 2, we lose control of factors dividing N{p) — 1 or N{p) + 1. This 
comes from the difficulty of understanding the interaction of the H^-tow of 
the spectral séquence in the non-split case (and similarly, the contribution 
to the H2 row from the fundamental class of the cusps) . 

(2) The level lowering primes m we expect to occur in -5f (F) should actu- 
ally have support in iîi(E, Z)'^'"™; that is, occur as characteristic zéro 
newforms. Moreover, although we know that m contributing to .^(Y) 
above have the listed property, there is no converse; similarly, we can't 
control (for big d) whether such primes contribute to the numerator or 
denominator. 

It would be good to improve our understanding on any of thèse points! 



Finally, it would of course be good to show that the terms of (7.10.0.11 and 



(7.10.0.21 match up "term by term", and not merely that their product is equal. 



CHAPTER 8 



Eisenstein Déformations, and Even Galois 
Représentations 



In this chapter, we shall discuss certain simple conséquences of our gênerai con- 
jectures that can be directly established. Roughly speaking, in certain situations, 
the generalized multiplicity of a certain Hecke eigensystem is automatically > 2. 
This phenomenon has been observed (by Haluk §engûn, personal communication; 
see also section 8.5 1 in numerical investigations. We will prove this unconditionally 



and then verify that it is indeed a conséquence of our Galois-theoretic conjectures. 



Namely, we shall prove directly (§ 8.1 for (a), (b); Theorem 4.5.1 for (c)) that 



(a) 



(b) 



(c) 



Let p be an even représentation Gq — > GL2(fc), and S any level such that 
p\Gf contributes to the cohomology of some Y{T,). 

Then the corresponding Hecke eigensystem Hi{Y{'S), Z)m has length 
> 2 as a Tfn-module; here m is the maximal idéal of the Hecke algebra 
associated to p. 

(For G split:) Suppose q is a prime of F, inert over Q, such that Norm(q) = 
1 modulo p. 

Then there exists cylotomic- Eisenstein classes — of type Dl in the no- 
tation § 



3.8.1 



for Hi{Yo{c\),Zp), beyond those arising from congruence 

homology. 

(For G split:) Suppose q is any prime of F, and the e~^-part of Cl(F(Cp)) 
is nonzero, where e is the mod-p cyclotomic character. 

Then there exists Eisenstein classes (of trivial plus cyclotomic type, 
i.e., of type Dl) for iïi(lo(q), Zj,), beyond those arising from congruence 
homology. 



On the other hand, we shall show in § |8.2| and § |8.4| that thèse results are 

More precisely, (a) foUows from 



indeed consistent with the Conjectures of § 2.2 



the conjectures of that section, whereas (b) and (c) foUow from extensions of those 
conjectures to the residually reducible case. Thus we regard the validity of (a) — 
(c) as providing circumstantial évidence for our conjectures. 



In § 8.3 we also speculate on extensions of Theorem 4.5.1 'ii) to higher levels, 
and their connection to so-called phantom classes, which are Eisenstein classes with 
some peculiar properties. The existence of phantom classes is exactly what seems 
to prevent the spaces H^{Y{Y,), Z)"™ and H^{Y'(T,), Z)"™ from having the same 
order in gênerai. 

In § |8.5[ we discuss conjectural finiteness theorems for even Galois représenta- 
tions over Q, as well as the question of finding an even Galois représentation over 
Q of tame level 1. 



187 



188 8. EISENSTEIN DEFORMATIONS, AND EVEN GALOIS REPRESENTATIONS 



8.1. Involutions 

Let us suppose we are given an orientation-reversing isometry a of some Y{Ky,) 
which is compatible with the Hecke action, in that there exists a compatible in- 
volution (also denoted a) of the Hecke algebra. The natural example of such an 
involution arises from Galois conjugation; we will discuss it below. 

Let p 7^ 2 be a non-orbifold prime, and let A = iîi(S, Z)[p°°] be the (finite) p- 
torsion subgroup of iîi(S, Z). The involution a induces an automorphism of A, and 
hence induces a décomposition A = A'^ ®A~ , where is the cr-fixed (respectively, 
anti-fixed) eigenspace. 

We make use of the linking form, cf. § |3.4.1 or § 6.1.2 note that even if G is 



split we are in the good situation described at the end of § |6.1.2[ It is a pairing 
T : A X A — > Qp/Zp and satisfies t{(tx, ay) — —t{x, y). It foUows that v4+ and A^ 
are both isotropic with respect to r, and are dual to each other. In other terms, r 
induces an isomorphism of A~^ with the Pontryagin dual IIom(A^, Qp/Zp) of A~ . 
This already means, for example, that A cannot be of order p. 
A slightly more précise formulation of the phenomenon is: 

Lemma 8.1.1 (Doubling). Notation as in the prior paragraph, suppose that 
m is a a-stable idéal o/ Tj; such that a acts trivially on k :— Ts/m, a field of 
characteristic p. Then either: 

(1) Tm := Ts.m = W{k), the Witt vectors ofk, anrf iïi(E, Z)n, is free of rank 
one as a T^-^odule. 

(2) Hi{Y.,Fp)m has length > 2 as a fj^-module 

Proof. It suflîces to assume that iîi(S,Fp)m has length one and prove that 
there is an isomorphism = W{k). Note that p £ m. Hence iîi(E, Zp)n, (^t„ 
T,T,/m is a quotient of 

Zp)„, ®T„, TnVp = iîi(E, Zp)„/p = iîi(E, Fp)„. 

By assumption, the latter module has length one. Thus, by Nakayama's lemma, 
7îi(S, Zp)m is cyclic as a T^-module. Because Tnx s-cts faithfully on Zp)nt, 
it foUows that 7îi(E,Zp)m is free of rank one as a Tnx-module; thus T^/p — 
_ffi(E,Fp)m ~ Tm/m. By Nakayama's lemma applied to as a M^(Â:)-module, 
we deduce that is a quotient of W{k). If = W{k), then we are in case (1). 

Thus it remains to prove the foUowing: If — W{k)/p^ for some n, and 
iïi(E, Zp),T, is free of rank one over T^, then a contradiction ensues. 

Since a acts trivially on k, it also acts trivially on T^, and therefore induces 
a W^(fc)-linear involution of Hi; necessarily, this must be given by multiplication 
by an élément x G {W{k)/p'^)^, and since x'^ — 1, we must have a; = 1. This 
contradicts the fact that iïi(E,Zp)+ and _ffi(E,Zp)j^ are in duality, by the prior 
discussion. □ 



There is a natural choice of a in the previous lemma, namely, we may take 
(7 = c to be complex conjugation. In order for c to be well defined, we assume that 
F/Cl is an imaginary quadratic field, D"^ — D, and E"^ — E. For example, one can 
take G = GL{2)/F. Since it is known (see [2]) that a classical modular form G 
over the field F has the property that its Hecke eigenvalues are invariant by c if 
and only if it is a base change, we deduce: 
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COROLLARY 8.1.2. Let m be a maximal idéal o/T of odd residue characteristic 
p, and let c be complex conjugation; suppose that m — m'^,S = Y,'^,D ~ D'^ and c 
acts trivially on T/m. Then 

(8.1.2.1) (*) iïi(E,Fp)m has length > 2 as a T fj^-module 

unless there exists a classical modular form f of weight two giving rise to m via 
base change from Q to F. 

Remark 8.1.3. One can explicitly describe the level of / — note, however, 
that it may have nontrivial level structure at primes away from E, in particular, at 
primes which ramify in i^/Q. 

Another application of the interaction between the involution induced by com- 
plex conjugation and the linking form is as foUows. 

Theorem 8.1.4. Suppose that F is an imaginary quadratic field. Suppose, 
furthermore, that D'^ = D, Y.'^ — E, and iîi(E, Q) = 0. Then the order of HiÇS, Z) 
is a square up to orbifold primes and powers of 2. More generally, suppose that m 
is a maximal idéal of T so that iïi(E,Z)ni is finite, and such that the residue 
characteristic p of m is odd and not an orbifold prime. Let m* = m^. Then: 

(1) Ifm^m*, </ien |i/i(S,Z)„| = |iîi(E,Z)„,.|. 

(2) //m = m*, then |iïi(E,Z)m| is a square. 

In particular, any odd prime p which divides \HiÇS,ZiY™^\ to odd order is either 
an orbifold prime or divides the residue characteristic of a maximal idéal m of T 
such that Hi{'E,Zy°^'^ and iîi(E,Z)'^ both have support at m. 

Proof. Suppose that iî^(E, Z)'°''^ has support at a maximal idéal m of T. The 
action of c induces an isomorphism of iî^(S, Z), so if m 7^ m* , then iî^(S, Z)m — 
H^ÇS, Z)m* . Suppose that m = m* has residue characteristic p and that H^ÇS, Z)m 
is finite. Then the linking form induces a perfect pairing 

H\Y, Z)^ X i/i(S, Z)„ ^ Qp/Zp. 

As explained above, this pairing induces a décomposition of iï^(S,Z)m into c- 
fixed and c-anti-fixed isotropic subspaces which are dual, and hence have the same 
order. □ 

8.1.5. Restriction of représentations from Gq. There is a natural class 
of examples to which the CoroUary is applicable, obtained by restricting représen- 
tations of Gq : 

Take : Gq — >■ GL2(A:) of Serre weight 2 and squarefree tame level. According 
to our conjecture, the restriction p of to F should appear in the cohomology 
HiÇE, Z) for suitable S, without loss of generality c-stable; if m is the corresponding 
maximal idéal of Ts, then the conditions of the CoroUary hold. 

There are two situations of particular interest . 

8.1.5.1. Restriction of an even Galois représentation. Suppose characteristic of 
k is not 2, and take p*^ even. Then it cannot arise from a classical modular form. 



since such représentations are odd. Thus we are in case (8.1.2.11 



This has an interesting conséquence on the Galois side: 



If we assume that multiplicity one (Conjecture 2.2.91 holds, then it foUows 
.1.2.1) that Tm/p 7^ k and hence that dimfc(m/(m'^,p)) > 1. So, once more 



assuming conjecture 2.2.5[ (8.1.2.11 implies that p admits a global déformation of 



190 8. EISENSTEIN DEFORMATIONS, AND EVEN GALOIS REPRESENTATIONS 



fixed déterminant that is finitc flat at v\p. We will (at Icast if p splits in ûp) 
prove this unconditionally: see Theorem |8.4.2[ This is a little surprising: odd 
représentations p : Gq — > PGL2(A:) need not admit finite flat déformations of flxed 
déterminant even after restriction to F . 

8.1.5.2. Restriction of a reducible Galois représentation. Take p*^ of the form 
l©e where e is the cyclotomic character, and E = (A^), where N is an prime integer 
inert in F. One sees directljj^ that ^ = ]f^\G p is modular at level Y{Yi) so long as 
N"^ = 1 modulo p. 

Here there are two cases: 

(a) If TV = 1 mod p, then (if p > 3) there is a classical (cuspidal) modular 
form giving rise to m via base change; this foUows from |54j . 

(b) If = — 1 mod p, it is no longer necessarily true that m arises via base 
change. We prove directly that p admits interesting déformations, at least 



under certain assumptions on F (see Theorem 8.2.3). 

8.2. Eisenstein classes 

Here, motivated by understanding the Galois story corresponding to § |8.1.5.2] 
we analyze déformations of residual représentations over an imaginary quadratic 
ficld. 

In j54j, Mazur undertakes a detailed géométrie study of the Eisenstein Idéal 
over Q, and its ramifications for the arithmetic of Ja{N) — Ja.c{Xo{N)) (for N 
prime). One can also study the Eisenstein idéal from the perspective of Galois 
déformations, and this was was the approach of [17J; we will generalize this analysis 
to an imaginary quadratic field here. 

For this section, the Eisenstein idéal will be generated by — 1 — N{£) for ail £ 
co-prime to the level; thèse correspond to cyclotomic-Eisenstein classes. Through- 
out this section, q will dénote a prime idéal of ûp, and p an odd prime in Z. We 
also suppose that q is of residue characteristic différent from p. 

For odd p, let 

^ ^ (o l) ^' 

where e is the the cyclotomic character. Since p admits non-scalar endomorphisms, 
it does not admit a universal déformation ring. However, the key idea of [17j is 
the foUowing. Let V dénote the underlying Fp-vector space attached to p. Let L 
dénote a line in V that is not invariant under Gp. Fix once and for ail a choice of 
inertia group Iq at q. We consider, for every local Artinian ring {A, m, A/m = Fp), 
the set of triples {V, L, p) where p-.Gp^ GL(y), such that (cf. [17], p.lOO): 

(1) The triple {V,L,p) is a déformation of {V,L,p). 

(2) The représentation p is unramified away from p and q, and is finite fiât at 
v\p. 

(3) The inertia subgroup at q acts trivially on L. 

^ Consider the group F = PGh2{ûp), and suppose that p > 3 (for this discussion). If 
p\N^ — 1, there is a surjective (congruence) map: 

ro(N) ^ ro(Af)/ri(Af) ^ z/pz, 

giving rise to a class in iïi (ro(Af), Z). By construction, this class is congruence, and thus 
cyclotomic-Eisenstein, and hence Tj; has an cyclotomic-Eisenstein maximal idéal m of residual 
characteristic p. 
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(4) The déterminant p is the cyclotomic character (composed with the map 
Zp ^ A). 

As in [17 , we have: 

Lemma 8.2.1. Let Def(A) dénote the functor that assigns to a local Artinian 
ring (A,Tn, Fp) the collection of such déformations up to strict équivalence. Then 
Def is pro-representable by a complète Noetherian local Zp-algebra R. 

Since p has an obvions déformation to Zp, it foUows that there is always a 
map R Zp. It is then natural to ask: when is R bigger than Zp? Since R is 
a Zp-algebra, this is équivalent to asking when Hom(iî, Fp[a;]/a;^) is nontrivial, or 
equivalently when there exists a nontrivial déformation of p to Fp[x]/x'^. Over Q, 
this is équivalent to asking whether the Eisenstein idéal m has cuspidal support 
(see |17p. We conjecture that 

Conjecture 8.2.2. Hom(iî,Fp[a;]/a;^) is nontrivial ijf Hf{{q},Zp)m 7^ 0. 

Note that iîi({q},Z) does have congruence cohomology of degree N{q) — 1. 
Thus the question is related to whether the localization of iîi({q}, Z) at m is bigger 
than the congruence cohomology. 

Computing Def (Fp[x]/a;^) is closely related to Computing Ext"^(V', V") in the 
category of finite flat group schemes over [1/q] . We make the foUowing assum- 
tions of F. 

(1) p does not divide Cl(i^). 

(2) p does not divide wpdp. 

The last condition implies that 1 — ep{Fy/Qp) < p — 1 for any v\p. Under this 
condition, that the category of finite flat group schemes over is abelian, 

and the forgetful functor that takes a finite flat group scheme to its generic flbre 
(i.e., considers the underlying Galois représentation) is fuUy faithful, by 



Theorem 8.2.3. Def(Fp[x]/x^) ^ when 7V(q) = 1 modulo p if p > 3 or 
q ~ N(c\) = 1 mod 9 if p — 3 under either of the following assumptions: 

(i) . The e^^-part of the class grow^of Cl{F{(p)) is nonzero, or, 

(ii) . q is inert, generated by some rational prime N . 

Remark. A similar argument to what we détail below also works over Q, and 
shows that a nontrivial extension exists (if p is odd) when p divides the numerator 
of {N — 1)/12. When p = 2 one needs to consider a slightly différent p (see [ITJ) in 
order for the déformation ring to exist. 



8.2.4. Proof of Theorem 



8.2.3 



Writing V = Z/pZ ® fip, we see that 
Ext {V,V) (in the category of finite flat group schemes over ^[1/q] that are an- 
nihilated by p) admits maps to each of the extension groups Ext^(Z/pZ,Z/pZ), 
Ext (/^p, /ip), Ext (Z/pZ, /.tp), and the group Ext (/ip,Z/pZ). Let us consider each 
of thèse extension groups in turn. 

(i). Ext^(Z/pZ, /ip). By Kummer theory, the corresponding group for exten- 
sions of Galois modules is isomorphic to F^/F^p. In order for this to 



^By the "e '^-part", we mean those p-torsion classes in Cl(F(Çp)) for which x'^ = e{a) 
for every a e Gal(F(Cp)/F). 
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arise from a finite flat group scheme over ^[1/q] the valuation of a class 
in /F^P must be zéro module p at every prime except q. Thus 



Xp 



where we used the fact that p \ hp to make this identification. This is 
always non-zero since the group ^^[1/q]^ of q-units has rank 1. 

(ii) . Ext^(//p, /ip) = Ext^(Z/pZ, Z/pZ). By the connected-étale séquence, ail 

such extensions are étale and hence unramified at p. This group is there- 
fore non-zero exactly when there exists an abelian extension of F of degree 
p unramified everywhere except for q. Since we are assuming that Cl{F) 
is not divisible by p, the p-part of the ray class group is the maximal 
p-quotient of the cokernel of the map: 

But F is an imaginary quadratic field and p does not divide w p , and hence 
this is nontrivial exactly when p divides -/V(q) — 1. 

(iii) . Ext'^(/J,p, Z/pZ). By the connected-étale séquence, ail such extensions are 

totally split at v\p. 

In particular, the associated extension of Galois modules is unramified 
everywhere away from q after restriction to F{Ç,p). Conversely, consider 
any extension M of fip by Z/pZ (as Galois modules) with this property. 
Let u be a prime of F above p, and let be the splitting field of M over 
Fy. By assumption, the extension Hy/Fy{C,p) is unramified. Since p does 
not divide dp, the extension Fy{(^p)/F^ is totally ramified. In particular, 
the inertia subgroup / of Gal(iî^,/i^i,) is a normal subgroup which maps 
isomorphically onto Gal{Fy{(p) /Fy). This implies that Gal{Hy/Fy) splits 
as a direct product Gal{Fy{(p)/Fy) x Gal(iî^/F„(^p)). Yet this is incom- 
patible with the structure of Gal(iî^/f„) arising from its définition as an 
extension unless = Fy{(p). In particular, any such extension M splits 
completely at p, and hence M prolongs to a finite fiât group scheme over 

Write L = F{Çp). If we are in case (i) — i.e. Cl{L)[£-^] ^0 — then 
there exists extensions of fip by Z/pZ unramified at ail primes, and hence 
extensions unramified away from q certainly exist. On the other hand, we 



verify in § 8.2.6 that, if q is inert and N{q) = N'^ where = — 1 modulo 
p, the cokernel of 

(8.2.4.1) {ff^ 0z Fp) [e-i] ^ ((^L/q)>< ®z F^) [e"!] 

is always nontrivial, where e is the cyclotomic character. Therefore, in 
either case (i) or (ii), Ext^(^p, Z/pZ) ^ 0. 

Therefore, in either case (i) or (ii) when q = (N) with N = —1, ail four 
Ext-groups are nontrivial, and one may construct a nontrivial déformation with 
a suitable line L as in Proposition 5.5 of |17j . In the case when p\{N — 1)/12 
and A'^ = 1 modulo p is inert, then a nontrivial déformation is constructed by 
Mazur in |54j . Specifically, Mazur constructs a modular abelian variety A/Q (the 
Eisenstein quotient) and a maximal idéal m of T such that ^[tn] = J>; this implies 
the existence of a characteristic zéro déformation of p. This complètes the proof of 
the Theorem. 

We record the foUowing Lemma for later use: 
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Lemma 8.2.5. // Cl(L)[e~-^] ~ 0, thenI)cï(Fp[x]/x^) is nontrivial exactly ex- 
actly when Ext^ (/ip, Z/pZ) is nontrivial in the category of finite flat group schemes 
over â'pll/q], and N{q) = 1 mod p. 

Proof. The computations above show that, under the assumption on C1(L), 
that any nontrivial déformation is ramified at q. If the déformation is an upper- 
triangular or lower-triangular définition, then the only /^-invariant Unes will be Gp 
invariant upon projection to V, contradicting the assumption on L. Hence, both 
Ext^(/ip, Z/pZ) and Ext^(Z/pZ, /Xp) must be nontrivial. By a similar argument, if 
the extension group Ext"'^(Z/pZ, Z/pZ) vanishes, then the only /q invariant line will 
be Gp invariant under projection (See Lemma 5.2 and the proof of Proposition 5.5 
of [nj.) Hence N{q) = 1 mod p. □ 

8.2.6. Further analysis of Ext^(/ip, Z/pZ). We analyze more carefuUy the 
cokernel of ( |8.2.4.1| , where L = F{(p): 

®z Fp) [6-1] ^ {{ej^r ®z Fp) [6-1]. 

In particular, we show that if q is generated by a rational (inert) prime = — 1 
modulo p, then this cokernel is nonzero. 

Let us first consider the analogous story over Q (so imagine that L — Q(Cp)), 
where the idéal q is generated by a prime number q. We will show that the cokernel 
is nonzero when g = ±1 mod p for p > 3; for p = 3 the condition becomes g = ±1 
mod 9: 

AU the units of L are products of real units and éléments of /ip . The real units 
Project trivially to the eigenspace (if p ^ 2) since e is odd. The action of 
Gal(L/Q) = (Z/pZ)^ on Hp is via the character e, which is distinct from if p 



is neither 2 nor 3. Finally, the e-^-eigenspace on the right-hand group of (8.2.4.1) 
is nontrivial if and only if p di vides — 1, as foUows from the proof of Lemma 3.9 
in |17j . When p = 3, 6"^ = 6. Yet 6-extensions ramified only at q are of the form 
Q(C3j v^)- This extension (over Q(C3)) splits at 3 only when g = ±1 mod 9. 

If F is an imaginary quadratic field, then (g) Q is the regular représentation 



of {Ti/pTi)'^ . Hence, determining the cokernel of (8.2.4.1 1 is more subtle. We begin 
with a preliminary remark concerning the case p = 3 which is slightly différent to 
the gênerai case (since e = 6"^ in this case). The 6-^ = 6 eigenspace of the unit 
group is generated by some unit /3 together with ^3. In particular, since (C3 — 1) 
is prime to q (it has norm a power of 3), the image of ^3 in (^i/q)^ ® F^[e~^] is 
trivial if g = 1 mod 9, but consists of the entire group if ç ^ 1 mod 9. Hence, for 
p = 3, we make the additional assumption that q = l mod 9. 

We return to the analysis of q = {N) , where = — 1 modulo p, and q — N"^ = 1 
mod 9 if p = 3. We need to check that the cokernel of 

is divisible by p, where the product runs over ail primes dividing N . Note that 
the first group is cyclic and generated by some unit j3. (When p = 3, it is generated 
by /3 and C3, but the image of ^3 is trivial since N"^ = 1 mod 9). We claim that: 

(1) NLiQ{nL) - 1 = iV^ - 1 is divisible by p, for every xvl dividing N , and the 
e~i-invariants of (Û'l/N)^ have order divisible by p. 

(2) We may take (3 to lie in a proper subfield E, and (thus) the map above 
factors through YI{^e/t^e)^ , where np = n^ri Gp- 
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(3) For every such n^, thc quantity Af_E/Q(n_E) — 1 equals — 1; in particular, 
this is not divisible by p. 

Thèse suffice to prove the resuit. 

Let G = Gal(L/Q) = (Z/pZ)^©Z/2Z. By assumption (iV is inert and N = -l 
modp), Frob(nL) = (—1,1) € G. In particular, N]^/Q{nL) = N'^- Since the 
action of Gal(i/F) on (i^'i/ni)^ [p] is via the regular représentation (as N splits 
completely from F to L), this proves the first claim. 

Let r] dénote the nontrivial character of Z/2Z = Gal{K/Q). This group acts on 
rationally and it décomposes (at least after inverting 2) into trivial and 77 = —1 
eigenspaces. The trivial eigenspace corresponds to the units of Q(Cp)- Since thèse 
are ail the product of a totally real unit with an élément of Çp, their projection 
to the e~ ^-eigenspace in p-torsion is trivial. Hence the e~ ^-eigenspace is generated 
by the projection of the 77-eigenspace. Hence, we may assume that Z/2Z acts on 
/3 via rj. Thus G acts on /3 via {e~^,T]). In particular, if iî = (—1,1), H fixes 
p. Let E — . By construction, /3 lies in E, and we have established part two 
above. Since Frob(nL) = (—1,1) G H, it foUows that Frob(n£;) is trivial. Hence 
^e/ci{^e) = and we are done. 

8.3. Phantom classes 

Suppose that q is prime, and that there exists a nontrivial extension class 
[c] £ Ext^(/ip, Z/pZ) (in the category of finite flat group schemes over ^F[è])- If 



N{q) = q = 1 mod p, then we have seen - from analyzing the argument of § 8.2.4 
- that the cylotomic-Eisenstein représentation p = e 1 mod p admits a nontrivial 
non-reducible déformation (of the kind considered above) . If g ^ 1 mod p, then 
such a déformation docs not exist. 

At non-prime level, however, the issue of Eisenstein déformations becomes quite 
complicated, even over Q. One can no longer write down a déformation problcm 
that dépends on lifting more than one "invariant line", since the resulting functor 
will not be representable. 

In light of the numerical évidence of Chapter [9] it is interesting to consider 
what happens whenever there exists such a class when q ^ 1 mod p. 

Conjecture 8.3.1. Let q be a prime idéal with N{q) = q ^ 1 mod p. Sup- 
pose that Ext^(/ip, Z/pZ) 7^ 0, in the category of finite flat group schemes over 
Spec ^f[^], but the corresponding Ext-group over Spec ûp is trivial. 

Then, for every auxiliary prime idéal x, there exists an cyclotomic-Eisenstein 
maximal idéal m of the Hecke algebra Tqr, of residue characteristic p, but there is 
no such idéal of Tq . 

We call the cohomology classes at level qt annihilated by this idéal phantom 
classes. 

In order to motivate this conjecture, let us consider the "degenerate case" when 
q = ûp- (It may seem that this does not fit into the framework of the Conjecture, 
since N{Ûf) = 1 = 1 mod p. However, that condition was imposed in the conjec- 
ture in order to ensure that thc group Ext (Z/pZ, /ip) over Spec^F[l] was trivial; 
and the corresponding group of everywhere unramified extensions is trivial provid- 
ing that p \ wp ■ hp.) Then we might expect that the existence of [c] implies that 
there exists a phantom class of level r for any auxiliary prime r. On the other hand, 
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the group subgroup of Ext^ (/ip, Z/pZ) of extensions unramified everywhere over 
ûp is (under our assumptions) the same as the p-torsion in K2{^f) (see [4j, Theo- 
rem 6.2). Hence, Theore m |4 . 5 . 1 [ ii ) exactly predicts the existence of such phantom 



classes. (In fact, Theorem 4.5.1 was motivated by the numerical computations that 



led to Conjecture 8.3.1 ) It foUows that one way to prove the existence of thèse 



more gênerai phantom classes as above is to extend Theorem 4.5.1 ii) to nontrivial 
level. 

Here is a rough outline of what we believe may be happening, although we 
stress that we are unable to prove so much at this point. Suppose that in Theo- 
rem 4.5.1[ ii), we replace Y by the congruence cover Yo{c{). Then, for any auxiliary 



prime r, we expect that the homology at level qr will detect classes in a group 
K2{^F,'^) which contains K2{^f)- What should the définition of this group be? 
At the moment, we do not have a candidate définition, but let us at least discuss 
some of the properties of this group. The usual K-gmwp K2{ffF) admits a second 
étale Chern class map 

K2{ffF)-^ H^{F,Zj,{2)). 

A theorem of Tate [76] implies that this map is injective, and the image of this 
map will consist of classes unramified everywhere. For a finite set of primes S, let 

iïi(^,Qp/Zp(-l)) ker iîi(i^, Qp/Zp(-1)) ^0i/i(F,Qp/Zp(-l)). 

Recall the Poitou-Tate séquence: 

0i7"(F, Q/Zp(-1)) H\F,Zp{2)Y H\F,CI^/Z^{-1)) 

► 0i/i(F,,Qp/Zp(-l)) H\F,Zp{2)y 

Hence, if -ff|(Zp(2)) := Hg{F, Qp/Zp(— 1))^, there is an exact séquence: 

0i/i(^^.,Zp(2)) HUF,Zpi2)) H^F,Zp{2)) ^H\F,,Zp{2)) 

s 

We suspect that K2{^f,(\) (when correctly defined) admits an étale Chern class 
map to map to Hg{Zp{2)) with S = {p}. (More generally, we expect that, for 
any set of primes S, there will be a group K2{(?Fj S) which admits such a map to 
iï|(Zp(2)).) In particular, there exists a non-zero class in K2{&'ft^) mapping to 
zéro in K2{ffF) exactly when Hl{F, Qp/Zp(-1)) ^ H^{F, Qp/Zp(-1)), or equiva- 
lently, exactly when there exists a class [c] in Ext (/Xp, Z/pZ) which is unramified 



everywhere outside q. In particular, the analogue of Theorem 4.5.1 ^ii) would imply 
that [c] gives rise to classes at level qr for any auxiliary r. This analysis does not 
obviously predict when such a class arises at level q, or when, alternative ly, it is a 
phantom class; for this, we use the heuristic of mod-p déformations at level q to 
conjecture that it is a phantom class exactly when q ^ l mod p. 

Remark 8.3.2. We also speculate here on the connection between phantom 
classes and the partial Euler characteristic. Suppose that the conditions of Conjec- 
ture 8.3.1 are satisfied, and consider any set S* = {p, r} of two primes différent from 



q. Then in the level lowering séquence: 

iïi(ro(q), Z)4 ^ iïi(ro(pq), Z)2 © i/i(ro(pr), Z)2 ^ i/i(ro(pqc), Z), 
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we find (experimcntally) that thc middle term of this séquence is "too large", be- 
cause the phantom classes at level pq and pr must map to zéro at level p, forcing 
the honiology at the middle terni to be non-zero (again, this is an expérimental 
observation, not an argument). It seems, therefore, that the existence of phantom 
classes will force the level raising séquence to fail to be exact, and thus (in the spec- 
tral séquence) give rise to ternis which contribute to the partial Euler characteristic 
Xd{Y) viaiîf(i^o(q)[l/pr],Z). 

For numerical examples of phantom classes, see the end of § |9.4.2l Remark [9.4.5| 
and §[9X6] 

8.3.3. Phantom classes over Q. One may ask whether there is an analogue 
of phantom classes for F = Q. In the category of finite flat group schemes over 
Spec(Z), one has Ext^(/ip, Z/pZ) — for ail p (as foUows from |54| — the point 
being that the e~^-part of the class group of Q(Cp) is related to the numerator of 
the Bernoulli number B2 = 1/6). The extension group Ext^(/ip, Z/pZ) of finite flat 
group schemes over Spec(Z[l/(7]) is non-trivial exactly when q = ±1 mod p (this 



foUows from the remarks made in § [8.2.6 ). Assume that q > 5. lîq = l mod p, then 
one always has modular irreducible characteristic zéro déformations of 1 e coming 
from the Eisenstein quotient [54\ On the other hand, iî q = —1 mod p, then 1 e 
does not occur as the semi-simplification of a cuspidal représentation of weight two 
and level To{q), as also foUows from |54j . In analogy with the discussion above, 
one expects that for ail g = — 1 mod p, there exist phantom cyclotomic Eisenstein 
classes of level qr for any auxiliary prime r, but not at level q itself. This is indeed 
the case, via the foUowing easy lenima: 

Lemma 8.3.4. Let p > 5 be prime, and jïx a prime q = —1 mod p. If r is any 
auxiliary prime différent form q, then there exists a characteristic zéro cuspidal 
eigenform n of level T^^qr) such that: 

(1) TT is new at r. 

(2) TT mod p is cyclotomic Eisenstein. 

(3) If r ^ p and r ^ ±1 mod p, there exists a lattice for the corresponding 
p-adic Galois représentation pij:) : Gq — > GL2(Qp) such thatp represents 
the unique class in Ext^ (/ip, Z/pZ) which is ramified at q and unramified 
everywhere else. 

Proof. Let D dénote the quaternion algebra ramified exactly at q and r. Let 
r B dénotes the corresponding maximal arithmetic subgroup. There is a congruence 
quotient map 

H,{Tb,Z)^F-=-' = Z/iq + l)Z. 

Since p > 5 it is not an orbifold prime, this class lifts to a characteristic zéro 
eigenform tt'^^ which admits a corresponding p-adic Galois représentation p(7r'^^) 
which is cyclotomic Eisenstein modulo p. By Jacquet-Langlands, this may be 
transferred to a form tt of level Tg^qr) with the same Galois représentation which 
is also new at q and r. The p-adic Galois représentation r(7r) : Gq GL2(Qp) will 
be ordinary at p because it is reducible modulo p (this is also true if r = p for a 
slightly différent reason). By Ribet's Lemma f64], there exists a lattice such that 

'1 

.0 e, 
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where * is non-trivial. Sincc p > 3, comparing this représentation with thc lattice 
arising from the fact that tt is ordinary at p, we deduce that * is unramified at 
p. Hence the représentation defines a non-trivial extension class in Ext^(/Xp, Z/pZ) 
which is finite flat over Spec(Zi[l / qr]) . Il r ^ p and r ^ ±1 mod p, then such 
extensions are automatically unramified at r for local reasons. □ 

Remark 8.3.5. One cannot expect the final claim (regarding p) to be true if 
r = ±1 mod p for symmetry reasons (replacing qhy r would lead to a contradiction 
if r = —1 mod p, for example). However, in this case, one would expect the 
corresponding extension at least to occur inside the uni versai déformation ring, 
and thus still be "modular" in some sensé. 



8.4. Even Représentations 



Here we analyze further the example of § 8.1.5.1 

Fix a prime number p > 2, and a finite field k of characteristic p. Let 

p : Gq ^ GL2(fc) 

be a continuons absolutely irreducible Galois représentation. We shall assume that 
J) is either finite fiât or ordinary at p. One of the original motivations of considering 
torsion homology for GL(2) over imaginary quadratic fields is precisely that the 
restricted représentation 'p\Gp conjecturally contributes to the intégral cohomology 
of y(-R's), whether or not p is even. 

One expects even Galois représentations to have very few déformations over Q, 
even without placing any local conditions at p. (Indeed, by work of the first author, 
one know nows in many cases that p admits no potentially semi-stable characteristic 
zéro déformations |14L I15j .) 

We show here that over F they have more déformations with nice properties 
than one might a priori expect, as is predicted by our conjectures together with 



CoroUary 8.1.2 (see discussion of § 8.1.5.1) 



8.4.1. Déformation Functors Revisited. Let p : Gq — GL2(fc) be an 
absolutely irreducible continuons représentation, and suppose that either: 

(1) p is finite fiât at p, 

(2) p is ordinary at p. 

Suppose, moreover, that det(p) = ex mod p, where e is the p-adic cyclotomic 
character and x is a finite order character that is trivial on Gq^. Let i^/Q be an 
imaginary quadratic field disjoint from the fixed field of the kernel of p, and in 
which p splits. Associated to p one may define the usual classes of déformation 
problems, namely, for local Artinian rings A — {A, m a, k)', 

(1) Dfi{A) dénotes équivalence classes of hfts p : Gp ^ GL2(^) which are 
finite fiât at both v\p, minimally ramified at ail other places, and of dé- 
terminant det(p) = ex- 

(2) DoTd{A) dénotes équivalence classes of hfts p : Gp ^ G\j2{A) which 
are ordinary at both v\p, minimally ramified at ail other places, and of 
déterminant det(p) = ex- 

Theorem 8.4.2. Suppose that p is even. Ifp is finite flat at p, then the tan- 
gent space D{i{k[x]/x'^) is nontrivial. If p is ordinary at p, then Doyd(k[x]/x'^) is 
nontrivial. 
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Proof. As in j2Tj, we may identity Do-rd{k[x\/ x^) and Dfi{k[x\/ x^) with a 
Selmer group inside the Galois cohomology group H^{F, W); here W is the trace- 
free éléments of End(p, p). 

Let c e Gal(i^/Q) be complex conjugation, and let rj be the nontrivial character 
of Gal(i^/Q). Then 

H\F,W) = H\Q,Ind^W) c::^ H\Q,W+) ® H\Q,W-), 

where W+ = End"(p, p), and ^ W+ (g) rj. 

Let H^{F,W) dénote the Selmer group which captures déformations that are 
minimally unramified outside p. Let H^{Q,W~^) be the preimage of H^{F,W) 
in H^{Q, Ty+) under the restriction map, and similarly for replaced by W" . 
Thcn the Euler characteristic formula implies that 

dimiJ^(Q,iy+) > and dimiî|:(Q, T^") > 3, if p is euen, 

dimiJ^(Q,W^+) > 2 and dimiî^(Q, W^") > 1, if p is orfrf. 

Let and H^^.^ inside dénote the subspace of classes satisfying the restricted 
déformation condition above. Let //^ ^ and iî^d v inside dénote the subspace 
of classes satisfying the restricted déformation condition at one prime above p in 
F. 

Lemma 8.4.3. Let* = û or ord. Let = W and W~ =W(î^ri. We have an 
equality 

Hl{F, W) n HhiQ, W^) = HljF, W) n iJi (Q, w^). 

Equivalently, a class in H^{F, W) that is an eigenvector for c satisfies the necessary 
local condition at one v\p if and only if it satisfies the local condition at the other. 

Proof. This can be seen by considering the action of the group Gal(F/Q) on 
H^{F, W) — it acts via the identity on H^{Q, W) and by -1 on -ff^(Q, W (g) -q). 
On the other hand, it permutes the local classes at the primes v\p. Thus any class 
in H^{Q, W^) has isomorphic local classes for each v\p. □ 

Generically, we expect the imposition of a condition * at v\p imposes two lo- 
cal conditions. Thus we expect to be able to produce a nontrivial élément in 
Hl y{F, W) n H^{Q, W^) if and only if the dimension of this space is at least 3, 
that is, if p is even and we consider . Let us now assume that p is even. To 
complète the proof of the theorem, we require a more accurate computation of 
H^{Q,W~), and a more accurate count of the local conditions that are imposed. 
Since the Cartier dual of W~ is totally real, by the global Euler characteristic 
formula (Theorem 2.8 of [29]), we find that 

dimH^{Q,W-) > 3 + dimiï°(Qp,(Vr-)*), 

where M* dénotes Cartier dual of M. Since, as a Qp-representation, W~ ~ W, we 
may replace the last term by iî°(Qp, W*). By Tate local duahty, we may replace 
this by H'^{Qp,W). Finally, using the local Euler characteristic formula, we find 
that 

àiuiH^m,W-) > diuiH\Qp,W)-diiiiH"{Clp,W). 

(Indeed, we may have derived this directly from the global Euler characteristic 
formula, but in the first formulation it was more apparent why this quantity is at 
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least 3.) Consider the Cartesian square: 



Hl{Qp,W) H\Qp,W) 

where the vertical arrows represent localizing at v. To prove that H} ^{F,W) 
H^{Q, W^) is non-zero, it suffices to show that the cokernel of the map to iï^(Q, W^) C 
H^{F,W) has dimension strictly less than H^{Q,W^) itself. Since the square is 
Cartesian, it suffices to show that the kernel of the local map also has dimension 
strictly less than dim iî^(Q, W^^). Yet, from Proposition 2.27(a) of [29j (taking 
into account Remark 2.26), the codimension of this map is 

dhjiH\Clp,W)-di-aiH°{Qp,W) - 1 < dimiï^(Q, Vt^"). 

□ 

Remark 8.4.4. lîp is inert (or perhaps even ramified) in F/Q a similar resuit 
can probably be proved using the same techniques. The key point in that case will 
be to compute the dimension of the cokernel of the map 

Hl{L,W)- ^ H\L,W)- , 

where i/Qp is a quadratic extension and — dénotes the —1 eigenspace under the 
action of Gal(L/Qp). 

Remark 8.4.5. We have excluded p = 2 in this theorem. When p = 2 the 
représentation p will actually be modular in the usual sensé. Then one might hope 
that there exist nontrivial déformations (flat or ordinary) of J) even over Q. If the 
Serre conductor of p is equal to a prime N, and p is finite flat at 2, then this is 
actually a theorem (see § 3.2 of |18j). although we do not know whether to expect 
this to be true in gênerai. 

8.5. Even représentations: finiteness and experiments 

One interesting conséquence of Serre 's conjecture are finiteness theorems for 
the number of odd Galois représentations 

p:Gal(Q/Q)^GL2(Fp) 

of any fixed tame level N. 

There are natural generalizations of Serre 's conjecture to imaginary quadratic 
fields (see [79], as well as |24L I25j): in this context, there is no "odd" condition. 
We remark here that thèse generalizations have similar, and in fact stronger, im- 
plications for even Galois représentations. 



Lemma 8.5.1. Assume Conjecture 2. 2. ^ 1 ) and Serre's modularity conjecture 



over F (in the sensé of \79\ p3]/ Fix an integer N , and fix an integer k > 2. Then 
there only exist finitely many irreducihle even Galois représentations: 

p:Gal(Q/Q)^GL2(Fp) 

o/ tame level N{p) dividing N and Serre weight k(j)) = k. For a fixed p, there are 
only finitely many p of tame level dividing N . 
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Remark 8.5.2. Pcrhaps surprisingly, if we fix k{p) > 2, this Icmma implies 
that there are only finitely many p for which (conjecturally) an even p can exist. 
This is in marked contrast to the case of odd Galois représentations — when fc(p) = 
12 and iV = 1, the représentations associated to A = 9n^i(l ~ ç")^"' give 
examples of such p for ail p ^ {2, 3, 5, 7, 691}. Note that the theorem is not true for 
fc = 1, since (for example) an even représentation with image in GL2(C) gives rise 
to an irreducible p with fc(p) — 1 for ail but finitely many p. 

Proof. Choose any auxiliary imaginary quadratic field F. The number of p 
such that p\Gf are reducible is easily seen to be finite by class field theory (we 
use here that k ^ 1). Assume that there exist infinitely many such p. Assuming 
Conjecture |2.2.5| it foUows that there exists infinitely many maximal ideals m of 
the ring of Hecke operators T acting faithfuUy on Hi{Yi{N), Z). Since the latter 
group is finite, only finitely many of thèse m can be supported on torsion classes, 
and by a standard pigeonhole principle argument (see § 4.6 of [75 ), it foUows that 
there exists a characteristic zéro eigenclass [c] € iîi(Yi(A^), C) which gives rise to 
infinitely many of thèse m of characteristic > 2. 

Let TT dénote the corresponding automorphic form; let be the vth Hecke 
eigenvalue of tt, and let L be the field generated by ail ay, with ring of integers 
ûi^. Then for each maximal idéal m as above, there is a prime Am oî Gl and an 
isomorphism T/m^ /Am such that is carried to a.y mod Am . 

If w is a place of F not dividing TV, we deduce (from the compatibility of m and 
the correpsonding p) that = a„c mod m for infinitely many m, and thus that 
ttt, — a^c. By multiplicity one for GL(2)/F, we deduce that tt ~ tt"^. By cyclic base 
change ([2], Theorem 4.2 p. 202), it foUows that tt comes via base change from a zu 
for GL(2) /Q. But the Galois représentations associated to m are odd, contradicting 
the fact that the p as above are even. □ 

In light of this resuit, it is natural to ask the foUowing questions concerning the 
case = 1. 

Question 8.5.3. What is the smallest irreducible even Galois représentation 
p : Gal(Q/Q) — > GL2(Fp) which is unramified away from p? More precisely: 

(1) What is the smallest p for which such a p exists? 

(2) What is the smallest k for which such a p exists? 

Note that, a priori, there may not exist any such p at ail! Here is an approach 



to studying this question using Conjecture 2.2.5 '1). 

It is known that no such représentation exists when p < 7 (for p = 2 this is a 
well known resuit of Tate [77| . for the other p see Theorem 1 of [57]). For any p, 
the Serre weight k := k(j>) is an integer 2 < k < p^ — 1. After twisting, we may 
assume that k actually satisfies the inequality 2 < k < p + 1. Given p, we consider 
the restriction of p to a small imaginary quadratic field of class number 1 (for our 
computations, we used the fields F — Q(-y/— 2) and Q(\/— 11)). It is not hard to see 
that if A^ = 1, that p\Gf is still irreducible, since they would otherwise arise from 
inductions of characters of the class group of F, which is trivial. Hence, assuming 



Conjecture 2.2.5 '1), p gives rise to a mod-p cohomology class for GL2{Gf)- We 



shall be interested in Computing the foUowing quantity: 

dimiJi(GL2(^i.),^fc (g)Fp) -dimiïi(GL2(/^i.),^fc C)^'^, 
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where is an intégral niodcl for thc local System corresponding to the représen- 
tation Sym'^^^ ® Sym*""^, and BC dénotes the subspace of forms which are either 
CM or arise from base change from GL(2)/Q. If p has Serre weight A:, then the 
first cohomology group will have larger dimension than the second. Hence, if we 
compute the quantity above and it is non-zero, this indicates that there exists a 
possible p- Moreover, if we compute this quantity for différent fields F and still ob- 
tain a non-zero value, this gives strong évidence for the existence of p. (Conversely, 
if we compute for some field F and find that the quantity above is zéro, then p can 
not exist). 

Our computations are summarized in the final table of Chapter |9] It is the 
case that in the range of any computation that we do that dimiïi(^ ® C)^'~^ — 
dira Hi{^ (g) C). Hence, when we are able to compute Hi{^) integrally, we can 
détermine when the quantity above is zéro for a fixed k and ail p simultaneously, 
namely, the exponents of the torsion subgroup of Hi{^). (If dimiïi(.-# ®C)^'~^ < 
dira Hi{^ ^ C), we would need to do some extra computations with Hecke op- 
erators to détermine the finite set of possible p.) In the range we are able to 
compute, we find only one irreducible even representaiton. Specifically, there is a 
représentation 

Gq ^ Gal(if/Q) ~ 3; -> GL2(Fi63), 
corresponding to a lift of the even ^4-extension of Q ramified only at 163. The 
déterminant of this extension is (one of the) characters of Q(Ci63) of order 3, which 
are ail conjugate to u}^-^^^~'^y^ = uj^^"^. Thus this représentation corresponds to 
{p, k) — (163, 55). We can summarize the results of our computation as foUows: 

Theorem 8.5.4. Letp : Gq — > GL2(Fp) be an absolutely irreducible continuons 
even Galois représentation oj Serre level N{jd) — 1 and of Serre weig ht k — fc(p). 



In particular, det(p) — u)^ ^ , so k is odd. Then, assuming Gonjecture 2.2.5''l): 

(1) The smallest prime p for which a p exists is at least 79. 

(2) The smalest k for which a p exists is at least 33. 

(3) // there exists a p with k < 53, then p > 1000. 

(4) // there exists a p with k — 55, then p is either > 200, or p = 163. 
Moreover, if k — 55 and p — 163, then p is the unique représentation with 
projective image v44. 

(5) If there exists a p with k G {57, ...,69}, then either p > 200 or {p,k) 
corresponds to a red square in Table \97E\ 



CHAPTER 9 



Numerical examples 



This chapter gives numerical examples of homology for Jacquet-Langlands 
pairs which illustrate — and in many cases motivated — the results of this book. 
Nathan Dunfield computed much of the data for our main example concerning the 
field F = Q{^/—2) (using Magma) during the writing of [16'. The complète data is 
reproduced as a table in § |9.8| We computed Hecke actions for a subset of his data 
using a gp-peiri script that is available on request. Where not otherwise specified, 
the Hecke algebra refers to the abstract Hecke algebra of § |3.4.6| 

The Chapter considers examples in roughly increasing order of complexity. 
After summarizing some géométrie features of the manifolds at hand in § |9.1[ we 
discuss first, in § |9.2[ situations similar to that of Theorem A of the introduction, 
where neither side has nontrivial homology in characteristic zéro. The examples 
in § 9J_ illustrate this Theorem as well as some of the results of Chapter |4] on 



level-raising. Next, in § |9.3| we discuss situations similar to that of Theorem B 
in the introduction. In § |9.4| we address the more complicated situation where 
there exists characteristic zéro newforms, giving évidence for the conjectural rôle 



of level-lowering congruences (cf. § 5.5) and illustrating other results of Chapter 7. 



Sections §|9.5|and §|9.6|study Eisenstein homology, in particular situations related 



to "Theorem C" (Theorem 1.1.1) of the introduction and studied also in Chapter 
8. Section § |9.7| provides numerical examples illustrating Theorems |4.5.1| and |4.5.4| 
for the field F = Q( 7=491). 

9.1. The manifolds 

Let F = Q{9), with 6 = \/— 2. Since 3 splits in F, and ffp has class number 
one, we may write 3 — ir-W, where n — 1 + 9 and tt' = 1 — 0. Let D/F be the unique 
quaternion algebra ramified exactly at tt and W, and let B / ûp be the unique (up to 
conjugation) maximal order of D. In this section, we shall compare the homology 
of arithmetic quotients corresponding to PGL(2)/i^ and GL(I?^)/G„i. 

If E is a set of finite places, the arithmetic orbifold Y{Ti) corresponding to 



PGL(2) has been defined in § 3.1 similarly, if S contains (tt) and (tt) we have an 

(2) 



arithmetic orbifold YsiJ^) corresponding to D. Note that wp = '2 and Wp = 8, so 



2 is the only possible orbifold prime. 

At "minimal level", thèse are explicitly described as foUows: 

Let F = PGL2(^f) and Vb the image of in PGL2(C). Since Cl(^j.) is 

trivial, we have first of ail 

Y := Y{$) = r\H, Yb ^^({(Tr), (^)}) = TBXii" 

The orbifold F is a degree two quotient of the Blanchi Orbifold for F corresponding 
to PSL2(^f) (see [7]). The orbifold Yb was the main object of study in [Ï6j [TT] . 
where it was showed that the 7r"-adic tower rB(7r") had vanishing Q-cohomology for 
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ail n. Both orbifolds havc underlying space (as foUows from [45 and 16 , § 2.9, 
respectively) , although this fact is not important for us. Of course, Y and Yg are 
not commensurable as Y is compact whereas Yb has a single cusp whose structure 
is given by a torus modulo the hyperelliptic involution. 

Now take an auxiliary prime p G ûp, and take S = {(vr), (tt), p}, with cor- 
responding quotients Y{K^) (also denoted Fo(3p)) and Yb{Ky:)- Thèse are still 
quotients of : 



r(3p) = ro(3p)\H3, YsiK^) = ToiB, p)\ll' 

where ro(3p) dénotes the level 3p congruence subgroup of F = PGL2(^f), whereas 
ro(-B,p) dénotes the level p congruence subgroup of . 

According to Conjecture |2. 2. 5| loosely speaking, we expect the foUowing: 

{homology classes in iJi(ro(3p), Z) 
that do not arise from iïi(ro(7rp), Z) 
or i7i(ro(7r'p),Z) for 7r,7r'|3 

9.1.1. The torsion ratio. Suppose that Hi{Tç,{3\)),Z) is finite. By Theo- 
rem |7.5.3l the ratio: 

A -\H(r (Rf,)7)\ I |gi(ro(3p),z)|.|gi(ro(p),z)|4 
^,._|i/,(r„(iî,p),z)| / |^^(r„(,.p)^z)|2.|^^(r„(,.p),z)p 

is of 2-power order. 

For p < 617, we find that = 2^ whenever iïi(ro(3p), Z) is finite, which 
happens exactly for 

p = 19, 41, 43, 59, 97, 137, 163, 179, 227, 251, 281, 283, 379, 401, 449, 467, 

499, 523, 547, 563, 569, 571, 577. 

The fact that the power of 2 is constant suggests that our results presumably extend 
to mod-2 classes. 

We address some of thèse examples in more détail. Note that by Theorem |7.7.2| 
we have in this context an equality between the orders of -fff'(ro(3p), Z)?''""''* and 
-fff'(ro(-B, p), Z) up to an intégral factor x(S)- We shall typically work over the 
ring Z5 := Z[l/S'] where S* is a product of small primes, in order to make the 
présentation of our groups more compact. 

9.2. No characteristic zéro forms 

9.2.1. -/V(p) = 59. Suppose that iV(p) = 3 — 50. The congruence homology 



for ro(3p) and ro(-B,p) was efFectively computed in Lemma 7.5.1 it has order (up 
to powers of 2) Af(p) — 1 = 29. By Computing the essential cohomology we 
efFectively suprress a factor of Z/29Z in each of the foUowing terms. Let 5 = 2. 

iïf(ro(p),Z5) = 1 

ijf(ro(^-p),Z5) = (Z/3)2©(Z/7), 
iïf (ro(7r' • p), Zs) = (Z/3)2 © (Z/37), 

iîf (ro(3p),Zs) = (Z/3)« © (Z/9) © (Z/7)2 © (Z/37Z)2, 

iïf(ro(iî,p),Z5) = (z/9). 



9.2. NO CHARACTERISTIC ZERO FORMS 



205 



This is an cxamplc where no level raising (see § |4.3[ ) occurs. The niod-7 and mod- 
37 classes at level irp and n'p give rise to old-forms at level 3p, but admit no level 



raising congruences, and so (by Leninia 7.9.17 (4)) hâve no efFect on the cohomology 

of ro(B,p). 

Let us explicitly check that the level raising congruences fail for m of charac- 
teristic 3. Recall that the level raising congruence is Tq = ±(1 + N{q)) mod m. 

(1) There is a unique maximal idéal m of characteristic 3 and level tt • p 
with T/m — F g. We find that T^^' = mod m, and hence the class m 
does not give rise to a class in H^{To{3p),Zs)^™ via level raising as in 
Theorem 4.3. 1| (and one thus expects that there are no such new classes 



see Remark 4.3.4 



(2) There is a unique maximal idéal m of characteristic 3 and level tt' • p with 
T/m = Fg. We find that the image of T^- in Fg has minimal polynomial 
x'^ + X — 1, and hence (in the same sensé as above) level raising does not 
occur. 

If we return to the new maximal idéal of level 3p, we find an m such that T/m = F3 
and Tm is isomophic to Z/9Z. Our theorems guarantee that the power of 3 dividing 
the order of Hf{Tf){B,p),Zg) is exactly 3^, but do not promise that the Hecke 
actions are the same (although, of course, we expect this to be true). 

9.2.2. A^(p) = 521. Suppose that iV(p) = 521. The congruence cohomology 



for ro(3p) and To(B,p) was effectively computed in Lemma 7.5.1 it has order (up 



to powers of 2) N{p) — 1 = 65. Let S be the product of ail primes < 100. 

i/i(ro(p),Zs) = (Z/2213) 

Hi{To{7T ■ p), Zs) = (Z/139) © (Z/169) © (Z/2213)2 

iïi(ro(7r' • p), Zs) = (Z/2213)2 © (Z/6133) 

iïi(ro(3p), Zs) = (Z/139)2 © (Z/169)2 © (Z/223) © (Z/361) © (Z/401) © 

(Z/2213)'* © (Z/6133)2 © (Z/1750297) © (Z/2613151) 

Hi(To{B, p), Zs) = (Z/223) © (Z/401) © (Z/1750297) © (Z/2613151). 

This is another example where no level raising occurs, at least for classes mod p of 
order > 100. We présent it to illustrate that large primes can divide the orders of 
thèse torsion classes. (This also provides a compelling check on the numerical data 
— for the prime 2613151 to appear incorrectly in any one computation would be a 
misfortune, for it to incorrectly appear twice would seem like carelessness.) 

9.2.3. N{p) = 97. Suppose that p = 5 + 69. The congruence cohomology for 



ro(3p) and ro(i3,p) was effectively computed in Lemma 7.5.1 it has order A^(p) — 
1 = 3. We are interested in the non-Eisenstein idéal m of residue characteristic 3 
and level tt' • p. We find that 

i/i(ro(p),z)„, = 1 

7îi(ro(7r.p),Z)„= 1 
Jîi(ro(7r'.p),Z)„= (Z/3) 

iïi(ro(3p),Z)„= (Z/3)©(Z/9) 

iîi(ro(iî,p),z)„ = (z/3). 
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If T is the Hecke algebra at level tt' • p, so — F3, we may compute the small 
Hecke operators in T,,, explicitly as foUows: 



q 


1 + 9 


3 + 6» 


3-6» 


3 + 26» 


3-26» 




1 





-1 









From the very first entry on this table, we see that T^- = 1 = 1 + A^(7r) mod m, 
and hence m is a level raising prime. And indeed, with S = {tt,tt'}, the injective 
map: 

: iîi(E/7r, Z)l -> Z)^, Z/3 © Z/3 ^ Z/3 ® Z/9 

has cokernel Z/3, which is realized on the space of quaternionic honiology. 



9.3. Characteristic zéro oldforms 

Let us now consider the case when there exist oldforms of characteristic zéro. 
By the classical Jacquet-Langlands theorem, the cohomology group Hi{Tq{B, p), Z) 
is finite. In this context, it still makes sensé to consider the naïve ratio: 



Ap := |iïi(ro(B,p),Z)| 



|gi(ro(3p),z)t°^-| ■ |gi(ro(p),z)*°'--|4 

|i/i(ro(7r • p), Z)'°-|2 . |iJi(ro(7r • p), Z)t°-|2 



where M^°'^^ dénotes the torsion subgroup of M. In this context, our theorem (in 
its crude form Theorem 7.4.11 does not predict that this quantity is constant, but 



rather that it equal to a ratio of regulators on the split side. A particularly nice 
case to consider is when iïi(ro(p), Q) and Hi{To{qp), Q) = for one of q € {tt, tt'}. 
In this case we have Theorem 7.7.2[ which guarantees (up to xd{Y)) an numerical 
equality between the spaces of essential newforms. 

9.3.1. N{p) ^ 17. Let us take p = (26* + 3), and let S = 10. Then: 

i/i(ro(p),Zs) = 1 

Hi{To{tt-p),Zs) = Zs 

7îi(ro(7r'.p),Zs)- 1 

Jïi(ro(3p),Zs) = Zs©Zs 

i/i(ro(B,p),Z5) = (Z/3). 

In this case, the naïve torsion ratio Ap is equal to 3. Our results explain this as 
foUows. Recall that the space of newforms in this case is equal to the cokernel of 
the map: 

i/i(ro(7r • p), Zs)' ^ i/i(ro(3p), Z5), 



z| ^ z|. 



The cokernel of this map is exactly the cokernel of the map 



T 

(iV(q)V 1) 



with q = tt' on Z|. Explicitly, we find that the value of T^^i on _ffi(ro(7r • p),Zs) 
is equal to —2, and hence the cokernel of the matrix and hence the newspace is 
isomorphic Z/3Z. Thus the computation is in accordance with Theorem 7.7.6[ 
which predicts that 



3=|iïf (ro(3p),Z3)"™| = |iïf (ro(S,p),Z3)|-x = 3x 
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for some integer x- Note that, since the maximal idéal m of residue characteristic 
3 is (by computation) not Eisenstein, we would conjecture that x = 1 in this case, 
which is also borne out by the computation above. 

Let us consider this example in greater détail. Since we have a characteristic 
zéro form with Z-coefficients in trivial weight, we have a hope of attaching an 
elliptic curve via Taylor's theorem [78]. Indeed, there does exist an elliptic curve 
E of conductor tt • p, given as foUows: 

E:y^ -6xy + y = x^ + {e- l)x^ , 

of discriminant 

-1461 - 47 = -(1 + ef{2e - if. 

Let us study this représentation locally at the prime of good réduction tt' = 1 — 9. 
Reducing E modulo tt', we obtain the smooth curve 

-xy + y = x^, 

over F3, from which we can count points to deduce that a^^i ~ 1 + 3 — 6 = —2. 
It foUows that E is not only ordinary at tt', but that the mod-3 représentation 
p : Gf — >■ GL(£'[3]) at a décomposition group D^^i can be written in the form: 

;) mod 3. 

Equivalently, the level raising congruence implies that the local représentation looks 
like (a twist of) the Galois représentation attached to a Steinberg représentation. 
In the classical world of GL(2) / Q this would imply that the représentation p lifts to 
a char zéro newform of level 3p, but here it does not, and in fact the only "shadow 
of newness" appearing is in the nontriviality of the cokernel of î*^, or equivalently, 
the torsion occurring in cohomology on the non-split side. 



9.3.2. Lifting Torsion Classes. It is a conséquence of level raising that the 
mod-3 torsion class of § |9.3.1 above does have a Galois représentation, since it lifts 



to characteristic zéro at level 3p. This suggests the very natural question: 

Question 9.3.3. Let m 6e a non-Eisenstein maximal idéal of the Hecke algebra 
T acting on iïi(E,Z). Does there exist a E' containing S such that m is in the 



support of the torsion free part o/iîi(E',Z)? Assuming Conjecture 2.2.5 this 
amounts to the following. If 

p-.Gp-^ GL2(F) 

is continuous and irreducible, does it lift to a motivic characteristic zéro représen- 
tation of trivial weight? 

We have little to say on either question. If ^^F = 2, 3 or 5, and det(p) is the 
cyclotomic character, then the answer to the second question is yes, since one can 
find a lift coming from an elliptic curve. This sheds little light on the gênerai case, 
however. On the other hand, as far as explicitly searching for lifts, level raising puts 
a restriction on the places where one should look to lift any torsion class. There is 
no point adding ro(q)-level structure unless q is a level raising prime. This provides 
at least one place to look for any given torsion class. 
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9.3.4. N{p) = 409. Let us take p (11 + 120), and let S be divisible by ail 
primes < 3779 except 29 and 37. Then: 

i/i(ro(p),Z5)- 1 

iïi(ro(7r.p),Z5) = z/29 
iïi(ro(7r'.p),Z5) = z| 

i/i(ro(B, p), Zs) = (Z/29)2 © (Z/37). 

There are two maximal non-Eisenstein ideals of residue characteristic 29 of the 
abstract Hecke algebra acting on thèse groups, one supported at level tt • p, and 
another at level tt' -p. That thèse ideals are distinct is not surprising, since otherwise 
one would predict that it also has support at level p. Let us study the 6-dimensional 
space over Q at level tt' • p. If T is the Hecke algebra at this level then iî = T (g) Q 
is a direct sum of two totally real fields of degrees 2 and 4 respectively, with T^r 
eigenvalues a and 7 which can be determined explicitly as foUows: 

-3+ x/5 



2 




+ 3a + 1 = 



+ 37^ - 57^ - I67 - 8 = 0. 



(We obtained thèse équations by Computing the characteristic polynomial of T^r 
modulo the primes 61 and 103 and then comparing the answer. The resulting 
polynomial was then checked modulo the prime 32749, and found to be correct. 
Assuming the known bounds towards the Ramanujan conjecture, this can be shown 
to confirm our computation.) We computc that N{a'^ — 16) = 5 • 29, and N{j'^ ~ 
16) 26 • 5 • 37. Thus iïi(ro(3p),Zs)"™ = (Z/29 )^ © ( Z/37), which — exactly 
in accordance with what one expects from Theorem |7.7.6| — has the same order as 
Hi{ToiB,p), Zs). Note that A409 = 2" • 5^ • 29 • 37 in this case. 

9.4. Characteristic zéro newforms and level lowering 

In this section, we consider some examples where there exist newforms in char- 
acteristic zéro. In this context, we may apply Theorem |7.7.6| to deduce a relationship 
between primes dividing the ratio of the regulators and level lowering primes. 

9.4.1. iV(p) = 11. Take p = (3 + 6»). If 5 = 10, we have 
i/i(ro(p),Zs) = 1 
i/i(ro(^-p),Zs) = 1 
i/i(ro(7r'.p),Zs) = (Z/3) 
7îi(ro(3p),Zs) = Zs©(Z/3) 

i/i(ro(s,p),Z5)-Z5. 

It is a conséquence of our results that the ratio of the regulators on the split side to 
the non-split side must be divisible by three; according to our conjectures in § |5.5[ 
this regulator discrepancy should be accounted for by level lowering primes. We 
confirm this: 
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In this case, thc cUiptic curve 



E:y^ + {\ + e)xy + (1 + e)y = + {\ 



has conductor 3p. As we shall see, its level can be lowered modulo 3; in othcr ternis, 
the réduction of this class modulo 3 cornes from level 7f • p. 

Note that E has is multiplicative réduction at tt and tt'. We compute that the 
prime factorization of is 

Aiî = 366» + 9 = (1 + ef{l - 0)2(3 + 6») = tt^tt'^p, 

In particular, since 3 divides «^(A^;), the 3-torsion is finite fiât at tt (it would have 
been équivalent to note that the 7r-adic valuation of the j-invariant je of E was 



also divisible by 3). It follows from Conjecture 2.2.5 that the mod-3 représentation 
p should arise at a lower level, namely, level Tr'p. In particular, the Z/3Z torsion 
class above at level Tr'p corresponds the the Galois représentation arising from -B[3]. 

9.4.2. A complicated example, A^(p) = 89. In the foUowing example, we 
observe some of the complications and pathologies that can occur in the gênerai 
case. Let N{'çi) = 89, with p = (9 - 20). Let S = 2. We have 

i/i(ro(p),Z5)= (Z/ll)2 

iïi(ro(7r • p), Zs) = Z| © (Z/3) © (Z/ll)2 

iïi(ro(^'-p),Zs) = Z5©(z/ii)3 

i/i(ro(3p), Zs) = Z^ © (Z/3) © (Z/5)2 

iïi(ro(B, p), Zs) - Z5 © (z/5) © (z/7) a 



9(Z/7). 
(Z/11) 



(Z/25) 



We consider this example in several steps, concentrating on the maximal ideals m 
of T of characteristic 11,3, and 5. First, we identity the characteristic zéro classes. 
For convenience, we tabulate thèse now. The coefficients of the Hecke operators are 

Z[0], Z, and Z, where = ^^"^ golden ratio. Two of thèse automorphic 

forms can be attached to elliptic curves. There is an elliptic curve of conductor Tr'p 
given by the foUowing équation: 

B -.y^ -eyx + {l- e)y = x^ + 29x + {39 - 1). 

The discriminant of iî is As = (9 — 29) {1 — 6*)^^. The curve B admits a 3-isogeny 
over F, and has a 3-torsion point P — [3 — 9,4]. There is also an elliptic curve of 
conductor 3p given as follows: 



C : y'^ - xy + y ^ 



{29 -l)x^ -{29 + 2)x + 2. 



The curve C has discriminant Ac = —(9 — 29){1 + 9)'^{1 — 9)^. Presumably, there 
also exists an Abelian variety A of GL2-type and conductor Trp defined over F with 
real multiplication by Q(%/5), although we have not tried to find it explicitly. We 
compute the first few Hecke eigenvalues of this forms in the foUowing table. 



q 


1 + 9 


1 - 9 


3 + 6» 


3-6» 


3 + 26» 


3-29 


1 + 39 


1-36» 






20 


20 + 2 


2-20 


-2 


4-40 


2-60 


4-40 




-2 










6 


-6 


8 


2 














-6 


-2 





-4 
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Here Oq, bq, Cq correspond to the characteristic zéro newforms of level np, n'p, and 
3p respectively. 

Let us consider the varions maximal ideals of the Hecke algebras of residue 
characteristic 11. There is an Eisenstein maximal idéal of characteristic 11, arising 
from congruence homology. It turns ont that Hi{T ,Zs)m — Z/11 for ail F in the 
above table. 

There is a non- Eisenstein maximal idéal m of level ro(p), arising via the action 
of Hecke on the Z/11 summand of iïi(ro(p), Z5). Let us dénote the image of the 
Hecke operator in T/m = Fn by dq. We may compute the first few values of 
dq and record them in the foUowing table. 



q 


1 + e 


1-6» 


3 + 6» 


3-6» 


3 + 261 


3-261 


1 + 361 


1-361 


dq 


-4 


-3 


-1 


5 


-2 


-1 





-1 



The entries of this table lie in T/m = Fn. 

There are the maximal ideals of characteristic 1 1 arising from the réduction of 
characteristic zéro classes. The ring Z[0] has two primes (11,0 — 4), {ll,<j> + 3) 
above 11, which gives rise to two distinct maximal ideals of T. 

We record thèse réductions in the following table: 



q 


1 + B 


1-9 


3 + S 


3 - e 


3 + 29 


3-29 


1 + 39 


1-39 


aq mod (11, + 3) 




5 


-4 


-3 


-2 


5 


-2 


5 


aq mod (11, — 4) 




-3 


-1 


5 


-2 


-1 





-1 


bq mod 11 


-2 










6 


-6 


8 


2 


Cq 












-6 


-2 





-4 



Let m be the non-Eisenstein maximal idéal of level ro(p) and characteristic 11. 
Then since 

= —4 = — 1 — 3 mod 11, 
m gives rise to level raising via Theorem |4.3.1[ By inspection of the first few 
eigenvalues, we may identify dq with Oq mod {11, 4> — 4). On the other hand, 
(Itt' = —3 ^ ±(1 + 3) mod 11, and one finds (in accordance with Theorem 4.3.1 



and Remark 4.3.4 ) that m does not give rise to level raising from either level p 
to tt'p or from level Trp to 3p. It foUows that if we complète at m, we obtain the 
following: 

i/i(ro(p),z)^ = Z/11 

ifi(ro(^-p),Z)^ = Zn©(Z/ll) 

Fi(ro(^'-p),z)^- (z/ii)2 

7îi(ro(3p),Z)„ = Z2i©(Z/ll)2 
H,{Tom,Z)l^- ^ 1 

Together with the congruence homology, this accounts for ail the 11-torsion. None 
of the other maximal ideals of residue characteristic 11 satisfy level raising con- 
gruences, and thus iïi(ro(3p), Z)"™ "explains" Hi{To{B,p), Z). In particular, the 
ratio of regulators (given by Ap) is not divisible by 11. 

Let us now consider the maximal ideals of characteristic 5. At level 3p it turns 
out that one of the Z/5-torsion classes gives rise to a new maximal idéal, described 
by the following Hecke eigenvalues: 



q 


13 + 6 


3-6» 


3 + 26» 


3-26» 


1 + 36» 


1 - 39 




3 








1 


3 


3 
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This class is not congruent to tlic othcr classes (coming from charactcristic zéro), 
and it (conjecturally) is mirrored by thc Z/5-class in the coliouiology of ro(-B,p). 
The classes coming from characteristic zéro are as foUows (recalling that (j) = 3 
mod -s/s): 



q 


1 + ^ 


1-e 


3 + 6» 


3-9 


3 + 29 


3-26» 


1 + 36» 


1 -36» 






1 


3 


1 


3 


2 


4 


2 




3 










1 


4 


3 


2 














4 


3 





1 



Since b^^ = 3 ^ ±(1 + 3) mod 5, there is no level raising from the maximal idéal of 
level ir'p. Since 

fljr' = 1 = —(1 + 3) mod \/5, 
we do get a level raising maximal idéal m in this case. Moreover, at level np, we see 
that Tm ~ Z5[x]/(x^ — 5). Let us consider this maximal idéal at level 3p, where we 
dénote it by m°'^'. Ovcr F5, wc computc that _ffi(ro(3p), F5) (8)T|T^oid has dimension 
5. However, it is useful to note that at level 3p there is an enriched Hecke algebra 
that acts with the new Hecke operator Uy for t;|3 . The action of Uy on newforms 
is givcn by ±1. On old forms, it acts via thc cigcnvalucs of thc charactcristic 
polynomial — TyX + N{v). In particular, if v = tt', this polynomial is given by 
- 2<^X + 3 = {X + 1){X + 3) mod 5. (The fact that m admits a level raising 
congrucncc is équivalent to thc fact that this polynomial has ±1 as a root.) In 
particular, there exists an enriched maximal idéal m = (m°''^, U^' + 1) of T at level 
3p. With respect to this idéal, we compute that 

ffi(ro(3p),F5)®T„, = (Fg)^. 

We may computc this Hcckc action cxplicitly. Wc find that the m-torsion of 
iîi(ro(3p), F5) has rank 1, from which we deduce that Tn,/5 has order 5^. Surpris- 
ingly, perhaps, we find that T^/S = F^lxj/x^. Explicitly, the first few eigenvalues 
are given as follows: 



q 


3 + 6» 


3-6» 


3 + 26» 


3-26» 


1 + 39 


1-39 


Tq mod m 


3 + 2a; 


1 + 3a; 


1 


2 + x 


4 - .X + 


2 + X + 2x^ 



Since thcrc exists a map ï^[x\/{x'^ — 5), which is surjective away from a 

torsion class of order 5, we deduce that 

T„~Z5M/((x2-5)(a;,5)). 

On the other hand, on the quaternionic side, the only 5-torsion that is unaccounted 
for is thc Z/25Z-torsion class. Explicitly, then, our conjectures in this case amount 
to the foUowing: 

Conjecture 9.4.3. Let p : Gp — >■ GL2(F5) 6e the Galois représentation as- 
sociated to cp-torsion A[(f)] of A. Let R dénote the universal déformation ring of p 
which records déformations ofp that have cyclotomic déterminant, are ordinary at 
v\3p. Then 

iî~T„, = Z5N/(a;'-5)(a;,5)). 
Let iî"®^ dénote the quotient of R corresponding to déformations p ofp as above 
such that for the place v = n', 
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for some unramijïed character x of order 2. Then 
map -> T^™ = Z/25 is given by x^5. 



Z/25, and the 



An implication for thc honiology is that the space of m-newforms should be iso- 
morphic to Z/25Z. Let us now try to compute this space. Let A — Hi{To{ttp), Z)m- 
The space of newforms is determined by taking the cokernel of the map: : — > 
© Z/5. We know that the cokernel of the composite: 



A' 



is the cokernel of the matrix 



— ► A^®Z/5 — 



A' 



Ta 



on A^ , which has détermi- 



nant 



al,-{l + N{ir)f 



16 



(7V(q) + 1 
= 40-12 = 2\/5(l-\/5), 



of norm 80. Hence the cokernel of the composite map has order 5. Thus the cokernel 
of has order 25. The map on one the the A factors will be an isomorphism. 
Writing A — &s & Zs-module, the map is given explicitly on the other 
A-factor by: 

: A = Zl^ A®Z/b^7Â,®Z/b, (1,0) ^^ (]5,0,a), (0, 1) (0, 1, /3). 

We check that the projection to the first factor has image {(p, 0), (0, 1)} which has 
index 5. Let us now consider the quotient. If a ^ 0, then the quotient is given by 
Z/25 via the map 

(1,0,0) h^l, (0,1,0) /3a" V, (0,0,1) -a" V 

We expect, but can not (at this point) compute, that a ^ Q. This would imply that 
-ffi(ro(3p), Z)JJ,™ = Z/25, which would be in agreement with what one obtains on 
the quaternionic side. 

Finally, let us consider the maximal ideals of residue characteristic 3. Since 3 
is inert in Z[ç!)], at level tt • p we have two maximal ideals of residue characteristic 
3, one with T/m — Fg and Tq mapping to the réduction of Oq mod 3, and other 
given by the torsion class Z/3 with Hecke eigenvalues as foUows: 



q 


i + e 


1 - e 


3 + 6» 


3-6» 


3 + 26» 


3-26» 


1 + 36» 


1-36» 






1 














-1 


-1 



The entries of this table lie in T/m = F3 



and so m is a level raising prime. However, we also note that Cq = uq 



We find that 6-^ = 1 = 1 + ^ mod 3 
= 6q mod 3. The 

elliptic curve B has an F-rational 3-torsion point, and hence the maximal idéal 
m is Eisenstein. Thus we find that m is an Eisenstein maximal idéal, but not a 
congruence maximal idéal (and so it satisfies définition D\ of § 3.8 but not D2 or 
D2>). Moreover, we see that m is supported in level 7rp and Tr'p but not p. Perhaps 
surprisingly, at level 7rp it occurs as an atomic component Z/3 by itself. Moreover, 
since m is supported away from the congruence homology, our level raising theorems 
still apply, and m must therefore be supported at any level divisible by 7rp or Tr'p. 
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We have the foUowing: 

H,{To{n ■p),Z)^ = Z/3 
iïi(ro(7r'.p),Z)^ = Z3 

ffi(ro(3p),Z)n, = Z2©(Z/3) 

ffi(ro(B,p),z)-" = i 
7ïi(ro(3p),z);;™-? 

The composite map (mapping from level tt • p to level 3p and then back again) 

^o^"" : (Z/3)2 ^ Z^ © Z/3 ^ (Z/3)2 

has cokernel Z/3, and thus the image of the map is equal to the torsion subgroup. 
On the other hand, the composite map (mapping from level tt' • p to level 3p and 
then back again): 

^'oî'^ : Z^ -> Z^©Z/3^ Z^ 
also has cokernel Z/3, which can be computed from the déterminant of the matrix 

det('^ + ^(") ]-det(^ 

Since is surjective (Ihara's Lemma), it foUows that the image of has index 
3 in the torsion free part of i7i(ro(3p), Z)^. In particular, if we consider the level 
raising map (mapping from old forms of level tt • p and tt' • p to level 3p) 

: {Z/'if®Zl ~f Z2©Z/3, 

we deduce that the index of ^'^ is at least three (since it has index at least three 
on the torsion free quotient). Since the space of newforms iïi(ro(3p), Z)'^'" is the 
cokernel of we deduce: 

Lemma 9.4.4. The following space of newforms are distinct: 

1 = H,iTo{B,p),ZU + iïi(ro(3p), Z)-- + 1. 

Moreover, they have différent orders. 

This lemma provides a counter-example to the most optimistic conjectures 
regarding equality between spaces of newforms (although we can still hope for an 
equality of orders when m is not Eisenstein). In particular, we see that the idéal 
m is not supported on the quaternionic side, even though it is ramified only at p 
and satisfies level raising at tt and tt'. Curiously enough, the idéal m, which is not 
supported at l evel p either. Indeed, we see that m is exactly a phantom class, as 



discussed in § 8.3 Namely, m arises from a nontrivial extension Ext^(/i3, Z/3Z) 
unramified outside q and totally split at 3, and the fact that N{q) ^ 1 mod 3 
implies that this class cannot be seen at level q. 

Remark 9.4.5. We observe in this case that the level lowering séquence: 

0^(Z/3)2 + z2^(Z/3) + Z2 

cannot be exact at the middle row (tensor with Z/3). In particular, it foUows in this 
case that - in the notation of Chapter 7 - XdÇ^) is divisible by 3. This différence 
also accounts (in light of Theorem 7.7.2 1 to the fact that the space of newforms in 
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Lcmma [9.4.4| have différent orders. See § |8.3| and Remark: |8.3.2| for some gênerai 
spectulations concerning this example. For a related example, see § |9.4.6[ 

9.4.6. iV(p) = 179. Take p = (9 + 76»). For this section, Z3 will dénote the 
3-adic integers. Note that 3 does not divide 179 — 1, and so there is no congruence 
homology at this level. In particular, over Z3, the essential homology is the same 
as the usual homology. 

iîi(ro(p),Z3) = 1 
ffi(ro(^-p),Z3) = (z/3) 

i/i(ro(7r'.p),Z3) = (Z/3) 

iïi(ro(3p),Z3) = (Z/3)« + (Z/27) 

iîi(ro(iî,p),Z3)- (z/3)5 

We may compute that the classes at level tt • p and tt' • p are both Eisenstein, and 



hence are phantom classes (see Définition 9.4.51. Although we were not able to 
compute the lîecke action at level 3p, we may still deduce: 

Lemma 9.4.7. IfN{p) = 179, then iîi(ro(3p), Z3)"™ 7^ H\Tq{B,p),Z3). 

Proof. The group iï^(ro(i?, p), Z3) is annihilated by 3, whereas the space of 
newforms iî^(ro(3p), Z3)"°'", which is the cokernel of the map 

: (Z/3)2 © {Z/3f ^ (Z/Sf © (Z/27), 

is clearly not annihilated by 3. □ 

Athough the individual maps (Z/3)^ — > iJi(ro(3p), Z) are injective (by Ihara's 
Lemma), we believe (but can not quite compute) that is not injective, and in 
particular that the kernel has order 3^ times X-d(^) ^' 3. This is in accordance 
with Remark |8.3.2[ Explicitly, we conjecture that: 

H^ToiSp), Z3)"™ = (Z/3)4 © (Z/9), H\ToiB, p), Z3)"™ = (Z/3)^ 

the différence in the orders of this group corresponding to the expected value of 

9.5. Déformations of Eisenstein classes 

Let us study the (cyclotomic-) E isens tein classes at prime level p for F = Q{9) 



with 9 = using the results of § 8.2 Note that wp = 2 and C1(F) = 1. More- 



over, the appropriate BernouUi-Hurwitz number in this case has no denominator, 
so the e^^-part of the class group of F{(p) is trivial for ail odd primes p. 



9.5.1. p = 3. We may write q ^ a + bd. From § 8.2.6 an Eisenstein défor- 
mation exists if and only if a + 66' = ±1 mod 9^i, for both primes above 3, and if 
q = N{a + hO) = 1 mod 3. Since 6 = ±4 mod 9 (where the sign dépends on the 
choice of i'|3), we are reduced to the équations 

a + 4fe=±l mod 9, a - 46 = ±1 mod 9. 

Writing q = N(c\), Respectively adding or subtracting thèse équations, we arrive at 
the congruence relations a = ±1 mod 9 and 6 = mod 9, or a = mod 9 and 
6 = ±2 mod 9. In the latter case, q = —1 mod 9, contradicting the assumption 
that g = 1 mod 3. Hence a déformation exists whenever q = 1 mod 9 and q = 
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+ 1626'^. The only primes q < 617 (that is, within reach of our tables) of this 
form are ç = 163 and 523. 

When iV(q) = 163, and m is Eisenstein, we find that 

HiiToip), ZU = Z/3Z © Z/729Z, 

whereas the congruence cohomology is cycHc of order 81. Moreover, we compute 
that the m-torsion has rank 1. From the self-duahty induced from the hnking form, 
we deduce that Hi{To{p),Z)m is free of rank one as a Tn,-module. 



9.5.2. p = 5. Suppose that p = 5, so i = F{Cp) = Q(v^, (5)- We find that 
C1(L) = 1. If N{q) — q, then a necessary condition for Eisenstein déformations 
is that 9=1 mod 5, and so q sphts completely in L. We expHcitly compute the 
e~ ^-invariants of . The invariants are cycHc and generated by some unit /3. In 
particular: 

L^Cl[x]/{x^-2x^ + 'ix'^- 8x^ + 16), /3 = ^x"^ +^x^ +^x'^ -^x'^ -6x^ + 6x + 13. 



Even more expHcitly, /3 = 18 - 5\/5 - 3\ /50 - 20\/5 is a root of the polynomial 
z'' — 72z^-|- 7942^ + 722+1 = 0. ByLemma 8.2.5 there exists a nontrivial Eisenstein 



déformation if and only if ^ is a p-th power modulo one prime (equivalently, any 
prime) above q. The prime q splits completely in L if g = 1, 11 mod 40. For such 
primes q < 617, /3 is a 5th power only when q = 251 and 331. Thus, we predict 
that the Eisenstein part of 7îi(ro(p),Z) will be exactly equal to the congruence 
homology unless N{ç\) — 251 or 331. For N{c[) = 331, we find that 

i/i(ro(q),Z)„==Z/25Z, 

which is clearly larger than the congruence homology (which has order 5), whereas 
for N{c\) = 251, 

i/i(ro(q), ZU = Z/25Z ® Z/125Z, 

which is also larger than the congruence homology (the 5-part of which is cyclic of 
order 125). In both cases, the homology is free of rank one as a Tn^-module. 



9.6. Non-congruence Eisenstein classes 



We expect (§ 8.3 1 that phantom classes exist exactly when Ext^ (/ip, Z/pZ) 



contains extensions which are unramified everywhere outside q and A'^(q) = q is 
not 1 mod p. When p = 3, this is équivalent to asking that N{q) = g is of the 
form 81a^ + 2b^ where b = ±2 mod 9. The first two primes of this form are 
iV(q) = 81 • 12 + 2 • 22 = 89 and 7V(q) = g = 81 • 1^ + 2 • 7^ = 179, where we do 
indeed find phantom classes, and which were discussed above. 



9.6.1. p = 5. In a similar vein, we expect that non-congruence phantom classes 
occur for p = 5 when Ext"^(^5, Z/5Z) is non-zero but q = N{q) ^ 1 mod 5. Such 
classes will exist when q = 9, 19 mod 40 and when f3 C L = Q(/3) is a 5th power 
in Ô'l/c\, for a prime q of norm q^ va L. (Note that the corresponding finite field 
has order — 1, which is divisible by 5). The smallest prime with this property 
is g = 419. Indeed, in this case, the cohomology groups have a similar flavour to 
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what happens for the non-congruence Eisenstein classes for p = 3 and A^(q) = 89, 
specifically; 

Hi(ro(p),z)„ = 1 
ii-i(ro(^-p),z)„ = z/5 
iïi(ro(^'-p),z)^ = z2 

ffi(ro(3p),Z)„ = Z4©(Z/5) 

ffi(ro(B,p),z)„ = 1, 

In particular, we deduce as in the proof of Lcninia |9.4.4| and subséquent remarks 
that: 

(1) iïi(ro(3p),Z);;™ is nontrivial. 

(2) iîi(ro(3p), Z);;™ and iîi(ro(S,p), Z),^ are distinct, and indeed have dif- 
férent orders. 

(3) Xd(S) is divisible by 5. 

Although we have not attempted to compute siniilar examples for primes p > 5, 
presumably they exist, and conjecturally correspond exactly to primes q for which 
there exist nontrivial extensions Ext^(//p, Z/pZ) which are unramified away from q 
and such that N{q) ^ 1 mod p (this will force A^(q) = —1 mod p). 

9.7. K2{â'F) and F = Q(y=49Î) 
Let F = Q(x/=49î). If T = PGL2(i^f), then 

iJi(r,Z) ~ (Z/2Z)26. 

Theorems |4.5.1| and |4.5.4] thus predict that, for each prime p in ûp, there exists 
a non-trivial class in Hl.{To{p),Z/pZ) whenever p > 2 divides K2{^f)- Accord- 
ing to computations of Belabas and Gangl |4], there should be an isomorphism 
K2{^f) — Z/13Z, and moreover \K2{^f)\ divides 13. Following a principle es- 
poused by Doron Zeilberger, we produce évidence for this resuit by Computing 
some numerical examples. 

The groups K2 for quadratic imaginary fields of discriminant —D for (rela- 
tively) small D tend to have very small order (mainly 1 or 2), in which case our 
Theorems |4.5.1| and |4.5.4| are not so interesting. The particular F considered in this 
section is exceptional in this regard, which is the reason for considering it. While 
the data for F = Q{^/—2) was computed in 2005 by Nathan Dunfield using a pré- 
sentation for the corresponding groups found by hand with the help of SnapPea, 
the data for F — Q(-\/— 491) was computed in September 2012 using Dunfield's 
Magma script and a présentation for PGL2(i^i^) found for us by Aurel Page using 
his Magma package KleiniajiGroups. 

The table below does indeed confirm that |i^2(^i=")| 13 divides the order of 

|fff(ro(p),z)| 

in the indicated range. The congruence quotient of iîi(ro(p), Z) has order A^(p) — 1. 
The only N{p) in the table below which are 1 mod 13 are iV(p) = 79 and N{p) — 
131. In both thèse cases one has iJi(ro(p), Z13) = Z/I32Z and iJf (ro(p), Z13) = 
Z/13Z. In the table below, we only give the prime factorization of the order for 
primes p < 10000, in part because the other prime divisors were very large, and also 
because it there was some difficulty factorizing the numbers. (Even for N{p) — 3 
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the order of Hi is divisible by primes as large as 30829.) We note that it foUows 
from the computation of iîf (ro(p),Z) for N{p) = 3 and N{p) = 4 that the odd 
part of the order of K2{ffF) divides 13. However, Computing the cohomology of 
arithmetic groups does not seem to be an optimal way to compute (upper bounds) 
for K2{à'p). Note also when p = (2) and (7), the order of Hi{To{p),Z) is a perfect 
square up to the orbifold primes 2 and 3, in accordance with Theorem |8.1.4[ 

For each prime p which splits in F, there are two primes p of norm p, but 
because of complex conjugation, the structure of iîi(ro(p),Z) does not dépend 
on the choice. On the other hand, if p and q are two such primes, then there 
are four ideals of norm pq, and there are two distinct isomorphism classes. Let 
a — i+vEm^ Suppose that p = (3, 2a) and q = (11, 2a + 1) are ideals of norm 3 
and 11 respectively. Then the idéal pq has norm 33 and the small primes dividing 
the homology of ro(pq) are given in the table below under 33A. At the prime 13, 
one more explicitly finds that 

iïi(yo(pq), Z13) ^ (Z/13)2 © (Z/132). 

It foUows from Theorem |7.5.3| that, if dénotes the arithmetic group arising from 
the non-split quaternion algebra ramified at p and q then HiÇTbt'Zis) is trivial. 
On the other hand, the space of newforms iïf (Fo(pq), Zig)?"-"™ is the cokernel 
of the map: 

i/f(Fo(p),Zi3)'®Hf(Fo(q,Zi3)2 ^ iïf(Fo(pq),Zi3) 



(Z/13Z)'^ ► (Z/13Z)2 © (Z/I32Z), 

which, by virtue of the structure of the groups in question, has order divisible by 
13. In particular, iïf (Fo(pq), Zi3)Pi-"°" is divisible by 13, and the level raising 
séquence is not exact and has ho molog y of order divisible by 13, providing an 



example of Theorem (Theorem 1.1.1) 



9.8. Tables 

We reproduce here three tables of data. 

The first table records the computations obtained for F — Q( V— 491) made 
in September 2012 using Aurel Page's KleinianGroups package to compute a pré- 
sentation of PGL2(^f) and a magma script of Nathan Dunfield to compute the 
homology of congruence subgroups. The second set of data was computed for us 
by Nathan Dunfield in November of 2005. It records the first homology of the 
four manifolds lo(p), ^(t'' • p), io(7f • p), Yo{3 ■ p) corresponding to the congruence 
subgroups of GL2(^f) with F = Q{y/^) and p a prime of degree one in â'p, as 
well as the first homology of the congruence subgroup Yb.o{p) of the manifold Yb 
corresponding to the quaternion algebra ramified over Q(\/— 2) exactly at tt and 
7f. The groups are recorded by their abelian invariants, so (81,2) corresponds to 
(Z/81Z)2 and (0,3) to Z^. 
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The homology of congruence subgroups of PGL2(^f) for F = Q(V— 491). 





odd prime power divisors 


of gcd(10000!, |iïi(ro(p),Z)|) 
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37 
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13, 47, 4241 


179 


3'\ 


132, 71, 79, 89, 139 
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13, 23, 292, 2269 
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3, 5, 7, 


13, 17, 372, 41, 223, 449, 701 
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13, 113, 607 
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3, 5, 7, 
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132, 29, 307 
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13, 17, 19, 197, 241, 6569 
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N{p) = 11 




^^i(^o(p)) 
^?i(>^o(3-p)) 

^^1(^B,0(P)) 


(0,0), (2, 3), (5,1) 

1 r\ r\\ (i\ IK 1^ 
(U, Uj, (z, Dj, (0, ij 

fr\ /'q i^ ^\ 
(U, Uj, bj, (6, ij, (5, ij 

(0,1), (2,9), (3,1), (4,2), (5,1) 

(0,1), (2,3), (4,1), (5,1) 


iV(p) = 17 




^^i(^o(p)) 

rr /T^ /_ \ 

n\[Yç,[T: ■ p)) 
ni{ïa\T^ ■ pj) 
HiiYç^i'i-p)) 
Hi{Yb,ç>{p)) 


(0,0), (2, 4), (8,1) 

(0,lj,(2,3j,(4,lj,(lb,lj 

/'n /'o Q^ /'/i o^ /'if; 1^ 
(^U,Uj, (^Z,oj, (^4,Zj, (^io, ij 

(0,2), (2, 9), (4,1), (8,1), (64,1) 
(0,0), (2,4), (3,1), (4,3), (32,1) 


N{p) = 19 




^i(>'o(p)) 
tiiKïçiKT: ■ p)) 
-f2i(ro(7r • pjj 
i^i(>'o(3-p)) 
iîi(>B.o(p)) 


(0,0), (2, 3), (9,1) 

f (~\ f\\ fo ii\ fa 1 \ 
(U, Uj, (z, Dj, (y, 1 j 

f n r\\ {o r-\ /"a i\ 
(^U, U j, (Z, D j, (y, i j 

(0,0), (2, 9), (4, 2), (8,1), (9,1) 
(0,0), (2, 2), (4, 2), (9,1), (16,1) 


^'(p) = 41 




^^i(>^o(p)) 

i_i {\r { „ 

-nil^ol^ • pj) 

ifi(>^o(3-p)) 

^i(>s,o(p)) 


(0,0), (2, 5), (4,1), (5,1) 

f f\ f\\ '7\ (A o^ /' Fc 1^ (Q 1^ 
(0,0j,(2, 7j.(4,2j,(5,lj,(8,lj 

^Ti iW (0 <à\ (A ^\ (K ^\ (R ^\ 
(U, Uj, [z, yj, (^4, ij, (t3, ij, ij 

(0,0), (2, 19), (4,6), (5,1), (19,1), (32,1) 

(0,0), (2, 4), (4, 3), (5,1), (16,1), (19,1) 


7V(p) = 43 




Jîi(^o(p)) 

t_i f\r{^ i^W 

tii{Ya{'K ■ pjj 
fj (V 

J^l('^0(T^ ■ P)) 

Hi{Yo{3-p)) 
Hi{Yb.o{p)) 


(0,0), (2, 3), (3,1), (7,1) 
(0,0),(2, 6),(3,1),(7, 1),(13, 1) 
^"0 n~i '7\ (% ^\ (t ^\ (r. o\ 

(0, 0), (2, U), (3, 1), (4, 2), (7, 1), (8, 5), (13, 2) 
(0,0), (2, 2), (3,1), (4,1), (7,1), (8, 2) 


N{p) = 59 




HiiYoip)) 
ni\y{)\T^ ■ pjj 
H^{Yo{Tf-p)) 
ifi(>o(3-p)) 

Hi{Yb.M) 


(0,0), (2,3), (29,1) 

(0, Oj, {Z, bj, (3, Z), (7, ij, (^9, ij 
(0,0), (2, 6), (3, 2), (29,1), (37,1) 

(0,0), (2, 10), (3,8), (4,3), (7, 2), (9, 1), (16, 1), (29, 1), (37, 2) 
(0,0), (2, 4), (4,1), (9,1), (16, 2), (29,1) 


N{p) = 67 




Hi{Yç>{p)) 

H,{Yo{tt-p)) 

Hi{Yo{W-p)) 

Hi{Yo{3-p)) 

Hi{Yb,o{P)) 


(0,0), (2,4), (3, 2), (11,1) 

(0,0), (2, 8), (3, 3), (7,1), (11,2) 

(0,0), (2, 8), (3, 3), (9,1), (11,1), (17,1) 

(0, 1), (2, 16), (3, 4), (4, 2), (7, 1), (9, 2), (11, 3), (17, 2) 

(0,1), (2,4), (3,1), (4,1), (8,1), (11,1) 
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N{p) = 73 




^^i(^o(p)) 

iii(yo(7r • p)) 
ni\iQ\6 P)) 


(0,0), (2, 4), (4,1), (9,1), (19,1) 

(0,0), (2,4), (4,1), (8,1), (9,1), (19,2), (32,1) 

(0, 1), (2, 4), (3, 1), (4, 1), (9, 1), (16, 1), (19, 2) 

lU, ô), (Z, »J, [ô, L), (,4, JJ, (\), 1), (Ll, L), [LO, Z), (ly,^), [ÔZ, 1) 

(256, 1) 

(0,1), (2, 4), (4, 4), (8,1), (9,1), (11,1), (32,1) 


N{p) = 83 




^^iC^o(p)) 
-Hi(yo(7r • p)) 

TJ (\r ^\\ 

ni{ïf){TT ■ p)) 
H^iYç,{2,-p)) 
HiiYB.,o{p)) 


(0,0), (2, 3), (4,1), (41,1) 

(0, 1), (2, 6), (3, 1), (7, 1), (11, 1), (16, 1), (41, 1) 

(U, Uj, \Z, bj, (4, Z), (4i, ij 

(0, 3), (2, 9), (3, 4), (4, 2), (7, 1), (11, 2), (16, 2), (41, 1), (49, 1) 
(0,1), (2, 3), (3, 2), (4,1), (5,1), (7,1), (41,1) 


N{p) = 89 




Hi{Yç>{p)) 
H^{Yç,{tt-P)) 

TJ fi^ <n\\ 

ni{ïQ{6 ■ p)) 
Hi{YBfi{p)) 


(0,0), (2, 4), (4,1), (11. 2) 

(0,2), (2,3), (3,1), (4,3), (11,2) 

( (\ 1^ /o A\ (A 1^ /Il Q^ ( ^a. 1^ 
(0, 1), (2, 4), (4, 1), (11, 3), (16, 1) 

((\ 7^ /"o 1 n^ /"Q ^\ (a ^\ (^^ o^ ^\ /"« i\ /"ii Q^ /'^o 1^ 
(U, /j, (/, iUj, (d. ij, (4, ij, (0, /îj, ij, (», ij, (ii, dj, (d/!, ij 

(0, 1), (2, 4), (4, 4), (5, 1), (7, 1), (11, 1), (16, 1), (25, 1) 


N{p) = 97 




Hi{Yo{p)) 
Hi{Yo{^-p)) 

TT {\r {— ^^^^ 

-Hi(,ro(,7r • p)) 
iii{Yo{6 ■ p)) 

Hi{Yb,o{P)) 


(0,0), (2, 4). (3,1), (16,1), (41,1) 

(0,0), (2,3), (3, 1), (4,2), (17, 1), (19, 1), (32, 1), (41,2) 

( c\ ^^ /o Q^ / Q o^ (a o^ (i a\ /qo a\ ( A^ o^ 
(0,0), (2, 3), (3, 2), (4, 2), (7, Ij, (32, Ij, (41, 2) 

(0, Oj, (2, i3j, (3. 2j, (4, 2j, (7,3), (8,2), (9, i), (io, 2), (17,2) 

(19, 2), (41,4), (128,1) 

(0, 0) , (2, 8) , (3, 2) , (4, 3) , (7, 1) , (16, 2) , (64, 1) 


N{p) = 107 




HiiYoip)) 
H,{Yo{tt-p)) 

TJ {\r 

ni{Ya{iT ■ p)) 
Hi{Yç,{i ■ p)) 
Hi{YBfi{p)) 


(0,0), (2, 3), (53,1) 

(0,0), (2, 8), (4,1), (53,1), (61,1) 

(0, Oj, (2, 6j, (53, ij, (67, ij, (163, ij 

(0, 1), (2, 14), (4, 5), (17, 1), (53, 1), (61, 2), (67, 2), (163, 2) 

(0,1), (2,4), (4,1), (8,1), (17,1), (53,1) 


N{p) = 113 




^^i(^o(p)) 
Hr{Y^{-K-p)) 
H,{Y,{m-p)) 
iîi(^o(3-p)) 

^fl(^B,0(p)) 


(0,0), (2, 4), (4,2), (7,1), (8,1) 

(0,1),(2,4),(4,1),(7,1),(8,5),(11,1) 

(0,0), (2, 4), (3, 2), (4, 3), (7,1), (8, 2), (64,1) 

(0, 3), (2, 9), (3, 6), (7, 1), (8, 7), (9, 1), (11, 2), (16, 3), (32, 1) 

(64,1) 

(0, 1), (2, 4), (3, 3), (4, 5), (7, 1), (9, 1), (64, 1) 



9.8. TABLES 



221 



N{p) = 131 




HiiYoip)) 
H,{Yo{7T-p)) 
HriYo{7f-p)) 
Hi[Yo[3 ■ p)) 

Hi{Yb.o{P)) 


(0,0), (2,3), (5,1), (13,1) 

(0,0), (2,6), (5,2), (13,1), (19,1), (71,1) 

(0, 0), (2, 6), (3, 1), (5, 1), (7, 1), (13, 1), (179, 1) 

(0, 1), (2, 9), (3, 1), (4, 3), (5, 4), (7, 3), (8, 1), (11, 2), (13, 1), (19, 1) 

(0, 1), (2, 2), (4, 3), (5, 2), (7, 1), (8, 1), (11, 2), (13, 1), (31, 1) 


N{p) = 137 




HiiYoip)) 
H,{Yo{n-p)) 
H,{Yo{n-p)) 
Hi{Yo{3-p)) 

ni\^Bfi[.P)) 


(0,0), (2, 7), (4, 2), (17,1) 

(0,0), (2, 11), (4, 4), (8,1), (17,1), (83,1) 

(0,0), (2, 7), (4, 3), (7,1), (8, 5), (17,1) 

(0, 0), (2, 15), (4, 10), (5, 2), (7, 3), (8, 8), (11, 1), (17, 1), (32, 1) 
(83,2), (443, 1) 


N{p) = 139 




Hi{Yo{p)) 
H,{Y^{n-p)) 
H,iYo{7f-p)) 
Hi{Yo{3-p)) 


(0,0), (2, 3), (3,1), (23,1), (25,1) 

(0, 0), (2, 6), (3, 1), (13, 1), (23, 1), (25, 1), (125, 1) 

(0,0), (2,6), (3,2), (23,2), (25,1), (125,1) 

(0, 1), (2, 10), (3, 4), (4, 2), (5, 1), (7, 1), (8, 1), (9, 1), (11, 1), (13, 2) 
(23,3), (25,2), (41, 1), (125,2) 

(41,1) 


N{p) = 163 




HiiYoip)) 

H,{Yo{n-p)) 

H,{Yo{n-p)) 

TT {\r (Q 

Hi{YbAp)) 


(0,0), (2, 3), (3,1), (729,1) 

(0, 0), (2, 6), (3, 3), (13, 1), (49, 1), (59, 1), (81, 1), (729, 1) 

(0, 0), (2, 6), (3, 1), (27, 1), (31, 1), (41, 1). (229. 1), (729, 1) 

(0, 0), (2, 9), (3, 5), (4, 2), (8, 1), (9, 2), (13, 2), (27, 1), (29, 1), (31, 2) 

z), (,4y, z), [t>\), z), L), [zzy, z), [(zy, ij, (^dodi, i) 
(0, 0), (2, 2), (3, 5), (4, 1), (8, 2), (29, 1), (2187, 1) 


N{p) = 179 




Hi{Yç,{p)) 
H,{Y^{^-p)) 
H,{Yo{n-p)) 
H,{YoC6-p)) 

Hi{Yb.o{P)) 


(0,0), (2,3), (31,1), (89,1) 

(0, 0), (2, 6), (3, 1), (13, 1), (31, 2), (89, 1), (769, 1) 

(0, 0), (2, 6), (3, 1), (5, 1), (13, 1), (31, 2), (49, 1), (89, 1), (107, 1) 

(0, 0), (2, 12), (3, 6), (4, 2), (5, 3), (13, 4), (19, 1), (27, 1), (31, 4) 

(32, ij, (49, 2j, (89, ij, (97, ij, (107, 2j, (769, 2j 

(0, 0), (2, 4), (3, 5), (4, 1), (5, 1), (8, 1), (19, 1), (64, 1), (89, 1), (97, 1) 


N{p) = 193 




Hi{Yo{p)) 
Hi{Yo{7r-p)) 

H,iYoiW-p)) 
Hi{Yo{3-p)) 

HiiYB,oip)) 


(0,0), (2, 4), (3,1), (32,1), (251,1) 

(0, 0), (2,3), (3, 1), (4, 1), (7, 1), (9, 1), (61, 1), (64, 1), (128, 1) 
(251,2) 

(0, 0), (2, 3), (3, 1), (4, 1), (5, 1), (64, 1), (67, 1), (251, 2), (512, 1) 
(0, 5), (2, 12), (3, 2), (4, 3), (5, 2), (7, 1), (8, 1), (9, 1), (32, 1), (61, 2) 
(67, 1), (251, 4), (256, 2), (293, 1), (2048, 1) 
(0, 5), (2,8), (3, 1), (4, 2), (8,3), (128, 1), (293, 1) 
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9. NUMERICAL EXAMPLES 



N{p) = 211 




HiiYoip)) 
H,{Yo{7T-p)) 
HriYo{7f-p)) 
Hi[Yo[3 ■ p)) 

Hi{Yb.o{P)) 


(0,0), (2,3), (3,1), (5,2), (7,1) 

(0, 0), (2, 6), (3, 1), (5, 2), (7, 1), (25, 1), (1759, 1) 

(0, 1), (2, 9), (3, 1), (5, 3), (7, 1), (73, 1), (3691, 1) 

(0, 2), (2, 10), (3, 1), (4, 7), (5, 3), (7, 1), (13, 1), (Ib, 2), [23, 1), (25, 2) 

(0, 0), (2, 6), (3, 1), (4, 1), (5, 1), (7, 1), (8, 5), (13, 1), (23, 1), (64, 1) 


N{p) = 227 




HiiYoip)) 
H,{Yo{n-p)) 
H,{Yo{n-p)) 
Hi{Yo{3-p)) 

J^i(j:b,o(P)) 


(0,0), (2,3), (37,1), (113,1) 

(0, 0), (2, 8), (4, 2), (7, 2), (37, 2), (41, 1), (113, 1) 

(0, 0), (2, 6), (37, 2), (113, 1), (157, 1), (10487, 1) 

(0, 0), (2, 13), (4, 6), (7, 5), (8, 1), (9, 2), (37, 4), (41, 2), (113, 1) 

(io/,zJ,(zo/,iJ, (oy / , ij, (iU4o / , z ) 

((\ VC\ (0 'X\ ( A W (1 (Qk 9"! (V) 1 "1 n 1 1"! (0^1 1"! CXOn 1"! 

IL), uj, (,z,cij, (^4, ij, ij, (^y, zj, (^jz, ij, ij, (,zt)(^, ij, i^jy ij 


N{p) = 233 




HiiYoip)) 
H,{Yo{7r-p)) 
H,iYo{7f-p)) 
Hi{Yo{3-p)) 

Hi{Yb,o{P)) 


(0,0), (2,4), (4,1), (29.1), (431,1) 

(0, 0), (2,4), (3, 3), (4, 1), (5. 1), (8, 1), (19, 1), (29, 1), (32, 1), (431, 2) 
(0, 1), (2,4), (4, 3), (7, 1), (29, 1), (83, 1), (347, 1), (431, 2) 
(0, 3), (2, 10), (3, 7), (4,4), (5, 1), (7, 2), (8, 1), (11, 1), (19, 2), (29, 2) 
(32, 1), (41, 1), (61, 1), (64, 1), (83, 2), (347, 2), (431, 4), (6427, 1) 
(0, 1), (2, 4), (3, 1), (4, 4), (11, 1), (16, 1), (29, 2), (41, 1), (61, 1) 
(^d4z 1 j 


ly (P) = z4i 




HiiYoip)) 

H^{Yo{7r-p)) 

Hi{Yo{7r-p)) 

Hi{Yo{3-p)) 

Hi{yB,o{p)) 


(0,0), (2,4), (3,1), (5,1), (8,1), (1861,1) 

(0, 3), (2, 5), (3, 3), (4, 1), (5, 3), (16, 1), (1861, 2) 

(0, 0), (2, 3), (3, 2), (4, 1), (5, 1), (11, 1), (16, 1), (64, 1), (373, 1) 

(1861,2) 

(0, 8), (2, 11), (3, 5), (4, 2), (5, 4), (8, 1), (11. 1), (13, 2), (16, 1), (32, 1) 
(64, 1), (107, 1), (373, 2), (839, 1), (1153, 1), (1861, 4) 
(0, 2), (2, 3), (3, 1), (4, 4), (5, 1), (8, 1), (11, 1), (13, 2), (16, 1), (107, 1) 
(^ooy, 1 j, (lloo, 1 ) 


N{p) = 251 




HiiYoip)) 
H,{Yo{7r-p)) 

HiiYo{W-p)) 

Hi{Yoi3-p)) 

Hi{Yb,o{P)) 


(0,0), (2, 3), (17,1), (25,1), (625,1) 

(0, 0), (2, 8), (8, 2), (13, 1), (17, 2), (23, 1), (25, 1), (125, 1), (151, 1) 
(625,1) 

(0, 0), (2, 6), (3, 2), (5, 1), (9, 1), (17, 2), (25, 1), (125, 1), (251, 1) 
(625,1) 

(0, 0), (2, 19), (3, 6), (4, 2), (5, 2), (8, 4), (9, 2), (13, 2), (16, 1), (17, 5) 
(23, 2), (25, 1), (64, 2), (125. 2), (151, 2), (163, 1), (251, 2), (625, 2) 
(0, 0), (2, 7), (3, 2), (4, 3), (17, 1), (32, 2), (64, 1), (163, 1), (625, 1) 
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N{p) = 257 

HiiYoip)) 

H,{Yo{7T-p)) 

Hi{Yo{S-p)) 



0,0), (2,8), (49,1), (128,1) 

0, 2), (2, 6), (4, 6), (7, 1), (8, 2), (47, 1), (49, 1), (128, 1) 

0, 0), (2, 14), (3, 1), (4, 3), (49, 2), (256, 1), (5821, 1) 

0, 4), (2, 25), (3, 1), (4, 12), (7, 2), (8, 8), (9, 2), (47, 2), (49, 2), (67, 1) 

71,1), (181,1), (512,1), (5821, 2) 

0, 0), (2, 8), (3, 2), (4, 5), (8, 1), (9, 1), (16, 1), (67, 1), (71, 1), (181, 1) 
512,1) 



N{p) = 281 



HiiYoip)) 
H,{Yo{7T-p)) 
H,{Yo{W-p)) 
H,{Yo{3-p)) 



0,0), (2,8), (4,1), (5,1), (49,1) 

0, 0), (2, 12), (4, 3), (5, 1), (7, 1), (29, 1), (49, 1), (128, 1), (251, 1) 
0, 0), (2, 4), (4, 5), (5, 1), (7, 1), (8, 5), (49, 1), (128, 1) 
0, 0), (2, 11), (4, 10), (5, 2), (7, 2), (8, 10), (16, 1), (29, 2), (41, 1) 
49, 2), (71, 1), (128, 1), (149, 1), (197, 1), (251, 2), (256, 3), (347, 1) 
0, 0), (2,4), (4,4), (5, 2), (16, 2), (41, 1), (49, 1), (71, 1), (149, 1) 
197,1), (347,1) 



N{p) ^ 283 

HiiYoip)) 

H,{Yo{7T-p)) 

H,{Yo{W-p)) 

Hi{Yo{3-p)) 

HiiYB,o{p)) 



0,0), (2,6), (3,1), (47,2) 

0,0), (2,16), (3,1), (4,4), (47,3), (121,1) 

0, 0), (2, 12), (3, 1), (7, 2), (23, 1), (47, 3), (271, 1), (1409, 1) 

0, 0), (2, 29), (3, 1), (4, 11), (7, 4), (11, 1), (16, 1), (17, 2), (23, 2) 

32, 1), (47, 5), (89, 1), (121, 2), (271, 2), (1409, 2) 

0, 0), (2, 2), (3, 1), (4, 3), (11, 1), (16, 1), (17, 2), (47, 1), (64, 1) 

89,1) 



N{p) = 307 



Hi{Yo{p)) 
H,{Yo{7r-p)) 

H,{n{w-p)) 

Hr{Yo{3-p)) 
Hi{Yb,o{P)) 

N{p) = 313 



0,0), (2,5), (9,1), (17,1), (97,1) 

0, 0), (2, 12), (3, 2), (4, 1), (7, 3), (9, 1), (11, 1), (17, 1), (97, 2) 
107,1) 

0, 0), (2, 10), (3, 1), (5, 3), (7, 2), (9, 1), (17, 1), (25, 1), (31, 1), (97, 2) 
0,3), (2,21), (3, 7), (4,5), (5, 6), (7, 7), (9, 2), (11, 2), (16, 2), (17, 1) 
19, 1), (25, 1), (31, 2), (49, 1), (97,4), (103, 1), (107, 2), (125, 1) 
0, 3), (2,6), (3,3), (4, 1), (5, 1), (8, 2), (9, 1), (16, 1), (17, 1), (19, 1) 
103,1) 



Hi{Yo{p)) 
Hi{Yo{7r-p)) 

Hi{Yoin-p)) 

H,{Yo{3-p)) 

Hi{Yb,o{P)) 



0, 0), (2, 5), (3, 1), (4, 1), (13, 1), (79, 1), (101, 1) 

0, 0), (2, 9), (3, 1), (4, 1), (5, 1), (8, 1), (11, 1), (13, 1), (25, 1), (43, 1) 

79, 2), (101, 2) 

0, 0), (2, 7), (3, 3), (4, 1), (8, 3), (13, 1), (79, 2), (101, 2), (103, 1) 
1033,1) 

0, 1), (2, 14), (3, 6), (4, 6), (5, 2), (8, 9), (11, 3), (13, 1), (16, 1), (25, 2) 
37, 1), (43, 2), (47, 2), (71, 1), (79,4), (101,4), (103, 2), (128, 1) 
1033,2) 

0, 1), (2, 6), (3, 2), (4, 5), (5, 1), (8,4), (11, 1), (13, 1), (37, 1), (47, 2) 
64,1), (71,1) 
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9. NUMERICAL EXAMPLES 



A' (p) = ôàl 




iïi(l"o(7r-p)) 
iïi(l"o(7f-p)) 

KiW-p)) 
Hi{Yb,o{P)) 


(0,0), (2,3), (3, 1), (11,2), (25, 1), (199, 1) 

(0, 1), (2, 9), (3, 2), (11,3), (23, 1), (25, 1), (149, 1), (197, 1), (199, 2) 
(0, 0), (2, 6), (3, 1), (5, 2), (11,3), (25, 1), (199, 2), (317, 1) 
(27277, 1) 

(0, 2), (2, 16), (3, 4), (4, 3), (5, 3), (11, 6), (19, 1), (23, 2), (25, 1) 
(32, 1), (47, 1), (113, 1), (149, 2), (197, 2), (199, 4), (317, 2), (433, 1) 
(991,1), (27277, 2) 

(0, 0), (2,4), (3, 1), (4, 1), (8, 1), (9, 1), (11, 2), (19, 1), (25, 1), (47, 1) 
(64, 1), (113, 1), (433, 1), (991, 1) 


AT f 'n\ 

ly (p) — 00 / 




^^i(^o(p)) 
H,{Yo{n-p)) 

Hi{Yo{3-p)) 

Hi{Yb.o{P)) 


(0,1), (2, 3), (3,1), (4, 3), (7,1), (127,1) 

(0, 2), (2, 8), (3, 1), (4, 2), (7, 1), (8, 3), (23, 1), (25, 1), (127, 2) 

(137,1), (641,1) 

(0, 2), (2, 4), (3, 1), (4, 2), (7, 2), (8, 2), (11, 1), (16, 1), (25, 1), (127, 2) 
(331,1) 

(0, 5), (2, 23), (3, 3), (4, 7), (5, 1), (7, 2), (8, 6), (11, 2), (16, 2), (23, 2) 

(Zt), 6), (4y, i), (iZi", 4j, (iJi', / j, {10K>, i), {Ô6l,l), (04i, Z) 

(0, 1), (2, 10), (3, 3), (4, 7), (7, 2), (16, 2), (32, 1) 


N{p) = 347 




HiiYoip)) 
H,{Yo{7r-p)) 
H,{Yo{7f-p)) 
Hi{Yo{3-p)) 

-niirs.olpjj 


(0,0), (2, 3), (4, 3), (173,1) 

(0, 0), (2, 6), (4, 6), (173, 1), (1129, 1), (1392367, 1) 

(0, 0), (2, 8), (3, 1), (4, 7), (173, 1), (5197, 1), (5441, 1) 

(0, 1), (2, 13), (3, 5), (4, 20), (16, 1), (23, 1), (64, 1), (173, 1), (263, 1) 

/lion 0^ { K^ Cil 0^ fKAA^ 0^ /1QnOQ^^7 o^ 

(iizy,z),(oi9/,z), (o44i, z), (ioyzdb / , l ) 

(U, i), (Z, Là), (0,4J, [i, L), [p, L), i), (i/o, ij, (Zt)0, i), (ZOJ, ij 


iV(p) = 353 




HiiYç^ip)) 
H,{Yo{n-p)) 
H,{Yo{n-p)) 
Hi{Yo{3-p)) 

Hi{Yb,o{P)) 


(0,0), (2,7), (4,1), (11,1), (16,1) 

(0, 0), (2, 11), (3, 1), (4, 2), (8, 1). (11,2), (17, 1), (128, 1), (24421, 1) 
(0, 1), (2, 15), (4, 5), (11, 1), (16, 1), (32, 1), (41, 1), (173, 1) 
(0, 4), (2, 35), (3, 2), (4, 10), (11,4), (16, 4), (17, 2), (23, 1), (32, 1) 
(41, 1), (59, 2), (67, 1), (173, 2), (256, 1), (257, 1), (512, 1), (24421, 2) 
(0, 2), (2, 9), (3, 1), (4, 3), (8, 1), (11, 2), (16, 2), (23, 1), (59, 2), (67, 1) 
(257,1), (512,1) 


ly (P) = o7y 




^^i(i"o(p)) 
^/i(l"o(7r-p)) 

iïi(l"o(7f-p)) 
i^i(i"o(3-p)) 

Hi{Yb,o{P)) 


(0,0), (2,6), (4,4), (7,1), (13,1), (27,1) 

(0, 0), (2, 12), (4, 8), (7, 2), (9, 2), (13, 2), (27, 1), (29, 1), (43, 1) 
(20359, 1) 

(0, 0), (2, 14), (4, 8), (7, 1), (8, 2), (13, 2), (27, 1), (113, 1), (2063, 1) 
(0, 0), (2, 25), (4, 18), (5, 1), (7, 2), (8, 5), (9, 2), (11, 1), (13, 4) 
(27, 3), (29, 2), (31, 1), (43, 2), (49, 1), (59, 1), (67, 1), (113, 2) 
(127, 1), (337, 1), (569, 1), (2063, 2), (20359, 2) 
(0, 0), (2, 2), (3, 2), (4, 2), (5, 1), (7, 2), (11, 1), (16, 1), (27, 1), (31, 1) 
(59,1), (67,1), (127,1), (337,1), (569,1) 
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N{p) = 401 




^^i(^o(p)) 

Tj (\r { ^ 

iii(yo(7r-pjj 
ifi(yo(7f-p)) 

i^i(^B,o(p)) 


(0, 0), (2,4), (8, 1), (25, 1), (37, 1), (71, 1) 

/("^ <'\\ /o o\ f A ^ \ /if? i\ /iT i\ /oc i\ /on i\ /oo i\ /ot o\ 

(0, 0), (2, 3), (4, 1), (16, 1), (17, 1), (25, 1), (29, 1), (32, 1), (37, 2) 
(71, 2), (199,1), (4357,1) 

(0, 0), (2, 5), (4, 2), (5, 1), (7, 2), (8, 1), (16, 2), (23, 1), (25, 1), (37, 2) 
(71, 2), (1879,1) 

(0, 0), (2, 17), (3, 2), (4, 5), (5, 1), (7, 4), (8, 3), (11, 1), (16, 2), (17, 2) 
(23, 2), (25, 2), (29, 2), (32, 1), (37, 4), (49, 1), (53, 1), (64, 2), (71, 4) 
(103, 1), (199, 2), (419, 1), (1879, 2), (2269, 1), (4357, 2) 
(0, 0), (2, 8), (3, 2), (4, 7), (5, 1), (7, 2), (11, 1), (25, 1), (32, 1), (53, 1) 
(103,1), (419,1), (2269,1) 


7V(p) = 409 




Hi{Yo{p)) 
iîi(yo(7r-p)) 

i^i(yo(7f-p)) 

ifi(io(3-p)) 

^i(^B,o(p)) 


/ri /o ^'^ /o i\ ^ a i\ /r i\ /i^ i\ ^ Af\ i\ /ini i\ 

(0, 0), (2, 5), (3, 1), (4, 1), (5, 1), (17, 1), (49, 1), (101, 1) 

/A n\ /o o\ /o i\ f A o\ /c o\ /o o\ f l'y 1\ /or\ 1\ f ac\ o\ 

(0, 0), (2, 3), (3, 1), (4, 2), (5, 2), (8, 3), (17, 1), (29, 1), (49, 2) 
(101, 2), (1693,1) 

(0, 6), (2, 9), (3, 1), (4, 4), (5, 1), (8, 1), (17, 1), (49, 2), (89, 1) 
(101,2) 

(0, 12), (2, 22), (3, 1), (4, 8), (5, 3), (8, 4), (16, 3), (17, 1), (23, 1) 
(29, 3), (32, 1), (49, 4), (89, 2), (101, 4), (241, 1), (929, 1), (1693, 2) 
(3779,1) 

(0, 0), (2, 5), (3, 1), (4, 7), (5, 1), (8, 1), (16, 3), (17, 1), (23, 1) 
(25, 1), (29, 2), (37, 1), (241, 1), (929, 1), (3779, 1) 


Ar(p) = 419 




^i(^o(p)) 
Hi(Yo{n ■ p)) 

ifl(Fo(7f-p)) 


(0, 0), (2, 3), (7, 1), (9, 1), (11, 1), (19, 1) 

{ f\ f\\ /o r'\ /o i\ /cr i\ f 'T i\ /n i\ /ii o\ /in i\ /ot i\ 

(0, 0), (2, 6), (3, 1), (5, 1), (7, 1), (9, 1), (11, 2), (19, 1), (27, 1) 
(49,1), (59,1), (79,1), (1481,1) 

(0, 2), (2, 6), (3, 5), (4, 2), (7, 1), (9, 1), (11, 2), (19, 1), (243, 1) 
(1427,1) 

(0,4), (2,9), (3,9), (4,6), (5, 1), (7,2), (9,4), (11,4), (13, 1), (16, 1) 
(17, 1), (19, 1), (27, 1), (49, 1), (59, 2), (79, 2), (121, 1), (243, 1) 
(729, 1), (1427, 2), (1481, 2), (10303, 1), (26251, 1) 
(0, 0), (2, 3), (3, 2), (4, 1), (7, 1), (9, 1), (11, 2), (13, 1), (17, 1), (19, 1) 
(64,1), (10303,1), (26251,1) 


N{p) = 433 




■f^i(^o(p)) 
ifi(Fo(7r-p)) 

ifi(yo(7f-p)) 

iïi(i1)(3-p)) 

iïi(i"B,o(p)) 


/ri ^^^ /o à\ /t i\ /o i\ /ia i\ /ot i\ /0/10t -i \ 

(0, 0), (2,4), (7, 1), (8, 1), (19, 1), (27, 1), (2437, 1) 

(0, 0), (2, 3), (3, 2), (4, 2), (7, 2), (13, 2), (16, 1), (19, 2), (27, 1) 

(307,1), (2437, 2), (52561,1) 

(0, 1), (2, 6), (3, 2), (4, 2), (7, 1), (8, 1), (13, 1), (16, 1), (19, 2), (27, 1) 
(157,1), (512,1), (2437, 2) 

(0, 3), (2, 15), (3, 6), (4, 7), (7, 2), (8, 6), (9, 2), (13, 7), (16, 6), (19, 4) 
(27, 1), (157, 2), (307, 2), (512, 2), (641, 1), (1979, 1), (2437, 4) 

(52561,2) 

(0, 1), (2, 3), (3, 2), (4, 5), (8, 10), (13, 1), (16, 2), (27, 1), (641, 1) 
(1979, 1) 
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9. NUMERICAL EXAMPLES 



N{p) = 443 




^^i(^o(p)) 

Tj (\r { ^ 

iii(yo(7r-pjj 
ifi(yo(7f-p)) 

i^i(^B,o(p)) 


(0, 0), (2,3), (13, 1), (49, 1), (289, 1), (353, 1) 

(0, 1), (2, 9), (7, 1), (13, 1), (17, 1), (49, 1), (289, Ij, (353, 2) 

(33391,1), (200159,1) 

(0, 0), (2, 6), (5, 1), (13, 1), (17, 1), (49, 2), (289, 1), (353, 2) 
(39877, 1), (57920143,1) 

(0, 2), (2, 9), (3, 2), (4, 6), (5, 2), (7, 3), (8, 1), (11, 1), (13, 1), (16, 2) 
(17, 3), (29, 1), (49, 2), (61, 1), (89, 1), (137, 1), (289, 1), (313, 1) 
(353, 4), (4913, 1), (33391, 2), (39877, 2), (200159, 2), (57920143, 2) 
(0, 0), (2, 5), (3, 2), (4, 1), (7, 1), (8, 4), (11, 1), (13, 1), (17, 1), (29, 1) 
(32, 1), (61, 1), (89, 1), (137, 1), (313, 1), (4913, 1) 


7V(p) = 449 




iïi(i"o(p)) 
ifi(l^o(7r-p)) 

-Hi(yo(7r • pj) 

ifi(io(3-p)) 

^fl(^B,0(p)) 


(0,0), (2,4), (7,1), (32,1), (1425821,1) 

(0, 0), (2, 3), (4, 2), (7, 1), (37, 1), (64, 1), (4639, 1), (9151, 1) 

(1425821, 2) 

(0, 0), (2, 3), (3, 3), (4, 1), (7, 1), (29, 1), (64, 2), (167, 1), (227, 1) 
(1425821,2) 

(0, 0), (2, 9), (3, 7), (4, 1), (5, 1), (7, 1), (8, 1), (17, 1), (25, 1) 
(29, 1), (31, 1), (37, 2), (43, 1), (64, 1), (128, 1), (167, 2), (227, 2) 
(256,1) 

(289, 1), (841, 1), (937, 1), (4639, 2), (4657, 1), (9151, 2) 
(1425821,4) 

(0, 0), (2,4), (3, 1), (4, 3), (5, 1), (7, 1), (17, 1), (25, 1), (29, 1) 
(31, 1), (43, 1), (128, 1), (289, 1), (937, 1), (4657, 1) 


A^(p) = 457 




^^i(i"o(p)) 
iîi(Fo(7r-p)) 

ifi(l^o(7f-p)) 


(0,0), (2, 7), (3, 2), (4, 2), (19,1), (343,1) 

(0, 1), (2, 14), (3, 6), (4,4), (5, 1), (8, 1), (11, 1), (19, 1), (49, 1) 

(83,1), (89,1), (343,1) 

(0, 0), (2, 11), (3, 3), (4,4), (8, 1), (9, 1), (19, 1), (25, 1), (41, 1) 

(61.1) , (343, 2), (397,1), (1637,1) 

(0, 2), (2, 26), (3, 9), (4, 14), (5, 2), (8, 4), (9, 4), (11, 2), (13, 1) 
(16, 3), (19, 1), (25, 1), (32, 1), (41, 2), (49, 2), (53, 1), (61, 2) 

(83. 2) , (89, 2), (107, 1), (125, 1), (343, 2), (397, 2), (983, 1) 
(1637, 2), (6241,1) 

(0, 0), (2, 8), (3, 2), (4, 5), (5, 1), (8, 5), (9, 1), (13, 1), (16, 2) 
(19,1), (53,1), (107,1), (983,1), (6241,1) 
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N{p) = 467 




^i(^o(p)) 

H,{Yo{3-p)) 

HiiYBfiiP)) 


(0, 0), (2, 3), (3, 3), (17, 1), (49, 1), (233, 1) 

(0,0), (2,6), (3, 6), (5, 1), (17, 2), (37, 1), (49, 2), (233, 1) 

(503483, 1) 

(0,0), (2, 6), (3, 6), (17, 2), (23, 2), (31, 1), (37, 1), (49,3), (233, 1) 

(8861,1) 

(0, 0), (2, 9), (3, 15), (4, 2), (5, 4), (8, 1), (17, 4), (23, 4), (25, 2) 
(31,3), (37, 4), (41, 1), (49, 6), (61, 1), (73, 2), (83, 1), (233, 1) 
(8861, 2), (321467, 1), (503483, 2) 

(0, 0), (2, 3), (3, 3), (4, 1), (5, 2), (25, 2), (31, 1), (32, 1), (41, 1) 
(61, 1), (73, 2), (83, 1), (233, 1), (321467, 1) 


N{p) = 491 




TT {^/' / L^W 

iîi(yo(7r-p)) 

Br{Y,0-p)) 

n^W-P)) 


(0, 0), (2, 3), (5, 1), (32, 1), (49, 1), (421, 1) 

(0,0), (2, 6), (5, 1), (17, 1), (19, 1), (49, 1), (128, 2), (199, 1) 

(421, 2), (129763,1) 

(0, 0), (2, 6), (3, 2), (5, 1), (7, 1), (11, 1), (25, 1), (32, 2), (49, 1) 

(73.1) , (421, 2), (787,1), (5779,1) 

(0, 1), (2, 9), (3, 3), (4, 9), (5, 1), (7, 3), (8, 1), (9, 1), (11,3), (16, 1) 

(17. 2) , (19, 3), (25, 2), (32, 1), (49, 1), (73, 2), (128, 4), (199, 2) 
(227, 1), (421, 4), (547, 1), (787, 2), (809, 1), (5779, 2), (129763, 2) 
(0, 1), (2, 2), (3, 1), (4, 9), (5, 2), (7, 1), (8, 1), (11, 1), (16, 1), (19, 1) 
(32,1), (49,1), (227,1), (547,1), (809,1) 


iV(p) = 499 




Hi{Y^{p)) 
Hi(Yçi{Tï ■ p}} 

H^{Yo{W-p)) 

ifi(^o(3-p)) 


(0, 0), (2, 3), (3, 1), (23, 1), (43, 1), (83, 1), (1291, 1) 

(0, 0), (2, 6), (3, 7), (19, 1), (23, 2), (43, 2), (81, 1), (83, 1), (619, 1) 

(1291, 2), (1423,1) 

(0, 0), (2, 6), (3, 2), (5, 1), (23, 2), (37, 1), (43, 2), (83, 1), (1291, 2) 
(14243,1), (129529,1) 

(0, 0), (2, 9), (3, 16), (4, 3), (5, 3), (9, 4), (16, 1), (19, 3), (23, 4) 
(25, 1), (27, 1), (32, 1), (37, 2), (43, 4), (81, 1), (83, 1), (243, 1) 
(619, 2), (797, 1), (1291, 4), (1423, 2), (4969, 1), (14243, 2) 
(129529,2) 

(0, 0), (2, 2), (3, 10), (4, 3), (5, 3), (9, 2), (19, 1), (32, 2), (83, 1) 
(797, 1), (4969,1) 
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9. NUMERICAL EXAMPLES 



N{p) = 521 




^i(^o(p)) 

H,{Yo{3-p)) 

HiiYsfiip)) 


(0,0), (2, 5), (3, 1), (4, 1), (5, 1), (7, 1), (13, 1), (2213, 1) 

(0, 2), (2, 3), (3, 3), (4, 2), (5, 1), (7, 3), (8, 1), (13, 1), (19, 1), (31, 1) 

(139, 1), (169, 1), (2213, 2) 

(0, 0), (2, 5), (3, 1), (4, 2), (5, 2), (7, 2), (8, 1), (9, 1), (13, 1), (17, 1) 
(19,1), (53,1), (2213,2), (6133,1) 

(0,4), (2, 9), (3, 8), (4, 3), (5, 3), (7, 7), (8, 1), (9, 1), (13, 2), (17, 2) 
(19, 3), (31, 2), (32, 1), (53, 2), (97, 1), (139, 2), (169, 2), (223, 1) 
(361, 1), (401, 1), (2213, 4), (6133, 2), (1750297, 1), (2613151, 1) 
(0, 0), (2, 4), (3, 3), (4, 3), (5, 1), (7, 1), (11, 1), (13, 2), (16, 1) 
(19, 1), (97, 1), (223, 1), (401, 1), (1750297, 1), (2613151, 1) 


N{p) = 523 




TT /"\^ / L^W 

iîi(yo(7r-p)) 

Br{Y,0-p)) 

n^W-P)) 


(0, 0), (2, 3), (3, 1), (8, 2), (9, 1), (29, 1), (31, 1), (289, 1) 

(0, 0), (2, 6), (3, 2), (8, 4), (9, 1), (17, 1), (29, 1), (31, 2), (53, 1) 

(289, 2), (6343,1), (413143,1) 

(0, 0), (2, 6), (3, 5), (5, 1), (8,4), (9, 1), (11, 2), (19, 1), (23, 1) 

(29. 1) , (31,2), (43, 1), (289, 2), (2585447, 1) 

(0, 0), (2, 9), (3, 12), (4, 14), (5, 5), (8, 9), (9, 3), (11,4), (17, 2) 

(19. 2) , (23, 2), (29, 1), (31,4), (37, 1), (43, 3), (53, 2), (109, 1) 
(229, 1), (289, 4), (2657, 1), (6343, 2), (413143, 2), (2585447, 2) 
(0, 0), (2, 2), (3, 4), (4, 14), (5, 3), (9, 2), (16, 1), (29, 1), (37, 1) 
(43,1), (109,1), (229,1), (2657,1) 


iV(p) = 547 




TT (^r ( i^W 

^i(^o(p)) 

i/i(yo(^-P)) 
iîi(î^o(7f-p)) 

B^W-p)) 
ifi(^B,o(p)) 


(0, 0), (2, 3), (3, 1), (7, 1), (13, 1), (1376237, 1) 

(0, 0), (2, 6), (3, 1), (7, 3), (13, 1), (24943, 1), (670619, 1) 

(1376237, 2) 

(0, 0), (2, 6), (3, 4), (5, 1), (7, 2), (11, 1), (13, 1), (23, 1), (27, 1) 

(983. 1) , (1376237,2) 

(0, 0), (2, 9), (3, 9), (4, 2), (5, 4), (7, 7), (8, 1), (11, 3), (13, 2), (23, 2) 
(25, 1), (27, 1), (83, 1), (181, 1), (243, 1), (409, 1), (631, 1), (821, 1) 

(983. 2) , (15581, 1), (24943, 2), (670619, 2), (1376237, 4) 

(0, 0), (2, 2), (3, 3), (4, 1), (5, 4), (7, 1), (8, 2), (9, 1), (11, 1), (13, 2) 
(83, 1), (181, 1), (409, 1), (631, 1), (821, 1), (15581, 1) 
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N{p) = 563 




HiiYoip)) 
Hi{Yo{tt-p)) 

H^iYoiW-p)) 

Hi{Yo{3-p)) 

^fi(>s,o(p)) 


(0,0), (2,3), (5,1), (19,1), (281,1), (5507,1) 

(0, 0), (2, 6), (5, 2), (13, 1), (19, 2), (89, 1), (281, 1), (383, 1), (647, 1) 

(iODO, ij, (ooU7, l) 

(0, 0), (2, 6), (5, 3), (19, 2), (121, 1), (281, 1), (5393, 1), (5507, 2) 
(323379209, 1) 

(0, 0), (2, 9), (3, 9), (4, 2), (5, 6), (7, 1), (8, 1), (9, 1), (11, 2), (13, 2) 
(17, 1), (19, 4), (41, 1), (89, 2), (101, 1), (121, 3), (233, 1), (281, 2) 
(383, 2), (647, 2), (1601, 1), (1663, 2), (5393, 2), (5507, 4) 
(323379209, 2) 

(0, 0), (2, 3), (3, 9), (4, 1), (7, 1), (9, 1), (11, 2), (17, 1), (32, 1), (41, 1) 
(101, 1), (121, 1), (233, 1), (281, 2), (1601, 1) 


N{p) = 569 




HiiYoip)) 
Hi{Yo{tt-p)) 

Hi{Yo{n-p)) 

Hi{Yo{3-p)) 

HiiYB,o{p)) 


(0,0), (2,5), (4,1), (9,1), (71,1), (25169,1) 

(0, 0), (2, 3), (3, 9), (4, 2), (5, 1), (7, 1), (8, 3), (9, 1), (27, 1), (71, 1) 

(0, 0), (2, 5), (3, 2), (4, 2), (7, 1), (8, 1), (9, 2), (11, 1), (71, 1), (191, 1) 

(467. 1) , (5477, 1), (25169, 2) 

(0,0), (2,9), (3,21), (4,3), (5,2), (7,4), (8,4), (9,4), (11,2), (13, 1) 
(16, 1), (27, 3), (31, 1), (32, 1), (67, 1), (71, 1), (107, 1), (173, 1) 

(191. 2) , (281, 1), (467, 2), (1489, 1), (1669, 2), (5477, 2), (25169, 4) 
(554209, 1) 

(0, 0), (2,4), (3, 4), (4, 3), (9, 1), (13, 1), (16, 1), (31, 1), (67, 1), (71, 1) 
(107, 1), (173, 1), (281, 1), (1489, 1), (554209, 1) 


N{p) = 571 




HiiYoip)) 
iîi(Fo(7r-p)) 

HiiYoiir ■ p)) 

Hi{Yo{3-p)) 

Hi{YB,oiP)) 


(0,0), (2,3), (3,1), (5,2), (19,2), (15889,1) 

(0, 0), (2, 6), (3, 1), (5, 3), (17, 1), (19, 3), (25, 1), (29, 1), (15889, 2) 

(19709.1) , (865043,1) 

(0, 0), (2, 6), (3, 1), (5, 3), (7, 1), (13, 1), (19,3), (139, 1), (1901, 1) 

(15889. 2) , (922069,1) 

(0,0), (2, 9), (3, 4), (4, 3), (5, 6), (7, 3), (13, 3) 

(16.1) , (17,2), (19,5) 

(25. 2) , (29, 2), (31, 1), (64, 1), (139, 2), (167, 1), (307, 1), (313, 1) 
(353, 1), (1373, 1), (1607, 1), (1901, 2), (1933, 1), (15889, 4) 
(19709. 2), (865043, 2), (922069, 2) 

(0, 0), (2, 2), (3, 4), (4, 3), (5, 2), (7, 1), (13, 1), (16, 1), (19, 1), (31, 1) 
(128, 1), (167, 1), (307, 1), (313, 1), (353, 1), (1373, 1), (1607, 1) 
(1933,1) 
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9. NUMERICAL EXAMPLES 



N{p) = 577 




HiiYoip)) 
Hi{Yo{tt-p)) 

H^iYoiW-p)) 

Hi{Yo{3-p)) 

^fi(>s,o(p)) 


(0, 0), (2,4), (4, 2), (9, 1), (32, 1), (283, 1), (821, 1) 

(0, 0), (2, 6), (3, 1), (4, 2), (7, 1), (8, 2), (9, 1), (23, 1), (37, 1) 

(64, 1), (227, 1), (283, 2), (821, 2), (37199, 1) 

(0, 0), (2, 8), (3, 3), (4, 2), (8, 2), (9, 1), (11, 1), (47, 1), (64, 1) 

(239. 1) , (283, 2), (821, 2), (35837, 1) 

(0, 0), (2, 19), (3, 9), (4, 6), (5, 3), (7, 2), (8, 8), (9, 1), (11, 3), (13, 3) 
(16, 1), (17, 1), (23, 3), (32, 1), (37, 2), (47, 2), (121, 1), (227, 2) 

(239. 2) , (256, 1), (283,4), (293, 1), (337, 1), (607, 1), (821,4) 
(853,1), (35837, 2), (37199, 2) 

(0, 0), (2,7), (3, 1), (4,4), (5,3), (8,4), (9, 1), (11,3), (13, 3), (16, 1) 
(17, 1), (23, 1), (128, 1), (293, 1), (337, 1), (607, 1), (853, 1) 


N{p) = 587 




HiiYoip)) 
Hi{Yo{tt-p)) 

Hi{Yo{n-p)) 

Hi{Yo{3-p)) 

HiiYB,o{p)) 


(0, 0), (2, 3), (3, 1), (5, 1), (8, 1), (149, 1), (293, 1) 

(0, 0), (2, 8), (3, 1), (5, 3), (7, 1), (9, 1), (16, 2), (25, 1), (37, 1), (59, 1) 

(149, Zj, (zy^, ij, (iio7, ij, (4ôioyi, V) 

(0, 0), (2, 10), (3, 1), (4,4), (5, 2), (8, 2), (13, 1), (27, 1), (49, 1) 
(149, 2), (293,1), (409,1), (2711,1) 

(0, 1), (2, 21), (3, 2), (4, 11), (5, 6), (7, 2), (8, 1), (9, 1), (11, 1), (13, 2) 
(16,4), (17, 2), (25, 2), (27, 1), (37, 2), (41, 1), (49, 2), (53, 1), (59, 2) 
(73, 1), (81, 1), (149,4), (293, 1), (409, 2), (887, 1), (1187, 2) 
(2711, 2), (6977, 1), (188143, 1), (431891, 2) 

(0, 1), (2, 2), (3, 1), (4, 3), (5, 1), (8, 1), (11, 1), (13, 1), (17, 2), (41, 1) 
(53, 1), (73, 1), (293, 1), (887, 1), (6977, 1), (188143, 1) 


N{p) = 593 




HiiYoip)) 
iîi(Fo(7r-p)) 

Hi{Yo{7f-p)) 

Hi{Yo{3-p)) 

HiiYB,o{p)) 


(0,0), (2, 9), (4, 5), (8,1), (17,1), (37,1) 

(0, 0), (2, 7), (3, 1), (4, 12), (8, 8), (16, 1), (17, 2), (32, 1), (37, 1) 

(179.1) , (443,1) 

(0, 0), (2, 18), (3, 2), (4, 10), (5, 1), (8, 2), (16, 1), (17, 2), (37, 1) 
(53,1), (439,1) 

(0, 1), (2, 20), (3, 3), (4, 25), (5, 2), (8, 23), (9, 1), (16, 1), (17, 4) 
(23, 1), (31, 1), (37, 1), (53, 2), (64, 3), (79, 1), (97, 1), (128, 1) 

(179. 2) , (229, 1), (379, 1), (439, 2), (443, 2), (1009, 1), (1087, 1) 
(18523, 1) 

(0, 1), (2, 11), (4, 5), (8, 1), (16, 1), (23, 1), (31, 1), (32, 1), (37, 1) 
(79, 1), (97, 1), (128, 1), (229, 1), (379, 1), (1009, 1), (1087, 1) 
(18523, 1) 
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N{p) = 601 




HiiYoip)) 
Hi{Yo{tt-p)) 

H^iYoiW-p)) 

Hi{Yo{3-p)) 

^fi(>s,o(p)) 


(0, 0), (2.4), (3, 1), (4, 1), (25, 1), (11964811, 1) 

(0, 0), (2,4), (3, 1), (4, 1), (11, 1), (17, 1), (25, 1), (32, 1), (41, 1) 

(47, ij, (d4, ij, (191, Ij, (zozcî4y, Ij, (11904011, zj 

(0, 0), (2, 6), (3, 1), (4, 1), (7, 2), (8, 1), (25, 1), (32, 1), (47, 1), (97, 1) 

(317, 1), (78203, 1), (11964811, 2) 

(0, 1), (2, 15), (3, 5), (4, 8), (7, 5), (8, 3), (11, 2), (13, 1), (16, 1), (17, 4) 
(25, 1), (32, 1), (41, 2), (47, 4), (64, 1), (97, 2), (163, 1), (191,2) 
(223, 1), (256, 2), (277, 1), (317, 2), (523, 1), (919, 1), (1249, 1) 
(78203, 2), (282349, 2), (11964811, 4) 

(0, 1), (2, 7), (3, 5), (4, 7), (7, 1), (8, 5), (13, 1), (16, 1), (17, 2), (25, 1) 
(163, 1), (223, 1), (277, 1), (523, 1), (919, 1), (1249, 1) 


N{p) = 617 




HiiYoip)) 
iîi(ro(7r-p)) 

Hi{Yo{n-p)) 

Hi{Yo{3-p)) 

HiiYB,o{p)) 


(0, 0), (2,4), (4, 1), (7, 2), (11,3), (59, 1), (103, 1) 

(0, 1), (2,4), (4, 1), (7, 3), (9, 1), (11, 5), (16, 1), (19, 1), (59,4) 

(103, 2), (565583,1) 

(0, 0), (2, 4), (3, 1), (4, 3), (7, 3), (8, 1), (9, 1), (11, 5), (59, 2), (79, 1) 
(103,2), (107,1), (2017,1), (11161,1) 

(0, 4), (2, 15), (3, 2), (4,4), (5, 1), (7, 6), (8, 1), (9, 2), (11,8), (13, 1) 
(19, 2), (23, 1), (49, 1), (59, 8), (64, 1), (79, 2), (81, 3), (83, 1) 
(103, 4), (107, 2), (121, 1), (256, 1), (439, 1), (2017, 2), (11161, 2) 
(28559,1), (565583, 2) 

(0, 2), (2, 8), (4, 6), (5, 1), (7, 2), (13, 1), (23, 1), (27, 2), (49, 1) 
(64, 1), (81, 1), (83, 1), (121, 1), (439, 1), (28559, 1) 
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9. NUMERICAL EXAMPLES 



The third table represents computations of the cohomology of PGL2(^i?) (with 
F = Q(-v/— 2) ) of the local System corresponding to Sym*^"^ (g) Sym*^^^, The 
entry in column (p, k) dénotes the quantity: 

dimiJi(GL2(^i^), ^fe ® Fp) - dimiïi(GL2(/^i^), ^fc ® C)^<^. 

Complex conjugation acts on both spaces, which explains why every entry in the 
table is even. (If the représentation was invariant under complex conjugation, then 



the indicated number would still be even by Lemma 8.1.1 ) The computations 
for F = Q(-\/— 2) and Q(V— 11) were carried out using the methods indicated by 
Theorem 8.10 of ^21j . with the geometry of the Blanchi manifolds for thèse fields 
given by |26j . We make some spécifie remarks on the tables. 

(1) Iffc>p+1, the quantity is greyed out, because any p is twist équivalent 
to a représentation with A;(p) < p + 1. 

(2) We only list what happens for odd k. If phas fc(p) — fc, then det(p) = w'''^^ 
which is only even if k is odd (at least when p is odd. When p = 2, one 
can appeal to |77j.) 

(3) The green squares correspond to weights for which the non-existence of 
p is known, whereas magenta squares correspond to weights in which a 
similar conclusion is known modulo GRH. (See [57] ). 

(4) The yellow squares dénote pairs (p, k) for which the computation above 
yields a non-zero quantity for F = Q(-\/— 2), but such that the same 
computation for the field F — Q(\/~ll) yields the resuit zéro. In par- 
ticular, for yellow squares, there are no even représentations p (assuming 



Conjecture 2.2.5 



(5) The blue squares are the squares for which our quantity is non-zero for 
hoth F = Q(-v/— 2) and F — Q(-v/— 11). Thèse are the only squares which 
could plausibly correspond to even Galois représentations. The only blue 
square corresponds to (p, fc) — (163,55), which is accounted for by an 
A4-representation. 

(6) If A: < 21, the results are in agreement with computations of §engiin for 
F = Q(V— 2), which were computed using another method (see [72 ). 

(7) If fc < 32, the intégral cohomology for F — Q(-v/^) was computed by 
§engûn [72j. (There is a conflict of notation here — our corresponds 
to §engûn's Mfe_2,fc_2-) If foUows from those computations that the only 
possible even p of weight fc(p) = fc < 32 must occur with (p, fc) — (89, 31). 
Yet the corresponding computation with F = Q(\/— 2) yields zéro. 



9.8. TABLES 



233 




234 
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Serre weight k 
57 59 61 63 65 67 69 71 73 75 77 79 




CHAPTER 10 



Some Miscellaneous Remarks 

10.1. Higher weights 

It is natural to also consider the "higher weights," that is to say, cohomology 
with coefficients in a nontrivial local System: 

Fixing E that contains the Galois closure of F ovct Q, anci Ict T,^ bc the 
set of embeddings F ^ E. We may parameterize local Systems by integer-valued 
fonctions k : Sqo — > {2, 4, 6, ... } as follows: 

If S is any quaternion algcbra (or the split matrix algebra) over E, and m a pos- 
itive integer, we write [S]jn for the 2m+ 1-dimensional i?-vector space Sym"*S'°/A- 
Sym'"~^S'°, where S" is the set of trace-zero éléments in S, and A is any nonzero in- 
variant élément of Sym^S". Then the conjugation action yields an action of 5^ /E^ 

on [S\yn- 

Now cr e gives rise to a map l„ : D ^ D„ := {D (8)(f,o-) E). Fixing k as 
above, we write fc^- for the vahic k{a) on a G Then /F^ acts (by means of 
the embeddings (-o-) on the vector space 

This gives rise to a local System of i?- vector spaces over Y{K): 

G(F)\(H3 X G(A/) X Vk)/K Y{K), 

where the action of G{F) = /F^ on 14 is as just described. 

This local System admits an "intégral structure," that is to say, if R is the 
ring of integers of E, there is a local System such that the induced map 
-^k^ ^rE — > is an isomorphism. We omit the easy proof. 

Ail the questions analyzed in this book have natural analogues in this sctting, 
e.g. compare the cohomology Hi{Y{K^),^^) and Hi(Y' (K^),^^). We antici- 
pate that ail of our results in trivial weight extend to this case without substantial 
change, although the analysis of congruence homology and cohomology is somc- 
what more complicated at "small primes," i.e. primes that do not satisfy ail of the 
foUowing conditions: p—l> minlfe^}; for ail v\p, Ky = GL2(^^); p^wp- 

There is onc way in which this gênerai case is easier than the case of triv- 
ial coefficients. For an embedding X : E ^ C, say that k is A-parallel if the 
value of k on the two complex places coïncide. Then (for any A) the cohomology 
Hi(Y{Kj:),^k) — for ail i if is not A-parallel. Of course, Hi{Y{K-£), need 
not be zéro, even when k is not parallel. 

In the case of non-parallel k, so that is acyclic, our results become substan- 
tially stronger. The absence of characteristic zéro cohomology means that regulators 
vanish, and therefore we obtain précise numerical Jacquet-Langlands theorems in 
ail cases. 
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10. SOME MISCELLANEOUS REMARKS 



10.1.1. Complétée! cohomology and p-adic Jacquet Langlands. What 
might one expect be the ultimate version of an intégral Jacquet-Langlands theorem 
for homology to be? A plausible candidate for a formulation (completed at a prime 
p) would use the notion of completed cohomology: 

Consider the foUowing completed homology groups (see |32L I19j ) 

^i(C) ■.^limH,{Y{K),C), H,{Zp) ■.= limH,(Y{K),Zp). 

K K 

The first group has a discrète action of G (A/), and is the usual space on which one 
constructs adelic représentations attached to cohomological automorphic forms. 
The second group, however, carries a continuons action of = Y\y\p'G{ûv), 

which records ail the mod-p congruences between automorphic forms. 

A local-global compatibility conjecture would link the représentation module 
iîj(Zp) (g) Qp (with the discrète action of GL{ê'y) for v not dividing p and the 
continuons action at p) with an explicit représentation coming from local Langlands 
at each v \ p and p-adic local Langlands for v\p. A local p-adic Jacquet-Langlands 
correspondence would then compare this with the analogous construction for G'. 
As many of the ingrédients to define such a conjecture do not yet exist, however, 
we shall not try to formulate any cohérent conjecture. 

One feature to expect of such any properly formulated conjecture is indepen- 
dence of the weight: the conjecture at any two weights would be équivalent. Indeed, 
fixing k, put — ./#^ Zp. One may define the corresponding completed ho- 
mology groups Hi(.y^p) by the corresponding formula: 

H,{^p) ■.= \in\ H\Y{K),^p). 

K 

The "independence of the weight" is the foUowing assertion: There is an isomor- 
phism 

Hi{^p) ~ Hi{Zp) (g) Jtp, 

which "pulls out" the coefficients. 

We have decided, however, to eliminate a detailed discussion of the higher 
weight case from this book, essentially because it would add substantial length 
without contributing any fundamentally new ideas. 

10.2. GL(3)/Q and other groups 

An interesting question is to extend our analysis to inner forms of PGL3 (and, 
indeed, to other groups; but, as we explain below, there is no shortage of new 
difficulties even in the case of PGL3). 

Let D/Q be a division algebra over Q of dimension 9, and let G = GLi(£))/Gm. 
Assume that D is indefinite, so Z? (g) R = GL3(R). The corresponding symmetric 
space Y is 5-dimensional, and so the arithmetic quotients are not hermitian, as for 
quaternion algebras over F. We expect (see [GJ) that lii(Y,TA) will often have a 
large torsion part, and it is natural, then, to relate it to H2{Y' , Z), where Y' is an 
arithmetic quotient for the split group G = PGL3. 

Here there are several new difficulties: 

(i) In the case when G is nonsplit, we cannot prove that ail the interesting 
torsion occurs in H2- 
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(If G is split, ail interesting torsion in homology must occur in H2'. 
because of the congruence subgroup property 

HiiXiK), Z) = ffi,eong(r(X), Z). 

Also by Poincaré duality, H3{Y{K),Z) is torsion-free if Y{K) is a niani- 
fold.) 

(ii) Evcn if G is split, wc havc no analogue of Ihara's Lcnima: Sincc the 
interesting homological torsion is in degree 2, an analogue of Ihara's lemma 
would require an analysis of the second homology of S'-arithmetic groups 
such as PGL3(Z[^]); we do not know how to do this. 



(iii) In the nonsplit case, there is no natural analogue of the analysis of § 5.2 
— that is to say, we cannot establish a direct relationship between the 
regulator and an L-function. 

Although we can still construct two-dimensional cycles on Y{K) start- 
ing with tori in G, and it is quite plausible that such cycles span H2, the 
intégral of a (cohomological) cusp form over such a torus has no known 
direct relationship to an L-function. 

(iv) The analysis in the split case appears substantially harder than what we 
carried out in Chapter [6] in particular, it is not clear in the présent case 
either what the most natural "truncation" of the manifold Y(K) is, nor 
how one can compute ail the low-lying eigenvalues of this truncation. 

Taking thèse together, it seems to be far from routine to extend the results of 
this nianuscript to the PGL3 setting. Such an extension seems both interesting and 
désirable. 



10.3. Further Questions 

(1) Do periods of torsion classes detect classes in Galois cohomol- 
ogy? 

It is well-known that periods of automorphic forms are related to 
L-functions, and so (under Birch-Swinnerton-Dyer type conjectures) to 
the orders of suitable Selmer groups. In our setting, L-functions are un- 
available; nonetheless, is still makes sensé to ask whether mod p periods 
vanish when certain Selmer groups are nonzero. Our preliminary exper- 
iments suggest that this may be so, and we will return to this issue in a 
sequel. 

(2) Do torsion classes lift to characteristic zéro after raising the 
level? 

Our experiments showed this was often so for torsion classes of rel- 
atively low level and modulo small primes. It seems diSicult to imagine 
that this is always true for torsion classes modulo large primes; if so, one 
would have to raise the level greatly. Nonetheless we cannot rule it out; is 
there an argument showing that it cannot happen? 

(3) Are low degree cohomology classes always Eisenstein? 

Given an arithmetic group F in a group of real rank r, is it true that 
ail classes in Hj{T, Z) for j < r are acted upon by every Hecke operator 
T through the degree deg(T)? For characteristic zéro classes this is a 
conséquence of the Kumaresan vanishing theorem (see |81j . Table 8.2). 
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10. SOME MISCELLANEOUS REMARKS 



Aftcr a first draft of this book appeared, a version of this conjecture has 
bccn vcrified more generally by the first-named author (F.C.) and M. 
Emerton. 

(4) Study intégral properties of regulators. 

In our context, we were able to show that regulators coïncide up to 

with products of _L- values. It would bc most désirable to show au iutegral 
version of this, i.e. that regulators coïncide up to sign with periods of 
the correspondlng motives; the précise statement Is not yet clear. In an 
analytic direction, it would be désirable to show that regulators do not 
grow or decay too fast with the complexlty of the underlying manifold. In 
yet a thlrd direction, it is of Interest to study regulators in a context such 
as an inner form of PGL4 over Q, where there are not enough sub-locally 
symmetric spaces to represent interesting homological cycles. 

(5) Comparing iC-theory and a torsion Langlands correspondence. 

Both glve (différent) Inslghts Into the structure of low degree homology 

of gênerai linear groups over integer rings. Is it possible to "reconcile" the 
two descriptions? Our discussion is a very small example of this : We 
constructed torsion classes from and dlscussed the assoclated Galols 
représentations. 

(6) How far can one "enrich" Jacquet— Langlands correspondences? 

In this book, we have seen that the classlcal Jacqute-Langlands cor- 
respondence, in the case of hyperbolic 3-manifolds, reflects deeper con- 
nections; the correspondlng manifolds have related volumes and torsion 
homology. It may be that the relationship between Jacquet-Langlands 
pairs goes deeper than we yet understaiid. For instance, is there any di- 
rect relation between the profinite complétions of the two discrète groups? 

(7) Higher analytic Torsion. 

Is there some notion of higher analytic torsion that would allow us to 

compare interesting torsion cohomology classes on arithmetic quotients of 
gênerai symmetric spaces? On a quotient of G 00 /K 00 the analytic torsion 
vanishes unless rank(Goo) — rank(/roo) = 1- 

It may be worth noting that if, e.g., rank(G'oo) — rank(ii'oo) = 3, the 
vanishing of analytic torsion is not "topologically obvions," and carries 
nontrivial Information. 

(8) Weight one forms over Q. There are certain parallels between torsion 

classes for PGL2 over an imaginary quadratic field and mod p weight 
one forms over Q. Although the latter case is far better understood 
because of the avallability of congruences to higher weight, it still may 
be of interest to develop a correspondlng picture to this book, with the 
rôle of analytic torsion and the Cheeger-MuUer theorem replaced by the 
Arakelov-Rlemann-Roch formula. 
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